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ON THE IMPOSSIBILITY OF EXTENDING THE PRODUCT OF 
CONTINUOUS FUNCTIONS TO THE FIELD OF MIKUS INSKI 
OPERATORS 
Bogoljub Stanković 
Petrodno-matemattékt fakultet. Institut za matematiku 
21000 Novi Sad, ul. ав Ilije Djuričića 4, Jugoslavija 


ABSTRACT 


Our aim is to show that the usual product of continuous functions 
can not be extended On the whole field M (the field of Mikusifiski ope- 
rators) or on some special subsets of M, as an inner operation, if we re- 
quire the extended operation to preserve some natural properties of the 


product of continuous functions. 


INTRODUCTION 


The field M of Mikusiriski operators |1| was constructed by the 
extension of the ring C of continuous functions Е ={f£(t)} de- 
fined on the interval [0 ,9) and provided with two operations: 
sum and convolution (fg - ДЕ f (t-u) -g (u)du). In С we have the 
countable and saturated family of semi-norms: |f{| : =max [£ (t)| 
and in this way a topology. In M we define a convergence class 
too. Usually we work with the following one (called type I) : 
the sequence {a,}omM converges in M to a if and only if there 
exists ЧЕМ such that ga, eC and qa, converges to ga in C. this 
class is not topological. 

The field M contains the ring L of local integrable fun- 
ctions defined on the interval [0, ®). 

The default of an inner operation in M (let us denote 
it by . ), with the restriction on C as the usual product, di- 
minishes the possibility of applying operators, especially in 
the theory of differential equations. This is the reason to ask 
the following question: Is it possible to define in M such ап 
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operation +. which preserves some natural properties of the 
product of continuous functions? The answer to this question 
is the subject of discussion of this paper. 

1. EXTENSION OF THE CLASSICAL DERIVATIVE TO THE ELEMENTS OF C 


In the field M, the element £ (the integral operator which is from 
C) has, in M, the inverse element s (which is not from C).Using 
the operator s, we can enlarge the classical derivative to every 
continuous function f ЄС: Df =sf -f(0)I ; I is the unit element 
in the field M. This derivative D has the two following proper- 
ties: 

- If the function f ЄС has the usual derivative f^ €L, 
then Df =£°. This follows from the fact that in this case sf = 
= (в) apse (O но 

- If the functions f апа g from C have as their deriva- 


tives f“ and g belonging to L, then in M there is: 
(1) D{£(t)-g(t)} = (g(t)-D£(t)) + (£(t) -Dg(t) } 
25 ИШЕ SEW IP 


By P we denote every subset from M which contains at 
least the ring C and elements of the form Df, f ЄС. Let us su- 
ppose that in P is defined an inner operation . which is as - 
Sociative, and has the unit element (1) and the restriction of 
which on C is the usual product. For this new operation we su- 
ppose something more: If f and g belong to C and their deri- 
vatives belong to L, then: 


(2) DCE oC) = о Ge o De о 


In P we induce the convergence class from M. 


PROPOSITION. The mapping P into P:a >а,:. a, where 


а, ts any element from P, ts not sequentially continuous. 


The proof of this proposition is based on two lemmas. 


LEMMA 1. The inverse element of {atP} ес, q#0, 0< | 
<р<1, exists in P for the operation = and it is just i 


= 1 
j D{rt! ва = ip 


| 
| 
| 
{ 
| 


d 
1 
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д 


[eines (© fo). 42 of lemma 1. - Let h be an element of P 
such that: 


rs ES 


P) .. {а ЕР} = в 
Because of the associativity of the operation .. 


Dir БТР . qq ое 


Using relation (2) апа the properties of D we have: 


D[irt! P) - (gt? y] = [tre Py. рїїдє ЛЫ =n. (6), 
respectively: 
(t) =h - {Е} , which gives h = {1}. 


In a like manner we can prove that: 


(аер) = Dirt р a 


LEMMA 2. lim T (x)2*, x >0, does not exist їп M. 
+ 
х>о 
Proof of lemma 2. - Let us suppose that such а 11- 


mit exists; then there exists a q€M such that T (x) 2а belongs 
to C and converges in C. From the continuity of the second ope- 


ration in M it follows that there exists an element м eC such 
that SION belongs to C converges in C too. 

“we know that ДЕ ul**.w(t-u)du converges uniformly to 
Е 
2 u'w(t-u)du іп every interval [0,7], T «e, as x »04. Because 


of the Titchmarsh theorem |2| there exists to e (0,т) such that 


to 


Jr u'w(to-u)du =r #0. We can suppose that г > 0 (without any res- 


о 
triction). Then we also have an interval [£57n, ttn] = [0,т.] 
such that the continuous function dt u'w(t-u)du»r^ »0. Let us 


chosse an e in such а way that 0 «e <г”. For this є there exi- 
sts (es) such that: 


E 1+х Y. 
fu ^w(t-u)du?fÍ u'w(t-u)du-€, 0 <х<5(є) , 
[o о 
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for every te (6, T4] and also for t€ [res n t tn] 3 
We know that Г(х) 20, x»0 and T(x) += for x +0, х>0. 


Consequently: 
© 1+х 
Т (ху [бп ae wt udu (т Е) T(x) 
о 
Ғог te [= tytn] and TGOT (243) 42 cannot converge in C. 


Proof of the proposition. - Let us start from the 


sequence {a} ЕР: 


iig s 


D{nt 0 <у<1 


First ме shall find an other analytical expression for 


it. For this aim let us "multiply" an by 


1 1-у-1/п ae 
{ Se t } ЕС, n ? ng >1, l-v 1/ng 20 
1-1/n 
и е EDI 1/n 
(==; t } a, Sr) pnto m 
1-1/n 
Z n t 1/n 
coe c o MIS {Е}. 


By lemma 1 we have: 


=н у. zd 
= (== Ubro = {с=с 


Now we can conclude that: 


(cl7v-l/nj ke 


an = qu 
and an! n 2ng >1, ТУ. >0 is the inverse element to 


1-v-1/n, 


[t Lemma 1 says that: 


vtl/n 
a, = р [IL ) — Г (v41/n), V*i/n 


v 
t 
Now we shall prove that a, converges in P to D =) 


а belongs to C and converges in С to r(v)gl*V =% Г (v)2Y = | 
Ду 1 

E i 

= 4D {=}. | 
ci ; | 

The element D { ERE } ЕР сап be our а, from the pro For j 

1 


sition. "Multiplying" an by the so defined ay and taking cate 


санке 
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р{®——} e (7) Dinei ay = роет} = гал) ИВ 


and this sequence does not converge in P (by lemma 2). 


CONSEQUENCE OF THE PROPOSITION. The. consequence of 
our proposition is that the usual product of continuous 
functions Cannot be extended to a set of the form P (as well 
as M) as an inner operation, if we require of the extended ope- 
ration: to be associative; to have the unit element |1| ; for 
f,g ЕС with derivatives f^,g eL, the relation (2) to be sati- 
sfied and the application а-а .. а, P into P, to be sequen- 


tially continuous for every ао ЄР. 


REMARK. Our proposition remains true if we change 
the convergence class in M and consequently in P under only 
one condition: that T(x)2* does not converge when х-0,, їп 
this new convergence class. This is the case if we replace the 
defined convergence class by the so-called convergence class 


type II. 
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REZIME 


О NEMOGUĆNOSTI PROŠIRENJA NEPREKIDNIH 
FUNKCIJA NA POLJE  OPERATORA MIKUSINSKOG 


Obele£icemo sa C prsten neprekidnih funkcija, a sa L 
prsten lokalno integrabilnih funkcija definisanih nad [0,9). m 
je polje operatora Mikusifskog !1|, a D operacija koja presi ш 
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kava С u M i koja uopátava klasični izvod: Df -sf -f(0) I gde 
su s i I elementi iz M (s operator diferenciranja, a I jedini- 
čni elemenat). P бе biti svaki podskup od M koji sadrži bar C 
i elemente oblika Df, f ЕС. 


Pokazano je da se u P (pa time i u M) ne moZe defini- 
sati unutrašnja operacija +» ako.se od nje zahteva da je nje- 
na restrikcija nad C obično množenje, da je asocijativna, da 
ima jedinični elemenat {1}, da za f i g iz C koje imaju izvo- 
de f^ i g^ iz L bude zadovoljena relacija (2) i da je presli- 
kavanje ara, а sekvencijalno neprekidno za svako ао ЄР 
Sekvencijalna neprekidnost se odnosi na konvergentnu klasu ti- | 


pa I i II kao i svaku drugu u kojoj ne postoji lim. T (x)2*. 
x70 
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ON COMMON FIXED POINT THEOREMS 
IN 2-METRIC SPACES 


Olga Hadžić 


Prirodno-matematióki fakultet. Institut za matematiku 
21000 Novi Sad,ul. dr Ilije Djuričića br. 4,Jugoslavija 


ABSTRACT 


In |3| S.G&hler introduced the notion of 2-metric space and many 
fixed point theorems in such spaces are proved in [8 |, [10], |11]|, |12] , |13] , 
[14| ,[15|. 

Неге we shall prove a result similar to Theorem 2 |7| for bounded 
and complete 2-metric spaces. Also two common fixed point theorems for a 
fami ly {А}, 


EN? S and T are obtained. 


First, we shall give some definitions from |3 


„ Let X 
be an arbitrary set and d a real valued function on X xX xX 


satisfying the following conditions: 


l. То each pair of point (x,y) eX xX with x #y there is 
z eX such that d(x,y,z) #0. 

2. d(x,y,z) =0 only when at least two of tree points 
are equal. 

3. For every X,Y,Z eX: 

а(х,у,2) =d(x,z,y) =d(y,z,x). 

4. For every X,Y,;Z,U ЄХ: 

d(x,y,z) <d(x,yu) +d(x,u,z) td(u,y,z). 


Then (X,d) is said to be a 2-metric space. It is easy to see 
that d is non-negative functional. 

The convergence in a 2-metric space (X,d) is introdu- 
ced in the following way |3|. 
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Let XE SN be a sequence from X and x €X. Ve say that 


the sequence x) converges to x if and only if for every 


neN 


а єх, ып d (x, ,x,a) =0. The sequence (x EN is a Cauchy se- 
quence if lim d(x 1X72) =0, for all aex. If every Cauchy 
m, n>% 


sequence in X converges to a point in X we say that (X,d) is 


a complete 2-metric space. 


THEOREM 1. Let (X,d) be a bounded, complete 2-met- 
rte space, S and T be one to one continuous mapping from X 
into X, А :Х +8Х | TX be continuous. and T and S be commutati- 
ve with A. If for every x ЄХ there exists n(x) EN so that for 
every y ЄХ and every a eX: 

auo а а) <q min{d(Sx,Ty,a) ,d(Tx,Sy,a) } 

where де (0,1), then there exists one and only one element 
2 ЄХ such that z -Az-Sz-Tz . 


1) 38 (e) ©) эво The proof is similar to the proof of The- 
orem 2 from |7|. Let xy €X. Since AX cSX[| TX we can define the 


sequence ix) from X in the following way: 


neN 
n(x ) 
2k-2 
тает аро оаа GM 
п(х ) 
M 2k-1 
SX A хр уг k eN. 
Txok-1 , п =2k-1 
Further let Nom 
SX. p п =2К х 


We shall prove that for every aex: 
n-2 
d(y.;Y,.,78) <9 р(х) 


for every mneN«(1),where D(X) -supd(x,y,z) . Let n = 26. Then: 
х,у,2ЄХ 
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d (YnrY4 78) - d (Sx gr Tx, 112) 


n(x ) n(x ) n(x ) 
2k-1 2k-2 E 2k-1',-1 
- d(A Xjy-1'^ Xy. 278) -d(A Т Txjk-] ' 
n(x ) n(x ) n(x ) n(x 
2k-2 = 2k-1 ,-1 2k-2 2k-2 xa) 
A X54. 27:8) =а(А TA Х2к-2'А 2k-1' 
n(x) 2k-3 n 1) 
« gd(Sx ‚А 2k-1 Xjy- 278) <... <q а (5х,,А х.га) 
— 2k-2 
2k-2 по) п-2 
<q а (Tx, ,A хуга) <а D(X) . 
Similarly for n =2К-1: 
и, ) 
d(yp/Yp_113) =9 (Tx5, 7 SX 94978) Sad (Tx5,. 3,A х 2-3 
E nE) 2 
85 ^a (тху,А OG raje) сар 25(X) 
Now, we shall prove that du N is a Cauchy sequence. 
Since: 
d (У Y 44472) ау) +а (у Ура) 27 
+4 (У л "Уп "Уп, жаба Ynez a) teet 
m а(Ул+т-2”Ўп+ш-1”Уп+т) кау 1'Ynm'?) x 
n+m-2 n+m-1 
ра g* 1px) 
k- k-n 


for every n,m EN and а € (0,1) it follows that ЕН is a Ca- 


uchy sequence. So there exists z eX such that lim Уа = which 


noe 


means that for every a €X : lim d(y 12,4). =0. 
noe 


Since {5х yen апа {тх 1) ken are subsequences of the sequ- 


ence [Yn] neN it follows that for every a eX: 


(1) lim d(Sx, ,2,a) = lim (тх .. 2,2) = 0. 
ER Dito int eka ES 
Ы 2 
Let us prove that lim Ах = lim А xj, = 2. Аз in zl 
Ko Koo 
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Doer -1 
d (Sx, ,Ax4,,a) = d(A X5, 'А5 Sx, (a) - 
BILE za BUS p 
= d(A Xok.1:A8 А X178) <A (Tx. 1 AX) 178) 
n(x ) n(x ) 
- =l 2k-2 
seata 2072 x, АТ mx, рна) = ad (A yeu 
n(x ) 
Dil 2k-2 2 
AT A Xjy-2:8) <а а (5х. j:AX4,. 59:8) < 
<... «q^ la (x, Ax, а) «q?* lp(x) 
and so: 
d(Ax4,,2,a) «d(Ax4,,Z,8x4,) +а(Ах, 5х, ра) + (5х, ,2,а) < 
26-1 
< 24 D(X) NSS atn 5 
Using (1) we conclude that lim а (Ах, ,2,a) = 0. Fur- 
ko 
ther: 
2 Ec) 2 cn 
d (Sx 7A хуа) = d(A Kop tA S Sxj4,,8) < 
2 2k-1 2 
< gd (Tx), AX) у) <... <9 d(Tx,,A x, 1a) 
P g2k-1p(x) 


which implies that lim à (A?x 7Z,a) = 0. 
k>% 2k 


Then from: 
.d(Az,Sz,a) <9(А2,52,А5х, ) +d (Az,ASx., за) +d (ASx,, ,Sz,a) 


= d(Az,ASx,, ,Sz) +d (Az,ASx,, ,а) +d (SAx,, ,Sz,a) 
since A and S are continuous, it follows that: 


d(Az,Sz,a) = 0, for every а єх. 
Using 1. we conclude that Az —Sz. Similarly we can prove that 
Az —Tz. From the continuity of A it is easy to obtain that 
Az =z. The uniqueness of the common fixed point z follows as 


| 
З | 
in |7|. | 
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REMARK. From the proof of the Theorem it is easy to 
see that we can suppose instead of boundedness of the Space 


X that for every a eX: sup d(Ta,y,z) <M 0, (a) = (Аба, neNU(0)) 


yeo, (a) 


тех^ 
The following theorem is a common fixed point theorem 


for {А.} 


jl јем ' 5 апа т. 


ТНЕОВЕМ 2. Let (X,d) be a complete 2 meiric space ,S,T ; X*X 
| а be continuous functional , A; :X -5ХП TX (j €N),S and T be 
continuous mapping, 25 commutes with S and Т (j еМ) апа for 


every i, j EN (izj): 
d(Ax,A;y,a) <qd(Sx,Ty,a) for every x,y,a €X 


where а є [0,1) . Then there exists a unique common fixed point 


for the family (Ai) 5 апа т. 


jeN ? 


> 3e (s) (e) Е It is easy to see that there exists a 


sequence is es in X such that: 


N 
хоп ee on zn а О 
5х = Pon*2n-1 , пем. 
TX yy? for п = 2К+1 
Let y = . Ve shall prove that the 
п Sx ‚ for n=2k 


is a Cauchy seguence. Since for п=2К 


sequence {y nen 


d(y, ,:Y4:a) ^d (Tx p-175X%2ķ:3) =d (Ay) 1 Xap 27A 4k Xo, 178) < 


594 (Sxj, 5, Tx), рга) = ad (Ad, хо зА ух 212) < 


2 n-2 n=2 
59 d(Tx4, 4,9X5, 5:8)*... SA "d(Sx 4 Tx) ra) =q das 


‘and similarly for п=2К+1 : U = 


| CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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-2 
а (Y _1’Уд’а) <q: d(yo,y,,a) , for every a ex 


it is easy to prove that ЧУ en is a Cauchy sequence. 
Namely, by standard arguments we have for every meN 

that: 

(2) СУЩ = 9 


This can be easily provedby induction. Further: 


m-1 
dive ии) <q d (y Ууу) 


for every m,n EN and so from (2) it follows that: | 
dva =0, for every m,n EN. It is well known that 
this implies lim d (Yn Yna =0. From the completness of the 


m,n» 


space X it follows that there exists z ЄХ such that: 


z= lim Ya’ Then lim TX5,-1 = lim Sx, = 25 Further: 

no no o0 

d(Tz,TA, X, _у,а) =4(Т2,А, Tx, руа) -d(Tz,A, А» _ ух) _)/а@) 
tends to zero when n^» since T is continuous. So Tz = 
= lim А. A x and similarly Sz =lim А A 

ин CUR Zee tt Deal п о 2n-1 

Then from the inequality : 

(A5.555-1*2n-2/?2n41925 25-179) 594 (5 (Sx) ) T (Txan) 12) 


and continuity of S,T and d it follows that: 


d(Tz,Sz,a) «qd(Sz,Tz,a), for every a eX. This implies that 


Tz =Sz. Further from, (2m fn): 


d(ISx,.,A.2,8) =d (A, (Tx. ,),ALz,a) «qd (S(TX5,. 3) ,Tz,8) 


when m e we conclude that Tz =А 2 =Sz, for every n EN. Let us 


prove that A Z =А А 2, for every n eN. We have: 


а 
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R 


Ч (А 2,А А 2,а) <а(А 2,А А 2,А 1х ) + 


2 2m-1 


dz : 
COE d Aon а 8) * (A, Tx r1! pigra) = 


< A(A 2,А А 2,Т(А ) +d (A 2,Т(А x ),а) + 


2m*2m-1 2m-1 


* qd(S(Tx 1),ТА 2,а) 


2m- 


and when m +œ we obtain: 
а (А 2,А Ap2:a) <а(А 2,А А z,TZ) +а(А 2,Т2,а) + 
+ qd (Sz,TA z,a) = ча (А 2,А A 2,а) 5 


From this we conclude that А2 =А А2, for every n eN and so 
A z -Tz =Sz is the commo i i i 
С common fixed point for the family (AM ем 
Stand п 
Let weX be such that AW = Tw = Sw апа u = Т2 =Sz =А 7. 


Then for i£; we have: 


d(w,u,a) теше олы а) SG d(Sv,Tu,a) =d(w,u,a) . 


This implies that и =w. 
Now, we shall prove a fixed point theorem in 2-Banach 


spaces. Let L be a linear space of dimension greater than one 


and | |a real function on L xL which satisfies the follo- 


ere 


wing conditions: 


ic |a,b|| 20 if and only if а and b are linearly depen- 
dent. 
2. ||а,Ъ|| =l||b,al!, for every a,b in L. 
з. ||ta,b|| =|t|||a,b||, for every a,b in L and real nu- 
mber t. 
4. ][a*b,el| < [|а,с!| *llb,cll , for every a,b,c in р. 
Then ||, || is called a 2-norm on L and (L,||,||) is called a 


2-normed space. 
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Every 2-normed space is a 2-metric space with 2-metric 
d defined by d(a,b,c) = || b-a,c-a| 
In |3| a natural topology in 2-metric space and so in 


2-normed space is introduced. For a 2-normed space Gl ull) 
thisisalocally convex T,- topology in which the fundamental 


system of neighbourhoods of zero in L is given by the family: 


Wy (0) ={a,a €L, | ava, || esr for every j е{1,2,...,м}} 


where 
У = { (а|,є,),..., (алг las ета ет, е 210 
J 3G o2ness pui) 
A subset M of L is bounded if and only if every semi- 
norm (b eL) и, defined by ц (a) = || а,Ъ|| (a eL) is bounded on 


M. Every 2-normed space (L,||,||) is uniformisable since it is 
a topological vector space. For the base of this uniformity we 


take the family: 


{ (a,b) |b-a ем, (0) } , te { (ауе) и... (а ге) ) 


(a, eLye, >0 for every је{1,2,...,т)). 


So a Moore-Smith sequence (bi) from L is Cauchy 


sequence if and only if for every b Strani every = 20 there 
exists a j eI so that ||b,-b,,,b|| <e for every i, i^er so 
that i, i 2j. 

A 2-normed space (L,||,||) is complete if every Cau- 
chy sequence is convergent and such 2-normed space is called 
a 2-Banach space. 

From the uniforme structure point of view the class of 
Banach space of dimension greater than 1 coincide with the 
class of strong locally bounded 2-Banach spaces|4| . 


| THEOREM 3. Let (X,||,||) be 2-Banaeh space, S and 
| T Linear continuous mappings from X into X, for every j EN , | 
| A, :X+SX ПТХ continuous mapping, A; commutes with S and T | 
| 253 for every j EN, AX be bounded. Further, assume that the 


| - following conditions are satisfied: 
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l. For every i,j EN (і #ј),ереру x,y EX and every a eX : 
| ajx -a yal] < || Sx -Ty,al| 
2. There exist Jo eN, по ем and Ko EN so that the set 


m 
o 
А} ом ts relatively sequentially compact where: 


м = [0,1] Ax, X. 
Then there exists x eX so that 


шлу cer = › for every ЗЕМ. 


POr (9) (6) 385 Let {т рем be a sequence of real numbers 
from (0,1) so that rm r, =1 and А n* 01А, ХЕХ, (j,n)eN хм. 
Then: 

|| А К “AR Yl — || A_x -Ayya|| £r || Sx - Ty,a|| 


for j £k, every neN and every (x,y,a) €X xX xX, It is obvi- 
ous that Ag n is commutative with S and T and so for every 


ГА 
neN there exists Xa eX so that: 
Же АЫ Esc = Sx = ТХ, for every neN every j eN. 


Let us prove that lim || X» Аха]! =0, for every a eX,j EN. 
n 
Since А.Х is bounded for every j eN there exists M(j,a) зо 


that || A_x ra|| <M(j,a), for every neN. So we have that: 


Ix, Ахта || = Lb 


j - A.x ,al| 


X 
jn J 


l^ 


= || (ra 7 2)Asx,;all prr М(5,а) 


and since lim r, =1 it follows that lim || х -А.х ,a|| =0. 
n Dee een 
nzo noe 


Further, let us prove that for every (j,i,n,k) eN XN xNxN 
(j #1): 

kl k = 
(3) || A; х= с а || A_x, x all for every a eX. 


The proof will be given by induction. For К =1 we have: 
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р 


2 : 
|| ASX, - Aix ,all «|l S (Ax )-Tx. ,a|| = || A, (Sx) -Tx, ,al| = 
= I] Ax, -х ‚а|| . 
Suppose that || NG cape a|| «|| Ах -x а|| for ever 
M pP Sen ji n' = n n’ Y 


(i,j,n) eN xNxN (i743). Then (3) follows from: 


k+1 k k k-1 = 
ПА. Xn -Аухр,а|| <|| (5х) TA] xj) «all = 
k k-1 k k-1 
=|| AjSx, -А; Tx, ,a|l = [| Ag ^s xal] < Ax, х,а 
апа со: 
m, Зоо 
@ — JA киа laal 
о SUE 
m 
From (4) it follows that Lim|| A,°x, -x all =0. Fur- 


noe о 
ther, for every n €N, Ха А. Xn and so Xn EM for every пем. 
о 


m 
Since the set А. м ‘is sequentially compact it follows that 


о 
there exists х €X so that for some subsequence tn) ew of 
{x Jen We have: 

m 
(5) lim || a4? x -х,а|| = 0. 

ko o Pk 
The relation (5) implies that lim||x. -х,а|| = 0. From this 
200, k 


. it is easy to prove that x is such that: 


# = SB шу, for every j єм. 
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REZIME 


TEOREME O ZAJEDNICKOJ NEPOKRETNOJ 


TAČKI U 2-METRIÓRIM PROSTORIMA 


U ovom radu je dokazana teorema o zajedničkoj nepok- 
retnoj tački preslikavanja A,S i T u 2-metričkim prostorima. 


TEOREMA 1. Neka je (X,d) ograničen, kompletan 2-metrički 
prostor, S i T obostrano jednoznačna i neprekidna preslikava- 
nja Xu X , A:X> SXÎNTX neprekidno preslikavanje a T i S ko- 
mutattvna за A . Ako za svako x EX postoji n(x)€ М тако da je 
za svako y ЄХ т svako a ех: 


aah), an GO, а) < qmin{d(Sx,Ty,a) ,d(Tx,Sy,a) } 


gde je а €(0,1) tada postoji jedan $ samo jedan elemenat z ex 
takav da де z=Az=Sz=Tz. 


Takodje je dokazana sledeća teorema: 


TEOREMA 2. Neka је (х,а) kompletan 2-metrički pros- 
tor sa neprekidnom funketonelom d , A, :X>SXN TX (j EN) ade su 
S,T :X>X neprekidna preslikavanja komutativna sc А i za svako 
i,j eN(i A 
d АРХ <qd(Sx,Ty,a) za svako x,y,a€X 
gde je дє (0,1). Tada postoji jedinstvena zajednička nepok- 
retna tačka familije als i 2 

af 2 ГА к’ ват 
Primenom Teoreme 2 dokazana je sledeća teorema. 


TEOREMA 3. Лека je (X,||,||) 2-Banaehov prostor, S i 
T linearna neprekidna preslikavanja X u X, za svako j EN je 
A, : X >*SXN TX neprekidno preslikavanje, A; je komutativno pre- 
siikavanje sa S i Ti za svako j eN je A.X ograničen skup. 
Pretpostavimo, dalje, da su zadovoljeni sledeći uslovi: 


1. Za svako i,j eN(izj) , za svako x,y EX 4 za svako aeX 
Пл, х-л^.у,а|| < || Sx = By,al| 


m 
2. Postoje j,€N, ш eN 7 k EN tako da је Aj0M relativno 
kompaktan gde je M = [0, 1] Ak, X. 
Tada postoji x eX tako da je: X =A,x =Sx = Тх za svako j EN. 
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A LERAY-SCHAUDER PRINCIPLE FOR MULTIVALUED MAPPINGS 
IN TOPOLOGICAL VECTOR SPACES 
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ABSTRACT 
Using a result of Schöneberg |15| and a fixed point theorem from 
|2| we prove in this paper a fixed point theorem for multivalued mappings 


in not necessarily locally convex topological vector spaces. 


INTRODUCTION 


In recent time there is an increasing interest in the 
fixed point theory in not necessarily locally convex topologi- 
cal vector spaces and some results for singlevalued and multi- 
valued mappings are obtained in |1/!,|2]|,|3],14],15!,16], 17], 
|8|,[|10| and |15| . It is proved in |8| that for admissible 
(see |10|) topological vector spaces many results from the fi- 


Xed point theory in locally convex topological vector Spaces 
Can be generalized. Since there are many important nonlocally 
convex topological vector spaces such as LP (0< р<1), 5(0,1)- 
5' КЕ, 112|, 
it is of interest to obtain fixed point theorems for not nece- 


the space of measurable functions, Hardy s class, SL 


Ssarily locally convex topological vector spaces. 

: Using a result of Schóneberg |15| and a fixed point 
theorem from |2|, we shall prove in this paper a fixed point 
theorem for multivalued mappings in not necessarily locally 
convex topological vector spaces which are Hausdorff. 
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И 


А LERAY-SCHAUDER PRINCIPLE 


First,' we shall give some known results, notations 
and definitions, ^ 

‘In |2| we have proved the following fixed point theo- 
rem for multivalued mappings in not necessarily locally con- 


vex topological vector spaces. 


THEOREM A. Let E be aHausdorff topologicaL vector 
space, И be the fund anent al system of netghborhoods of zero 
in E,K be a closed and convex subset of E, R(K) be the famt- 
ly of all nonempty, closed and convex subset in K,F :K>R(K) 
be an upper semi-continuous mapping, F(K) be compact and the 
following condition be satisfied: (*) For every VEU there 
is UeU so that the convex hull of U Т (F(K)-F(K)) £s tn V 


Then there exists x €K so that x EF 


In |2| some applications of the above fixed point the- 
orem are given. If the space E is a locally convex topological 
vector space the condition (*) from the above theorem is sati- 
sfied for every F HAS since we can take for О єй the neig- 
hborhood V, if we suppose that со U=U (co-convex hull) for 
every U el. 


Now, let us introduce the following definition. 


DEFINITION f. Let Е be a topological vector space, 
Ц be the fundamental system of neighborhoods of OEE, К &€z.K 
ie said to be of Zima 's type if and only if for every V ЕЦ 
there exists U eU such that со (UN (К-К)) = У. 


ТЕ Е is a locally convex topological vector space and 
КСЕ then К is of Zima s type. K.Zima has given in |16| а sub- 
set K of a paranormed space E which is in fact of Zima s type 
in the sense of Definition 1. Now, we shall give an example 


of a subset of Zima s type in a nonlocally convex topological 


4 
| 


vector space. 
Let E be a vector space over the real or complex num 

ber field and || |* :E *[0, 9) so that the following conditi- 

ons are satisfied: : | 
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JH qum = 
ү ixl + = o«—»x = 0. Г А po v 
2 г 1519659 
2. [1-х | = [х [*, хек. а гово 1 
à = 3 ; 
\ 
з. Пену < х1 + Пу |, x»ye ЕУ РМ СЫ 
э, i a 


м. 
3 и 
НЕЕ I x, -x |*-0 ana An 7A, then ПА А ых. || * +0. 


Then (E, || ||*) is а paranormed space which is also a topolo- 
gical vector space in which the fundamental system V of neig- 


hborhoods of zero in E is given by: 


v (v.e АН {x| [|х ||* <e, x €E}. 


ТЕ KSE, where (E, | ||") is a paranormed space, and there 
exists C(K) > 0 such that |16|: 

[вх || * «cao € [[x ||*, for every x € K-K and every 
te[0,1], in |2| it is proved that К is of Zima s type. 

Now, let (E, || | *) be the space (S(0,1), || ||") (5(0,1) 
the space of equivalence classes of finite measurable functi- 


ons on [0 , 1] with measure y) and for every x є5 (0,1): 


А (Е 5 
|x {= = { ———— (dt), {x(t)} ex. 
1+|x(t) | 


It is known that S(0,1) is an admissible topological vector 
space |13| and the convergence in the paranorme is the conver- 
gence in the measure. 

Let а >0 and к= {Х| є5(0,1), |x(t)| <a, te [@,1]}- 
We shall show that Ky is of Zima 5 type and that C(K,) =1 + 2g 
which means that: 


|= (x-y) ||* < (1+2a)s ||x-y ||", for every 0 <5<1 


and every x,y єк. Let (x(t)) ex and (y(t))ey so that: 
[5 (Е) | <a, ]|v(t€)|] sa; tefe,t) . 


Then 1 + |x(t)-y (t) | < (122a) + (1+2a)s| x(t)-y(t)! = 


= (1-29) (14s | x (€) -y (€) |) 


and so: 
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ПЕ |= f EEEL yaw) < (+20) в ERGELI 
l+s|x(t)-y(t t) | о 1+|x(t)-y(t)| 


= (1+2a)s ||x-y ||? 


Let E be a topological vector space, KcE and 25 be the fami- 
ly of all nomepty subsets of K. If USK then cl, (U) is the 
closure (in К) of U and 9 ко denotes the SET of U in F 
If C is a lattice with a Е element € then a map x: 25 3G 


is called a measure of noncompactness of K P erem that the 


following conditions are satisfied for any X,Y € 25 
1. x(X) =@ if and only if X is relatively compact. 
2. х(ёб(Хх)) =Х(Х), where СО(Х) denotes the convex clo- 
sure of X. 
з. x(XUY) 


Ш 


max {y(X), Х(Ү)}. 


If x is a measure of noncompactness of K, DEK and 
g DED then g is called y-condensing if and only if the 


following implication holds: 


хер, X(X) <x(g(X)) = X is relatively compact . 


In |15| the following theorem is proved. 


THEOREM B. Let X be a measure of noncompactness of К, 
M be a set of nonempty compact subsets of K,U&K be an open 
neighborhood of zero in E , 0€K and H: [0,1] x cl, (U) -й be 
an upper semicontinuous mapping. Suppose that e folloving 


conditions are satisfied: 


(i) xfH(t,x) for te[0,1] and x €2,U. 

(it) Xecl,(U) and x(x) <х(н([0,1] xX)) imply that X 
їз relatively compact. 

(777) For every t>1 and x €09xU, tx ¢H(1,x)- 


(iv) tMeM for te[0,1] and меи. 


Then there exists an upper semicontinuous mapping 9 iK > Й such 


that for хек : 
xeg(x) tf and only tf xecl, (U) and x eH(0,x). 
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Using Theorems A and B we shall prove the following 
fixed point theorem. 


THEOREM Let K,UeUand xX be as in Theorem B and MC 
the family of all nonempty, convex and compaet subeets of К so 
that co({0} UH([0,1] хс1. (0))) їв of Zima’s type where Н is an 
upper semicontinuous mapping from [0,1] x cl, (0) into M” so 
that (i), (ii) and (ттт) in Theorem B are satisfied. Then the- 


re extsts x € cl, (0) such that xeH(0,x). 


Роот ЕЯ The family y^ has the property (iv) from 
Theorem B. Namely СЕК and К is convex, so for every МЄК it 
follows that +М= К for every te [0,1] and so М eW4" implies 
that tM eM”. From Theorem B it follows that there exists ап up- 
per semicontinuous X-condensing mapping 9 K^ MC so that for 
all x€K: 


(1) xeg(x) <=> xecl,(U), x €H(0,x). 


Now, we shall prove that the set of fixed points of the map- 
ping g, Fix(g), is nonempty. Let us prove that there exists 
a closed and convex subset TEK so that g(T) € T and g(T) is 
compact. In order to do this we shall use Remark 6 from Hahn^s 
paper |6|. The measure x has the following properties: 


(а) ХЄҮ(Х,ҮЄК) => Х(Х) «x(Y). 
(b) x(x У {у }) = X(X), for every ХЕК, Yo ek. 


Indeed XS Y implies X(XU Y) =X(Y) 2-max(X(X),X(Y)) and so 

X(¥) > X(X). Further X(XU {у }) = пах{Х(х),Х({у)) = X(X) since 
X({y,}) =0. If M=K in Remark 6 |6| as in le! it follows that 
there exists a nonempty, closed and convex subset b of E such 
that KAT £9, (KAT ЕКПТ, and x(K пт.) <x(g(KN TONE 
Since the mapping g is X-condensing it follows that KAT, is 
compact and so from g(KN T)) SK NT, it follows that g(Kq Tj) 
is compact. Further in the proof of Theorem B the mapping g 

is defined in the following way (А:к > [0,1] is defined in |15!) 
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Н (2A (x) ,x) d (x) <5 „х есі (0) 
g(x) = | 202-А(х))н(1,х) AQ 27 , х ес1, (0) 
0 х #с1 (0) 


From this it follows that 9(К)= co((0) ун( [0,1] xc1,(0))). si- 
nce the set co((0)U H([0,l]x cl,(U))) is of ліпа‘ type we 


conclude that the set g(K) is of Zima "s type. So, on the set 
T=Kf To the mapping g satisfies all the conditions of The- 
orem A Ee there exists x eT so that xe g(x). From (1) it fol- 
lows that there exists X є cl, (0) such that x e H(0,x).- 


From the Theorem we obtain the following Corollary. 


COROLLARY 1. Let E be a complete topological vector 
space, 0e K&E and K be a elosed and convex of Zima type sub- 
set, U be an open neighborhood of zero in E and USK, MC be 
as in the Theorem and Н: [0,1] x cl, (0) »M^' so that the fol- 
Lowing conditions ате satisfied: 

(A) For every te[0,1] and every x €93y,U, x£gH(t,x). 


(B) H(10, 1] x cl,(U)) is compact. 
(C) For every t>1 and every x € ðU , tx gH(1,x) 


Then there exists x € cl, (U) such that x eH(0,x) 


be Oo fF. Let G={(0,1} and у: 2^ «C be defined in 


the following way: 
is compact 


x (X) ={° 


X 
1 X 


is not compact. 

Then x is a measure of noncompactness. Indeed 1. follows from 
the definition of the mapping x. Let us prove 2.. Since wd 
implies х(А) <х(В) we have that x (X) <х(со X) for every хє 9*. 
Further, if X is compact it follows that со X is compact as 
we have proved in |4!. So we have that x(X) -1 implies that 
x(co X) 21 = X(X). If X is not relatively compact then X (coX) 


«1 =Х(Х) and so 2. is proved.3. is obvious. Further, we have 
£he following implication: 


с (Б x(X) <х(н([0,1] хх) = X is compact. 
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Indeed, from H([0,1] xx) =н([0,1] хс1,(0)) and from the com- 
pactness of the set H([0,1] xcl,(U)) it follows that X (H([0,1] 
xX) -0, for every X c cl,(U) . From this we conclude that the 
inequality  x(X) <х(н([0,1] xX) implies X(X) =0 and so X is 
compact. From the Theorem it follovs that there exists x € c1, (U) 
so that x €H(0,x). 

From Corollary 1 we obtain the following Corollary. 


COROLLARY 2. Let (E, || ll*) be a complete paranormed 
space,0 ЕКЕЕ,К be a elosed and convex subset of E such that 
there exists C(K) 20 so that: ||+х|| * «t C(K) Их ||*, for every 
te [0,1 and every x€K-K, and U,H and x, М” be as in Corol- 


lary 1. Then there exists x € c1, (U) such that x eH(0,x). 


Now, we shall give another corollary of the Theorem 
using some results from the theory of topological semifields. 


. 


First, we shall recall some definitions from |9 
Let IR be the set of all real numbers, E be a vector 
space over IK (real or complex number field), Ri be the set 
of all mappings from A into IR with the Tychonoff product to- 
pology and the operations addition and scalar multiplication 
as usual. If Е, ЗЕ Ri , we shall say that f <g if and only 
if £(t) «g(t) for te^ and f #9. By TO we shall denote the 


cone of non-negative elements in IR,. In |9| the notion of a 


А 
paranormed space over a topological semifield is introduced. 


For the semifield IR, we obtain the following definition. 


А 


DEFINITION 2. The triplet (Е,|| ||, Ф) is a paranor- 
med space over a topological semifield RA tf and only tf 


|| ||:E>P, and © ts a linear, continuous, positive mapping 


from IR, ae IR such that the following conditions are sati- 
sfted: 
1. lsi = 0 <=> х= 0. 
Bo lax] = IAT х ‚ for every х EE and every eK 
3. lx*vl <è ( 1х1) +2( Ilyll), for every x,y €E. 


Let us denote by U the family of neighborhoods of zero 


in Ri and for every U el we shall denote the set 
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(x|x eE, |х| e u} 


by Vy- Then E is a topological vector space in which V = (V9 Tel 


is the family of neighborhoods of zero in E. In |9| it is pro- 
ved that every Hausdorff topological vector space E is a para- 
normed space (Е, || ||, Ф) over a topological semified IR, (for 
some set A) and we shall say that the triplet (Е, || || ,9?) is 
the associated paranormed space. In |1| we have introduced 


the following definition. 


DEFINITION 3. Let E be a Hausdorff topological vec- 
tor space and (E,||l!|,9) be the associated paranormed space. 
The set KSE is of Ф-фуре if and only tf for every n EN: 


n n 


|| us txj || < d t, ®( lx, ID 


n 
for every x, eK-K (i-1,2,...,n) and every t; Е m iss ed. 
i-1 
In |1| it is proved that every subset of 9 is admissi- 
ble in the sense of V.Klee. A fixed point theorem for 
such sets is also proved in |1!. 


LEMMA Let E be a Hausdorff topological vector 
space and К be a subset of E of Ф type. Then К is of Zima's 
type. 


1D 22 O © пес We shall prove that for every WeV there 
exists U eV so that co(UÍl (К-К))= W. Let WeV and (є, || ||) be 
the associated paranormed space over the topological semifield 
В) . For every є 20 and every finite subset A^ of A , let us 
denote by U,;. the set (x|x ER, , X(t) «e, for every t eA}. 
From the definition of the family V it follows that there exi- 


sts {t,t o,---,t,} = ^^ cA and є 20 so that: 


И] eU,- „=> uew 
, 


The mapping Ф is linear and continuous and so let U, be such 
neighborhood of zero in IR, that: 


Пее u, => Ф(|[ч iD eUi- - 


l 
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If 0, is a symmetric neighborhood of zero in Е such that 
U, XV then: 


co(U,ñ (K-K))c W 


n 
Let u eco(U,ñ (K-K)). Then u= { s,u, 


) ijs where u 
і=1 


i Є vn (K-K) 


tor every ive 072 and s; € Го]. (de (1,2 шй зд 


n 
that ў s, =l. Since the set К is of Ф type it follows that: 


і=1 > 
п п 
Hull (=) = || v su, || (©) a 5,Ф( |а, [| ) (Е) <= 
for every tei’ 
COROLLARY 3. Let E be a complete topological vector 


space. Further, Let 0 eKCE,K be a closed and convex subset of 
Ф type and U ,H and xy, M ` be as in Corollary 1. Then there 


exists x € c1, (U) such that x eH(0,x). 


ргоо Е. From the Lemma it follows that all the 


conditions of Corollary 1 are satisfied. 
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REZ IME 


LERAY-SCHAUDEROV PRINCIP ZA VIŠEZNAČNA 
PRESLIKAVANJA U VEKTORSKO TOPOLOSKIM 
PROSTORIMA 


Korišćenjem rezultata Sch6neberga |15| i teoreme o ne- 
pokretnoj tacki iz |2| u ovom radu je dokazana sledeca teorema. 


р i 
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TEOREMA. Neka je E vektorsko topološki prostor,K CE 


X mera nekompaktnosti nad K,CeK, UcK Z U је okolina nule u 


3 


E, M * familija nepraznth, konveksnih d kompaktnih podskupova 
od K,H : [0,1] xcl,(U) > M^, co((0) UR([D, 1] xcl,(U))) zadovo- 
Ljava Zimin uslov (Definicija 1) tako da ви zadovoljeni slede- 
ét uslovi: 


(i) xgH(t,x) za te[0,1] i x €3,U, 
(ii) хЯс1 (0) ¿ó хх) «x(H([0,1] xX)) implicira da je 


skup X relativno kompaktan. 
(iii) Za svako t>lix € 34U 5) EX is - 


Ako je preslikavanje Н od gore poluneprekidno tada postoji 
х € c1, (U) tako da je x eH(0,x). 
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ABSTRACT 


In |6| two theorems on the existence of a solution of equations 
Тх = Е(х,Тх) and Tx =F(x,Q(Tx)) in locally convex spaces are proved. Us i ng 
fixed point theorems from |h| and [7| we shall prove їп this paper, some 


generalizations of Rzepecki^s results from |6|. 


In |1|,|2|,|7| and |3|,|4| some generalizations of the 
Banach contraction principle in locally convex spaces are pro- 
ved. Some applications of such a result in the theory of Miku- 
sinski operators are given in |3|. 

Here we shall use the following fixed point theorem pro- 


ved in |7 


THEOREM A. Let (x, (di), .р be a sequentially comple- 
te Hausdorff unzformizable space, T be continuous mapping X 
into X satisfying the following conditions: 


1) For each і єї there exist f(i) ЕТ and a nondecreasing 
T 
funetion q, : TR =[0,=) [0,1] so that 
d, (Tx, Ty) «di (de (1 Gy))de у (х,у) 


for every х,у eX . 
+ —— 
2) For each ieI and tem , lim Sen (1) (уса > 
noo 


3) There ts an element Хо eX such that: 


sup ап (1) (xo To) = К, ER ,for every iel. 


* 


Then there®exists a unique x* eX such that x* =Tx and for each 


ie: 
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sup d (x ,x*) = 5. € IR 
neN (1) 9 = 


In the following Lemma A is an index set and 

EDU sen is a net of transformations. 
LEMMA 1. Let Е be a Hausdorff locally convex topolo- 
gical vector space in which the topology ts defined by the fa- 


mily (Pilier of semtnorms and g : І >I. Further Let М be a clo- 

sed sequentially complete subset of E , for every a eA, а : MoM 

so that lim f x exists for every x eM and the following condi- 
аєА 


tions are satisfied: 
à А + 6 G 
а) For every 1ЕТ there exists a :R > (0,1|vhich ts a 


nondecreasing function for which {s lima п ) ®) «1 for 
noo 9 


T 
every і eI and every t€ IR and for every x,y EM: 


(i 


(x-y) for every аєА. 


(1) p, (f,x eni a) SII) OVE) 
b) For every i EI there exists a continuous function 
hi :E >R such that h, maps bounded set into bounded 


set h.(0) 20 and :p n . (x) <. (х) , for every X €E and every 
1 g (1) — 1 


пем {0}, and for every x EM is {Е x|a €A) bounded. 
If fyx-lim Ех, x eM, Ех =x, for every aeA, Ех then 


аєА = gu 
lim хо = xv. 
аєА 9 

Pro o f. From (1) it follows that: 


for every х,у EM and every і eI. Applying Theorem A, from b) 
we conclude that for évery beAU(0) there exists one and onlY 
one xy €M so that хр =їрхү. Further in |7| it is proved that 
for an arbitrary Yo eM, x, =lim va" where Yn У (n > 1) 
and that: ns 
a a, Nm a a a_y?) 
Pi (Указ Ук) Sm Чаз (1) (Pgs (1) кеу Pk 4) (Yo Yi 


for every ає А, КЕМ and тет. 


| 

у 

u 
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: аа а.а 
51псе P (Ха су) <h; (Yo R for every k eN U {0}, 
а eA апа і єт and Ч; (Е) е [0,1] for every i ет and every Ее” 


it follows that: 
a _ а аба 
Pj (уж Үлү) Sh (v5 Yi) 


for every n€N, a € and j €O(i,g) 2i. um d 


So we have: 
са a а а_ а 
р. rm sj) < < t3 qs (hy (YoY) bi (у-у), i ЕТ, аелд. 
5=0 g? (i) 
From b) it follows that Yo can be an arbitrary element from M 


and so let уё = X52 for every а eA. Then: 


k-1 

a a 
ру O с Ча s (hy (xo7fax))h,(x.-f x ), Кем, ier, 
aeA. 


Further, it follows that the set {хотхо а eA) is bounded 


+ 
апа by using b) we conclude that there exists м, Е IR so that 


hi (5-Е хо) Му, for every аєА (і ет) 


which implies that: 
k-1 
(7) 5. и Ур) < is = " (N)h: (x,7f x ) (КЕМ, aeA, iel). 


From (2) we have: i 
p m 5-1 

pi (У e) = р; (у? -Y2)« (Та (N.))h, (x -£ x ) 

i ze 5+1 аа S) d і o ao 
and when m ^o. 

со S 
(3) (x ADS СОГ а (N.))h. (x -£ х) (пем, ieI,aeA). 
Pa sin ко ча) U оао 


Since lim q , (t) «1 it follows that the series UN q x, P 
= = 9 ^ 


nse g (i) 

is convergent for u. ТЕТ. From (3) we have: 
a = 

руху) < ж 77 арк (Nj) A, (x -Е x) 


$=1 =o g (i) 
and so: 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
34 Olga Hadžić and Ljiljana Gajić 
SS 


MESI 
Pi (Ка Хо) Py ert ah) Ва (ахо х0) UM "gh (4) =" j 


x h; (x,-£,%,) +p, (хох) (ieI,ae2A). 


Since Хо-ЕаХо = хо -аХо апа in fo*o - f Xo = 


using the continuity of В; and h, (0) =0, it follows that: 


lim p(x, - xj) = 0, for every i ет 
аєА 
which means that lim x =х. 


асА 


In the following Lemma, E is as in Lemma 1. Lemma 2 is 


a generalization of Theorem 1 from \6|, for bounded T(M). 


LEMMA 2. Let M be an arbitrary set,T Ье a transfor- 
mation from M into E such that T(M) ts а sequentially complete,bon 


ded closed set and let {g_} be а net of transformations defined 


ae A 

on M with the values in E and g,(M)ET(M) , for all аєА. Sup- 

pose that for every ae A and every x eM there exists lim Зах = 
aeA 

= ях. Further, for every і є Т there exists f(i) ЕТ and 


di IRE [0,1] as in Lemma 1 so that: 

P, (Чах-9аУ) «d, (Pg (ү, (Tx-Ty)) pe (, (Tx-Ty) 
for every x,y eM and condition b) оў Lemma 1 for Е=а is sati- 
sfied. Let beAU{0} . Then: 

1. For every y eT(M) the set gy (T у) has only one element 
and the mapping уэ (Т ly) has one and only one fixed point 
Yp E€ TM). 

2. For every x e Y ly, арх = Tx and gpa аа e (1,2) ) 27 


(1) (2) 


pltes that TX =Тх 8 


i =L 3 
3. lim Тх = Tx) (x, eT Ур, beAU(0)). 
aeA 
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РЕ <) ВЕС First, we shall prove that gy (T |y) con- 
tains only one element. Let y e T(M) and Tx, =y (ie {1,2}). ме 


shall prove that У} 7V5r where У; *9gXi; іє {1,2}. We have: 


i 
Pi (91-95) =р, (б„*у-9ьХ) <q; (Pe (+) (Tx, -Tx,) )Pe (1j (Tx, -Tx,). 
Since Tx, = Tx, =y it follows that Vl =У2- From this we conclude 
that £y is a singlevalued mapping. Since Jp (M)ST(M) it follows 
that f, : T(M) -Т(М). Further let x,y € T(M), x-Tu, y = Tv. Then: 
P4 (fg*-fyy) - p, (gyu-gyv) <9; (Pg (yy (Tu-Tv)) pe (4, (Tu-Tv). = 
= 9; Pg СУРЕН) 
and so for every b eAU (0) there exists one and only one eleme- 
= : 
nt УЬ € T(M) so that f5Yg =g (T Yp? YE Applying Lemma 1 we 
conclude that lim va Y The proofs of 2. and 3. are as in The- 


аєА 
orem 1 |6|. 


THEOREM 1. Let МСЕ,К Ье a closed and convex subset 
of E, T:M>K,T(M) be complete and bounded,Q :K E be a compa- 
et mapping, F :MxK-+T(M) so that the following conditions are 
sattsfted: 

l. For every і ЄТ there exist £(i) ЕТ and а; : Rm’ > [0,1] аг 


in Lemma 1 so that: 
p, (F(x, ,y) -F (x5, y)) 59; (РЕ (1) (Tx,-Tx)))P. (1) (Tx, -Tx,) 
for every Xj 1X5 eM and y eK and the condition b) of Lemma 1 ts 


satisfied for g=f. 


2.For every i EI there exists C(i) >0 so that: 


р; (Е (х,у) -Е(х,у,)) «CG)p, (Оу ,-0v5) 


for every x eM and every Y/Y, EK and for every і єІ the serte : 
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NC (ecce a) 


Š + 
ts convergent, for every tem . 


Then there exists x eM so that F(x,Tx) = Tx. 


РӘ КОО E, From Lemma 2 it follows that for every үєк 
there exists u(y) eM such that F(u(y),y) = Tu(y). If f :у Tuly) 
(y eK) then £(K) CK. The continuity of f follows as in |6| si- 


nce all the conditions of Lemma 2 are satisfied, where Gm 


is a convergent net in К, lim x =х and g x-F(x,x ), g_X = 
man о а а о 
= F(x,x)) , for x eM. Let us prove that f(K) is compact which me- 


ans that for every net {х а) „д ink there exists a convergent sub- 


net of the net ТЕХ ел c B ае . We have (a,c eA): 


p Xa) Е xe <р (Е x) - Ра, OX) + 


а с а с 
+ p.(F б = 7 К : = 5 = 
P, ( = a) Е x Sq PE USKI Sce Pe (i) e E 
+ C(1)p, (Ox--Qx ) «aq. (p. ,,, (Tu, -Tu_ )) [q.,., (p (Tu, -Tu,! 
1 а c: —7i (1) X4 Xo -+f (i) =2 (1) X4 Xa 


хорь2(\, (а. шщ, )*C(£ (i)) Pe (5) (Ox, -Qx ))] tC (3) p, (Ох. -Ox.) < 


c 
n 
S500 $ [| ci (р (Tu.-Tu. ))p = ^ 
о РЫ (i) gl (1) Ха Xo £f ntl e a SP 
EE rA k+1 
+ ( q (p (mu. эм рее 0) ( 
k-o ѕ=о £?(i) neu (i) Ха Xa P k+1 (i) 


(Ох -Qx.) + С(і)р (Ох .-Ox .) . Further there exists M(i) 20 (iel) so? 


p (Tu -Tu_ ) «M(i)(se NU(0), ier, a,ceA). 
UD а XC - ^ 
Then: 


n | 

E 5 д v 3 T jt 

аата E "owe оцат, (Ex 
р 


n-1 


(Г а (м (3))6 e (4) yh, (ох_-ох,) 
o s-o f (i) заах j 


м 
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If no then: 
e r 
p, (F(uy rx )-F(u, rx )) <C(i)p, (Ox -Ox .) + Kea = (M(1) : 
a c r-o Ss-o f (i) 


x c (£1 (1))һ, (ох. - 0x) ; 


The set Q(K) is compact and so there exists a convergent 
subnet {Ох}, of the net {Ox} ea: Now, we shall show that 


(FQ, 1, uen! is a Cauchy net which means that there exists 


D 
ag €^, such that a,c >а (і,є) implies (e 20): 


Ва) = Pler hy) s Ес 


Since hi is continuous and h, (0) =0 it follows that for 


every є >0 there exists a neighbourhood Vi z (0) of zero so that 
ГА 


со 


r 
where K(i)= J (Г! а. (м(ї))с(# t G))+C(i). Since 
r-o s-o f (i) 


{Ох} is convergent there exists a, (i,€) so that a,c >а 


aca’ 
(a,c €A ) implies: 


Ox, - Ox, Gi e 3 


Then we have that a,c >a (i,c) (a,c €A') implies that: 


Баа = Го «€. 


The rest of the proof is as in |6|. 
Asin |6| and using a similar method as in Theorem 1 we can pro- 


ve the following theorem. 


THEOREM 2. Let МСЕ,К be a closed and convex subset 
of E, T :M9ET(M) be bounded complete М) C K,Q : K XE be a compact 


mapping and Е :MxQ(K) >E so that for every x eM the mapping 
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y + F(x,y) (y є ОК) is continuous, Е(М,0(К)) < T(M) and the follo- 
wing conditions are satisfted: 
; : * 
For every i eI there exist f(i) eI and du iR > (8,1) a 


tn Lemma 1 so that: 
p, (F(x, , y) -F G5,y)) «a, (pe (1, (Txy-Tx5)) Pg (1, (TX) -Tx,) 


for every XX eM and every y € Q(K) and condition b) of Lemma 
1 is satisfied for g-f. 


Then there exists x eM so that F(x, Q(Tx)) = Tx. 


From Theorem 2 we obtain the following Corollary, which 


is a generalization of Krasnoseljski s fixed point theorem, 


COROLLARY Let K-K bea bounded, convex and complete sub- 
set of E, О :К-Е be a compact mapping, F :K x Q(K) +E so that 
for every x EK the mapping y>F(x,y) (у eQ(K)Zs continuous, 
F(K,Q(K)) cK and the following condition ts satisfied: 

For every i eI there exist f(i) eI and di SERE > [0,1] as 


tn Lemma 1 so that: 


р; (F(x, py) -F (x,y) ) 39: (Pe (4) (ху-х,) )Pe (4) (ху-х„) 


for every ху,х„єК and every y € Q(K) and condition b) of Lemma 
1 is satisfied for g=f.. 
Then there exists x eK so that F(x,Qx) =x. 

Proo f. It is enough to take that T =так, М=К. 


REMARK. In Krasnoseljski s fixed point theorem is 


F(x,y) =5х tywhere S is a contraction type mapping. 


Using a similar method as in |6| we can prove the fol — 
| а 


lowing Lemma. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


O~ 


ma 


ich 


ma 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
On the equation Tx = F(x,Q(Tx))'... 39 
a 


LEMMA 3, Let (E, {р}, р be a Hausdorff locally co- 
nvex topological vector space in which the topology їв defi- 


ned by the famtly (Pi uer od semtnorm, g :I +I,M be a closed 
sequentially complete subset of E , for every а EA, fa :M >M во 


that lim Еах exists for every х EM and the following conditi- 
aeA 


ons are satisfied: 

l. For every ТЕТ there exists q(i) 20 so that: 

р; (f,x-f у) qp (x-y), for every x,y €M and 
every а €A. 

2. For every іє I and every ne М there exist a, (1) 20 


and f(i)e I so that Pong) (x) € a, (i)Pr(j) (x) , for every xe E 


and the series: 


y 3C pel сб Qian 
n=1 r-o 


ts convergent for every і Є І. 


If Е x-1lim Е х, for every xeM then lim x -x , where 
о а о 
аєА аєА 


Е АХА = Xa? for every ac AU (0) . 
Using Lemma 3 instead of Lemma 1 it is easy to prove 
the following theorem on the existence of a solution cf the equ- 


ation Tx =F(x,Q(Tx)). 


THEOREM 3. Хе? E,M,K,T,T(M),Q and Р be as in Theo- 
рет 2 and the following condition be satisfied: 


For every і еї there exist qli) 20 and g(i) €I во that: 


р; (F Gx, ,y) -F (x,Yy)) <q(i)p (Tx, -Tx,) 


g (i) 
for every X1 1X5 ЕМ and every у €Q(K) and condition 2. of Lemma 
3 75 satisfied. 


Then there extsts x ЄМ so that F(x,Q(Tx)) = Tx. 
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Suppose that E is a vector space in which the topolo- 
gy is defined by the family {Р;}:ет of functionalssuch that the 


following conditions are satisfied: 


he p; (0) = 0, for every і ёІ . 
Die p; (~x) = p; (x), for every хє E and every iel. 
3. p, (x+y) «Pi (x) +p, (y), for every х,у ЕЕ and every i er, 
4. If p, G, 7x)» 0, (x4) is a net from E) and tí >t then 
р; (t,xztx) ЭО а CA; 
Then E is a topological vector space in which the fundamental 
system of neighbourhoods of zero in E is given by the family: 
V(i,r) = (xlp, (х) <r} (ier, г>0). 
Suppose now that (E, (piJi, p is a topological vector space in 
which the topology is defined by the family of functionals 
їр} ет so that 1.,2.,3. and 4. are satisfied. We shall suppo- 
se that E is Hausdorff which means that р; (х) =0, for every 
і ЄТ implies that x =0. 
| Similarly as in |8|, it is easy to prove the following 


fixed point theorem. 


THEOREM 4, Let (E, {р,},„т be a Hausdorff topologi- 
eal vector space in which the topology is defined by the famt- 
ty of funetionals (i€I) so that 1.,2.,3. and 4. £s satisfied. 
Let M be a closed and convex subset of E and Е :M «M be a сот | 
pact mapping such that the following condition is satisfied: 


For every 1 ЄТ there exists с; >0 so that: 


p, (tx) <C; tp, (x) » for every te[0,1|] and хєЕ(М) -Е(М). 


Then there extsts x €M so that x = Ех. 


{ СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


in 


)- 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
On the equation Tx = F(x,Q(Tx)) ... di 


DTD Е НЙ 


Р ТООЛО Th First, we shall show that for every V 
from the fundamental system of neighbourhoods of zero in E 
there exists a neighbourhood of zero U so that: 
co(UN (F(M) - F(M)) cv 


where co is convex hull. Let V-V(i,r) (ije I, r>0). Then U- 


= V(i, = ). Indeed, suppose that z € co(UN (F(M) -F(M)). Then 
i 
n 
there exist 5,>0 (i e{l,2,...,n}) so that ў 5; =1 and 
= ї=1 
чү e UN (Е(М)-Е(М)) (ie{1,2,...,n}) so that: 


n 
2 = abs cg 
E S 
i-1 
Then we have: 


n 


n 
r == 
p, (= јо.) S сіз 5р; (а) ая a = 


n 
р; (2) < 2 - 
= al 


J 


1 9=1 
Then |5| there exists x eM such that x = Fx. 

Now, using Theorem 4 instead of Tihonov s fixed point 
theorem, it is easy to prove the following generalization of 


Theorem 1. 


THEOREM 1". Let (E, (Piliep be a Hausdorff topolo- 
gical vector space in which the topology is defined by the fa- 
mily of functionals Pi (ТЕТ) so that 1.,2.,3. and A mane лесе 
fied. Let М,К,Т,О and Е be as in Theorem 1 and conditions1. and 
2. be satisfied as in Theorem i.Suppose that for every ieI the- 


re exists Ci >0 so that: 


p, (tx) « C,tp, (x) › for every t є [0,1] and every x e T(M) -T (M). 


Then there exists x ЄМ so that F(x,Tx) = Tx. 
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REZIME 


О JEDNACINI Tx-(Fx,Q(Tx)) U LOKALNO 
KONVEKSNIM PROSTORIMA 


U ovom radu su, korišćenjem teorema o nepokretnoj tač- 
ki iz rada |4| i |7|, dokazana пека uopštenja teorema o egzis- 
tenciji rešenja jednačina Tx-F(x,Tx), i Tx-F(x,Q(Tx)) u lokal- 
no konveksnim prostorima koje su dokazane и radu |6|. 


5 
к 
| 
Е 
| 
i 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ЕПЕРНЕ 


8 


C, 


i- 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Zbornik radova Prirodno-matematičkog fakulteta-Univerzitet u Novom Sadu 
knjiga 12 (1982) 
Review of Research Faculty of Seience-Univeraity of Novi Sad, Volume 12(1982) 


А FIXED POINT THEOREM FOR MULTIVALUED 
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ABSTRACT 


In this note, we first generalize Minh^s theorem for spaces with a 
family of pseudo-metrics, next we introduce the notion of the probabilistic 
largest distance between two sets and establish some of its simple proper- 


ties, and fanally, we prove an analogue to Minh^s theorem for PM-spaces. 


1. INTRODUCTION 


In |1| Ćirić has proved a fixed point theorem for multivalued quasi- 
contractions, i.e. for mappings satisfying the following con- 
dition 
(1) p(Tx,Ty) «k.max(d(x,y), o(x,Tx), o(y,Ty), d(x,Ty), 

а (y,Tx)) 
where k«1, d is a metric defined in X,p stands for the largest 
distance between two sets defined by 
р(А,В) = sup íd(x,y): x eA, y e B) 
and finally, as usual, 
d(x,A) = inf {d(x,y): y eA}. 


Then, in |2| М.А. Minh generalized Ćirić s result by 
showing that іп (1) all the d^s can be replaced by р . 
Note that up to now there have been a lot of fixed pc- 


int theorems concerning multivalued mappings of the contractiv: 
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type in metric spaces, but none of their analogues in probabi- 
listic matric spaces (in abbreviation, PM-spaces) has appe area 
even for the simplest case such as for Nadler^s theorem |3|, 
The main difficulty is that the topology in a PM-space depends 
on a parameter Л € (0,1), so we cannot choose an iterative  se- 
quence independent of ^ without additional assumptions.  Re- 
cently on the way to getting an analogue to Nadler ^s theorem 

in PM-spaces Hadžić proved a theorem whose assumptions assure 


the existence of such a sequence |4|. 


2. MULTIVALUED QUASI-CONTRACTIONS IN SPACES WITH A FAMILY 
OF PSEUDO-MEKRICS 


First let us recall the following definition. Let X be 
an arbitrary set, a mapping d DX XXR, (the set of all non- 
negative numbers) is called a pseudo-metric if it satisfies 


the following conditions 


d(x,x) = 0, 
d(x,y) = d(y,x), 
d(x,y) «d(x,z) + d(z,y) 


for every x,y,z in X. 
Let Л be an index set. A pair (х,а,), лел, is called 


a space with a family of pseudo-metrics if d, is a pseudo-me- 


A 
tric for each A €A . In the seguel we always assume that the 


family {d,} satisfies the following “separation condition" 


d, (x,y) = 0 (WAN GU) = Ss == ya 


In |3| such a space is called uniformizable and seme fixed PO 
int theorems for singlevalued mappings of the contractive tyP© 
in these spaces are established. 

The notions and results in this section mostly repeat 
that of |2| for each fixed A , but for convenience to readers 
we shall develop them here briefly (the proof is partially si- 
milar to that of |1|). | 


DEFINITION 2 . Let Y be an arbitrary set. A mappi"9 _ 


p:XxX-R, 7з called a semimetric if it satisfies the folto- 


wing eondt tung In Public Domain. Gurukul Kangri Collection, Haridwar 
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p(x,y) =р(у,х), 
р (x,y) <p (x,z) + р (z,y) 


for every xyz tn Y. 


Let (Ү,р,) be a space with a family ôf semimetrics 
T =X} eA}. А sequence (xev is called a Cauchy sequence if 


lim ру (х,а) = 0 for each A . А sequence xy) is said to be 
n , mo 
convergentto x єҮ (symbolically, х > X) if lim p, (x, 7x) = 0 for 


each А. The space Y is said to be ра every Cauchy 
Sequence is convergent. Note that these notions are formal be- 
cause a semimetric does not generate any topology, this is 
easily seen when we consider a stationary sequence x, =x with 
o (x,x) >0. 

In what follows we assume that the family of semime- 


trics {p,} has the following property 


py (x,y) = 0 (ЖА eA) => х = y. 
Obviously each pseudo-metric is a semimetric. The largest di- 
stance between two bounded sets in a metric space is a nontri- 


vial example of semimetrics. 


LEMMA 1. Let (Y,04) be а complete space with a fami- 
ly of semimetrics, T :Y -Y a mapping satisfying the following 


condition: for each à є Л there ts a а) «1 such that 
(2) р, Tx,Ty) <а "пах {p (x,y), р) Gc, Tx), 


PA (y, Ty) А Py (x,Ty) 1P (y,Tx)) 
for every x,y їп Y. 
Then there exists a unique fixed point x* of T . More- 
over, ue have p} (x*,x*) = 0 for each A € A and Tx +х* for 


every x in У. 


РА: (о) (e бес We shall use the following notations 


(T x si @,1,.-.,n}, where тох = x, 


0 (х, п) 
т 901,27 м. 


Ө (x,o) 
8, (А) = сир {p, (х,у) :x,y EA} . 


Fixing л eA we have 
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а) if 1<i,j <n then p (T x,T)x) <а 6. (6 (x,n)): From 
this it follows that $, (6 (x,n)) = p, (x, T*x) with some k« nm, 


b) 
6, (0 (x,n)) < max { 
А — 1-q 
A 
k 
Inđeed, fixing n, by a) we have $, (0 (х,п)) = оу (x,T^x) with 
some К<п. If k>1 then 


k k 
84 (6 (x,n)) = p, (x,T x) <p, (x, Tx) +p, (Tx,T х) < 


£p, (х,Тх) + q,6, (9 (х,п)) 
From this b) follows. 


c) 

p, (x,Tx) 
(тл ку ам -пах{ А ‚ ру(х,х)} 
1-а, 


Indeed, from a) and b) we get 


= = 
os (este x) < «0,6, (o cr? ly, m*1)) = 9,0) (т хто Nix) 


2 n-2 $ n 
< ч.6; (o (T x,m,+1)) =... < 96) (6(x,m, ,*1)) < 
р. (x,Tx) 
< аб (Ө (x,o)) «qi “тах (л = п fa (о) о 
= OTRA =" = N 
9 


This implies that {Т х} is a Cauchy sequence and hence Tx *X*: 
Since ру (x*,x*) «p, (x*, T x) To (Ех, х*), ме get p, (х*,х*) =0, 
d) We have 
Py (x*,Tx*) Ko) (xx, tly) +p, C y qe) E (xe, Totty) в 


+1 
= X) ,p, (x*,Tx*), 


+ q,max{p, хи) о) (тах, т 
Py (Tx , Tx*) rP) (х ту) } 

Letting п ^e we obtain 
p, (x*,Tx*) < чуо (x*,Tx*) n 


P 

from this pj (x*,Tx*) = 0 for each A and hence х* = Tx*. The p^ | 
S: 

queness of x* is proveđ in the usual way and the lemma follow а 
Let (X, di ) be a Space with a family pseudo-metrics$: BY ; 


P4 we denote inen largest distance between two sets generated 
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ру di, ô, (A) =p, (A,A) - the A-diameter of A, B(X) - the class 
of all поп-- empty subsets of X with finite A-diameter for 
each А (these subsets are said to be bounded). 


LEMMA 2. Tifi (х,а) is a space with a family of pseu- 
do-metrics then (B(X) ,0,) is a space with a family of semime- 


trics. Moreover, tf X is complete, so is B(X). 


j2 12 (6) (Sj Ec The symmetry and the triangle inequality 
of Py follow immediately from the corresponding properties of 
а. Further, if p, (A,B) = 0 for each А then we have d, (x,y)-0 
for each A and for every xeA, yeB, it, in turn, implies that 
X-y-A-B. Now, let (A) be a Cauchy sequence in B(X). Taking 
Xa eA, for each n we obtain a Cauchy sequence {x} in X. By 
the completeness of X, хх. Fixing A eA we get 
р) (x, A.) < ру (x,X4) +p) (x) A) «di (x, x.) +p) (A, AQ) 2 


Letting n>% we get lim р) (x, A.) =0 for each A , i.e. by de- 
no 


finition A> (x) in B(X). So B(X) is complete and the lemma 


follows. 


THEOREM 1. Let (х,а,) be a complete space with a fa- 
mily of pseudo-metrics, T:X+B(X) be a mapping satisfying 
the following condition: for each A €A there is a 9 «1 such 
that 


(3) р) (Tx, Ty) < a max{d, (x,y),0, (x, Tx) ,p, (y, Ty), 
p, (x, Ty) p, Gr, Tx) 
for every х,у in X. 
Then T has a unique fixed point x*. Moreover, in fact, 


it is a stationary point (i.e. Tx* = {х*}). 


Рт ©) (S) 326 First we show that T maps B(X) into B(X). 
Indeed, let AE B(X) fix x, €A and take an arbitrary x in A. 


Then we have E 
Cx, TX о) <чутах{4, (x,x,) , p, (x, TX) ,p4 (x, , Tx), 
х (Xr Тхо Nie 03 (X5 LII 


Suppose for example, the maximum is attained at Py (x, Tx). Then 


we have 
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р) (Tx, Tx,) X qd, 04 (x, Tx) XQ, 03 (x, Tx,) +q, 04 (Tx, Tx.) 


Consequently 


p, (Tx, Tx.) < о, (A, Tx,) 


1-а, 
Similarly for the case when the maximum is attained at P, (x Tx) 
and thus we get 


p, (TA, Tx,) <max{q,6, (A), p, (A, Tx,)} 


1-а, 
From this TAeB(X. 


Obviously, from (3) we have for every A,B in B(X) 


p, (TA, TB) < аутах{р, (A,B) ,p4 (A, TA) ,p, (B, TB) , 
p, (A, TB) 1), (B, TA)) 


From Lemmas 1 and 2 it follows that there is a unique A, € B(X) 
such that TA Ао, moreover о, (A5; A9) =0 for each A , i.e. 
Ао is a singleton {х*}. 

The uniqueness of x* is proved as follows. Let y* be 


another fixed point of T, i.e. у* eTy* , By (3) we have 
Py (Ty*,Ty*) <q)max{d, (y* ,y*) ДЯ (y*,Ty*)) зар) (Ty*,Ty*). 


| From this р, (Ty*,Ty*) = 0, it implies that Ty* = {у*} and 
БУ 0372) = 0. Now again by (3) we get 


9, (x*,y*) = dj (Tx*,Ty*) «q.d, (x*,y*) 


for each A , hence x* =y*. The proof of the theorem is comple 
te. 


3. THE PROBABILISTIC LARGEST DISTANCE BETWEEN TWO SETS. 


Let us recall some definitions. A function F:R? [0,2 | 

(here R denotes the set of all real numbers) is called а disi _ 
tribution function if it is non-decreasing, left-continuou5; | 

inf Е = 0 and sup Е = 1. The family of all distribution func” | 

! tions is denote by D . A PM-space is a pair (X,F), where x = | 
| о a certain set and F Ххх +0 satisfying the following conditi?" 
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ae 


(here instead of F(x,y) we write Py for simplicity of notati- 
on) 


Hi 
ct 
Ш 


1 (УЕ >0) <=>х = у, 


Fy (6+5) 2min (Е (6), F_y(s)} 
for every x,y,z in X and t,s>0 (see 17| for details). 
Similarly to the notion of probabilistic díameter in- 


troduced in |6|, here we define 


6.,(t) = sup inf E (5), 
EE s<t xeA,yeB ХУ 


where A and B are probabilistic bounded sets, i.e. they satis- 


fy the condition SUP Ре (Е) = 1 with Dg(t) = Sac (t)- 


Here are some simple properties of ёв: 


I: б АВ is а distribution function. 
Evidently, бав is non-decreasing апа left-continuous, 
Sap (0) = 0. To prove supćag = 1 we now show that it satisfies 


the probabilistic triangle ineguality, i.e. 
Sap (tts) > min{é,,(t), Sop (5) 


for every A,B,C probabilistic bounded and t,s > 0. 

Suppose on the contrary that there are A,B,C,t,s such 
that 
(4) а = Sap (tts) «b «miníó4c (t), Sop (5) } 2 


Since b «sup uso ml (v), there is v, «t such that 


v<t xeA,yeB 
inf F (vo) »b. Analogously, there exists Wo <s such that 


ХЕА, ZEC 
inf 
zeC,yeB 


for F we have 
Е ху 


Е y Мо) >b. By the probabilistic triangle inequality 
2 = 


EY (Voto) 2min {F „(у ), Fly (wo) 


for every x,y,z in X. In particular, fixing x €A, y EB in the 
left side of the above inequality we obtain 
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(т tw.) »miní inf ia^ FTT inf F мо) >b, 


Е 
ху ХЕА, ZEC хе ЧӘ 2ЕС,уЕВ zy 


From this 
а = sup inf Е (u) »b 
ucstt ХЕА,УЕВ 
апа we get a contradiction to (4), so the probabilistic tria- 
ngle inequality for ÓAB is proved. 
Now fixing x, ЕА, y,€B ме have 


t t 
C3 38 { 5)} > 


д Е 
Sap (Е) Ех 3 ),6 Sy в 


)) 


S 

о 

= 
wir 


t t 
> min{ D, (=), E (= 
= AXIS хоу, 3 


Since Dar Dg and Fx y are distribution functions, from this 
о 


(е) 
we get the desired result. 
2. Sap (t) =1 (Wt»0) => А = В. 
Indeed, since sup inf Е (s) = 1 for each Е 30 then 


s<t X€A,y€B 
for every A е (0,1) and + > 0 there exists Зо < such that 


Fyy (Во) »l-2Afor every x€A, y eB. It follows that Е ху (Е) = 


for every x eA, y eB and t>0, it in turn implies A =B and mo- 
reover, they are a singleton. 

By the factsindicated in 1. and 2. and the obvious pro- 
perty Sap = Opal we can call Sap a probabilistic semimetric in 


the space of all probabilistic bounded subsets of X. 
3. It is well-known that the (€,6)-topology in a PM- 
space can be described by a family of pseudo-metrics 


а (x,y) = sup{t :F y(t) <1 > › OX 2951). 


The Л -larges distance between two bounded sets is defined as 
usual 


p, (A,B) = supid, (x,y): XEA, y €B} . 


Now we are interested in the following problem: In which case 


have we à 


(5) p, (A,B) = supít : 02) KIR А 
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First we show that 


sup{t : 6, (6) <1-А) -supít: inf Е 
a XE A,y€B ху 


For simplicity of notation we denote for the moment 


Е) cedi mE 


С = inf F 


Zy ={Е : С (Е) 1-1), 2, ={t : sup G(s)«1 = 
Xe A,yeB = 


7 
1 
e s«t 
So we must prove that sup 21 =sup 25. 


Since sup G(s) «G(t), we have sup Z 
s«t F 
to prove the converse inequality, we take arbitrary t€ 2, and 


note that if s < + then G(s) «1 -A and hence sez 


1 {sup 2, . In order 


1: This means 


that t «sup 21, consequently, sup Z, < sup 2, as desired. 


1 
Thus we now must only answer the question: When does 
the equality 
(6) sup sup(t : F y(t) « 1-A) =sup{t : inf Е (б ше! 
xe A,yeB xe A,yeB 
hold ? 
Note that the inequality " <" always holds since 


«F for every xeA, y eB. The equality is not true 


inf Еу < xy 


ХЕА, УЕВ 
in general, so ме must restrict ourselves to a certain sub- 
class of B(X), namely the class of all nonempty compact ( in 
the (c,6)-topology) subsets of X, denoted by K(X). 


First we claim that if А,ВЕК(Х) then inf Р (t) = 
хєА,уєв ХУ 


- min Е (t), i.e. for each t there аге x, ВА, y, EB such 


t 
ХЕА, УЕВ 
that нк 1 (tt), =R у (t). For this it suffices to verify 
xeA,yeB ху де дЕ 


the lower semi-continuity of уе) considered as a function 
from X xX into [0,1] for fixed t. Thus, fixing (х,у) €XxX 
we have to show that for апу = 20 there exist a neighbourhood 
ur (a,6) of x, aud a neighbourhood Es (8,6) of xc such that 


о о 
Е (Е) = БЕБЕ (р) 
ХоУо 5 xy 
for every x€ um (a,6) and E (8,6). Obviously, we may assune 
о о 
Е «F (=) so а= Е СЕ) ео 
Xofo : XoYo 
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Suppose on the contrary that for any neighbourhood U 
of Xo and any neighbourhood V of y, there exist x €U and yev 
such that a Е Ge Letting = l-a, by the left-continuity 
of F. y there is s <t such that Е, у (s) >a=1-6. Taking г so 


оо ото 
that $ <г < Е we have 


in{F Gs ü F ( TEES = 
вши! хх r) eue 5) (r-s)) 


for every x,y e X. Put 


ОЕ) = {x €X; кас) zb es 
U -s,6) = Xp de (r-s) 21-6) 
pa ty e ^r УУо 
and Xe U. , YeU, such that Е__ (t)«a-1-6. On the other 
Хо Yo ху 
hand, from the above arguments we get F__(t)>1- ô. This con- 


ху 
tradiction proves our assertion. 


Now we are in a situation to prove equality (6). Supp- 
ose on the contrary that there exists s such that 


sup supít :F (Е) «1-2A) «s «supfít : min Е (t) <1-Л}. 
Xc A,ye B ху xeA,yeB 


The first inequality shows that Ey) »1-2 for every хєА, 


| y eB, but this contradicts the second inequality showing that 
| ETC <1-A for.some х. eA, y, eB. Thus, (6) is proved and 
from this (5) follows. 
From (5) and the left-continuity of ó,,(t) we get anim 
portant inequality for our purpose 
(7) Sap (P, (ArB)) «1 -À 
for every A,BeK(x). 


4. MULTIVALUED QUASI-CONTRACTIONS IN PM-SPACES А 
Now we can state the main result of this paper. 


1 
THEOREM 2. Let (X,F) be a complete PM-space, | 
T:X>K(X) a mapping satisfying the following condition: there 
exists k<1 such that 


бш 


(kt) >тіп{Е (t),6 (t),6 (t),6 (=) "es 


8) 6 (=) } 
( TXTY ^ сс-б-1п Public Demain. Cpu ue с‹йегйоп, КЕШУ S 


T 


р 


n- 


p- 


216 


Riokizseehy ^pa Beni iaundetion Chegnal and eGangotr = 


fOr every ху зп Хх ЕО 
Then there is а unique fixed point of T , moreover it 


ts a-stattonary point. 


РЕ ОСОБЕ Put 


di (x,y) -supít :F y(t) <1-А) ‚ ее 


Треп (X,d, ) is a complete space with a family of pseudo-metrics. 
We have only to show that T satisfies the conditions in Theorem 
is 

Suppose the contrary that there аге x,y € X and e (0,1) 
such that 


p, (Tx, Ty) > k'max{d, (x,y) ,o x, Tx) ,0, (y ,Ty)0, (XIy) ,0, (y, TX) ). 


ipee ipe с ТО i > max{d, (x,y),...,0, (y, Tx) ] and by 


(7) we obtain 
тіп (Е, (t), буту) ror буту (t) } 2-Е 
But then from (8) we get 


(py (Ex,Ty)) б (kt) шшр 


STxTy 
a contradiction to, (7). 
Applying Theorem l, Theorem 2 follows. 
Remark that this theorem is a partial analogue of Minh s 


theorem in |2|. 
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iscipline, 21000 Novi Sad, Veljka Vlahovića br. 3, Jugoslavija 


ABSTRACT 


In this paper a fixed point theorem in probabilistic metric spaces 
is proved. This theorem is a generalization of a fixed point theorem fron 


[3|. 


A pair (S,F) is a probabilistic metric space if and 
u only if S is an arbitrary set, F :SXS >A” (л? is the set оғ 
all the distribution functions Е such that F(0) =0) so that 


the following conditions are satisfied (F(x,y) =Fx for every 
ГА 


N 
x,y eS): 
ТЕЕ (=) = 1, for every eeR iff х =у. 
х,у 
2 ху = Рух’ for every x,y ES. 
ES 5 cu i = 
37 Е jy €) 1 and Fy,z 9) implies P. z (6*9) 1; 


+ 
where X,Y,Z ES, Е,бЕВ . 


The (=,Л)-Еоро1оду in 5 is introduced by the (&,21)- 


neighbourhoods of x €S: 


U, (er) = {y:F, у (Е) >L=)\)} 26 0, ео 


A triplet (S,F,t) is a Menger space iff (S,F) is a pro- 
babilistic metric space and t 15 a T-norm such tbat for every 
+ 
Є1^©—2 ЕК 


Е (Е 


S 1+2) >t, qb. Paya) 


3j for every X,y,Z ES 
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A set Mc S is probabilistic bounded iff 


sup D, (Е) = 1 
where 


D.(c) » sup inf F (6) 
М é<e x,yeS ху 


is the probabilistic diameter of the set M. 
If Е :S>S and x eS then 


о„(х) = {x,f(x), GU qp 


DEFINITION 1. |1| Let (S,F) be a probabilistic met- 
rie space and f :5 +5. А point x €S is regular for Е iff 


sup аа = 1. 


DEFINITION 2. 11| Let (S,F) be a probabilistic me- 
trie space and f :S>S. Two points x,y є5 are asymptotic under 
Е PP 


ES 4 (=) +l for n+ , for every Є >0. 
Е (х),& (y) 


THEOREM 1. Let (S,F,t) be a Menger space with a con 
tinuous T-norm t and let the mapping Е :5 +5 be such that ever 
ry point from S be regular for Е and every pair of points fro 


is asymptotic under Е. Let Во; (x) “Ро, (£(x)) 


<H. If for some x eS the sequence GO has a converge" 


whenever Pog (2) 


n 
subsequence {Е SUUS with a limit а and tf 


KEN 
sup $(8) = o(t) , 
where ОЕ 
$(8) = inf E (5) б 


Х,УЕО. (a) х,у 


then the point а is a unique fixed point of the mapping f 


Proof. First we shall prove that from the cond, 


E 


tions of the theorem if follows that | 


а осор 


8 
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for all тем and for all є 20. From the definition of a Men- 


ger space we have for all 6 «c 


F (Е) »t(F ИЕ (с=з уу > 
а, Е” (a) af k(x) 2 t Kx), = 


ny ( n 
Gigas "ríe E S СЕ 


міо» 


EE 


Also we have that 


et- ЕЛҮ = (80) > (£-6) , 
EX (а) E m,neN £"(a),f" (a) 


which means that 


N| о» 


5 
Е (e) St: тп PD BE ( 
A а, (ay Sane ш? £ K (x) ,£ K (a) 
Дет Е Е (6—00) у 
m,neN # (а), (а) 


ТЕ ny +o, we have 


E Ime (ey Ss limte ду (ЛЕ noces 
зоп ny apu npe a8 К (х) 2 Е К x) f К (a) 2 
2067 
pon. г Е Е (e-6))). 
| m,neN £"(a),£" (a) 
(х) 
Е From the preceding inequality we get 
gent 
6 6 È 
P (є) > t(H( —) ,t(H( 5), inf Е m = (=-6))), 
A, (ey) 2 m,neN f (a),f (a) 
since 
n 
lim п, ($)-28HCÍO ( Lim£f*() = a) 
ny? a,f (x) ny? 
6 6 
lim Ел (б) =н SD) 
noe КЕ (а) ? 2 
(х апа а аге asymptotic points). Therefore, we have 
ndi 
E | F (c) ео Е, = Pur EE м 
АЕ = m,neN f"(a),f" (a) 
ЕЕ бар inf F (£-6))) =D (gi 
= O<é<e m,neN £'"(a),£P (a) осал 
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DILUTED 


So we have proved that 
F (є (є 
26) (G2 (а)/) 
a,£" (a) Е“ 
Now we shall show that 
= р 
Bora)? о 
We have 


D (=) = sup inf Е (=) 
Og (а) t<e n,keNU(O) #7 (а), ЕК (a) 


sup (min(inf F (о ов 


t<e neN а,Е (a) n,keN ЕП (а), (а) 


From the next two inequalities 


(Е) >р (=) = unt Е 
а,Е (a) Oe (+ (a) n,keN #0 (a) 


inf F X (im) > ave т (=) 
neN а,Е (a) n,keN ЕП (а), is (a) 


, 


it follows that 


min{inf Е n (С) Е m 
neN a,f (a) n,keN ғ) (а), ЕК (а) 


= inf Е (=) 
n,keN ЕП (а), gs (a) 


and. then we get 
(=) = sup inf Е (Е) =D 
Ро (a) t<e nikeN (а), (a) 


Since Po, (x) “Ро, (= G0) for all x eS whenever 


it follows that 


Po, (a) RAUS Po, (= (a)) : 
Since 


F (є) >р (є) = H(e) 
uS Og (£ (a) 


for all m EN, and every € 20 for m=1 we have that 
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F (Е) = H(€) 
a,f (a) 


which means that 
f(a) = a. 


If we suppose that a point beS is also a fixed point 
of the mapping Ё, then we have 


F (Е) =F (€) > H(e) 

arb £? (а) , £7 (b) 
for n>% (a,b are asymptotic points). From the last equality 
we get a =b. 
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REZIME 

TEOREMA O NEPOKRETNOJ TACKI U VEROVATNOSNIM 


METRICKIM PROSTORIMA 


U ovom radu je dokazana teorema o fiksnoj tački za pre- 
Slikavanja u verovatnosnim metrickim prostorima. Ona predstav- 
1ja generalizaciju teoreme o fiksnoj tački preslikavanja и me- 
tričkim prostorima dokazanoj и |3|. Teorem glasi: Neka je 
(S,F,t) Mengerov prostor sa neprekidnom T-normom t i neka je 
preslikavanje Е : 5 +S takvo da je svaka tačka iz S regularna zi 
f i svaki par tačaka iz S je asimptotski u odnosu na f. Neka je 


D kadgod je D <Н. Ako za neko x es posto 1 
: Oe (x) 


«D 
Og (x) Og (£ G0) 
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LLL El 


n 
; А k 
niz {f"(x)} EN takav da konvergentni podniz {f (x)}, 
n 


KEN 
ima graničnu vrednost a i ako je 


sup ф(5) = $(t) , gde je 
6<t 


ф(6) = inf F (6) , 
x, YEO, (a) 


tada je tačka a  jedinstvena nepokretna tačka preslikavanja 
f 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar ] 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
— Zbornik radova Prirodno-matematiókog fakulteta-Univerzitet u Novom Sadu 
knjiga 12 (1982) 


Review of Research Faculty of Science-University of Novi Sad, Volume 12(1982) 
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ABSTRACT 


In a paper |15| V.Popa introduced few classes of multifunctions 
called upper almost continuous (u.a.c.), lower almost continuous (1.а.с.) 
and almost continuous (a.c.) which are generalizations of upper semiconti- 
nuous (u.a.c.), lower semicontinuous (1.5.с.) and continuous multifuncti- 
ons respectively. 

The purpose of the present paper is to investigate some properties 
of these multifunctions and to obtain a new characterization for paracom- 


pact spaces. 


1. PRELIMINARIES 


DEFINITION 1.1. A subset of a space їз said to be re- 
gularly open iff it ts the interior of some closed set or equ- 
ivalentiy iff it is the interior of its oun closure. A set is 
said to be regularly closed iff tt is the closure of some open 
set or equivalently iff it is the closure Т] its oun interior, 
lalo 

A subset is regularly open iff its complement is regu- 


larly closed. 


DEFINITION 1.2. A subset А of a space X is a-nearly 
compact (N-elosed) iff every X-regularly open cover of A has 


a finite subcovering, |17]. 


DEFINITION 1.3. Let X be a topological space and А 
a subset of X. The set А їз a-paracompact iff every X-open 
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cover of А has an Х-ореп X-Locally finite refinement which oo. 


vers A, 118|. 


DEFINITION 1.4. A space X ts paracompact iff every 


open cover has an open locally finite refinement, 12|. 


In this paper we shall observe multifunctions Е :Х əy 


such that for each point X EX, F(x) ZU 


DEFINITION 1.5. The inferior inverse (or briefly, the 
inverse) of the multifunction Е:Х-У ts the multifunetion de- 
noted by Е :Y >X and given B 64) = еу ев (о) Е 

For а multifunetion F :Х Y, ve shall denote by F (G) 
and Е (G) the upper and Lower inverse of the set с=ү as en 


|15|, and thus 


F' (G) -(xeX:F(x)cG); Е (С) » ix eX: F(x) NG # й) 


DEFINITION 1.6. a) The multifunction F :X >Y ts up- 
per semicontinuous (u.s.c.) (upper almost continuous, uac e 
in Хо ЕХ iff for every open set Vc Y containing Е (х) there 
exists an open set UcX containing Хо such that F(x)c V(F(G)€ 
co(V)2V9) for each x eU, |1|(|15|). 
b) The multtfunetton Е : Х-У ts lover semicontinuous 
| (1.s.e.) (Lower almost continuous, 1.a.c.) їп x eX iff for 
| every open set V cY with УП Е (xj) ZA there СОП an open set 
U containing Хо such that Е(х)П V #@(Е(х) П «(у) #8) for each 
х єй, |2|(|15|). 
=) The multifunetion Е :X>y ts continous (almost con 
tinuous) tn Хо iff it is both u.s.c. and 1.3.0. (и.а.с. and 
L.a.c.) in xg, |1|(|15]). 


d) The miltifunction F :X>Y їз u.s.c., 1.8.0. and 


| 


continuous (u.a.c., 1.a.e. and almost continuous) iff it has 
this property in each point x eX, |1](|15]). 


e) The multifunetion Е :X >Y ts closed (almost closed! 4 


iff for any closed (regularly closed) set AcX, F(A). =U{F (x) a 
is closed in Ү,|14|. | 


| 


j 
| 


Б А “тё 
£) The mulitifunetion Е :X Y is open (almost open) ifi 
for any open (regularly open) set Ac X, F(A) is open in У, E 
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THEOREM 1.1. For a multifunction Е :X^Y the folloving 


are eguivalent: 
a) E тым. (ва 


3 


+ > 
b) Е (С) ts open (elosed) for each open (closed) set G cy, 


с) Е (С) £s elosed (open) for each closed (open) set GcY, 
|1]- 


THEOREM 1.2. For a multifunction F :X v the following 


are equivalent: 


а) Fra u a о а соу; 

р) Е (c) ts open (closed) for each regularly open (regu- 
larly closed) set GY ; 

с) Е (С) ts elosed (open) for each regularly closed (re- 


gularly open) set GcY, |15|. 


DEFINITION 1.7. A function Е :X+Y ts said to be al- 
most continuous iff for each point x eX and each open neighbo- 
urhood V of f(x) in У, there exists an open neighbourhood Ч 


of x їп X such that f£(U)ca(V), |16]. 
A function is almost continuous iff the inverse image 


of every regularly open set is open, |16]. 


DEFINITION 1.8. A function f :XY is said to be al- 
most closed (almost open) iff for every regularly closed (regularly 


open) set Е of X , £(F) is closed (open) їп Y, 126]. 


2. SOME CHARACTERIZATIONS OF MULTIFUNCTIONS AND PARACOMPACTNESS 


LEMMA 2.1. ЕР ©: multifunction Е :X Y ts almost eon- 


tinuous and almost open, then T 
2 inks 
a) for each regularly open set V of Y,F (V) 13 regular 
Ту open ; E Г 
b) for each regularly closed set B of Y,F (B) is regula- 

rly elosed. 


Proof. а} Let V be any regularly open set of Y. Sin- 


+ : 
Ce F is almost continuous F (V) is open, hence we have 


* 
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E (у) co (F^ (V)). On the other hand, since F is almost continu- 
ous and V is regularly closed, F'(V) is closed, hence we have 
«E^ (V)) ertw)erta. since a(F'(V)) is regularly open and 
F is almost open, then F (a (F* (V))) is open. Hence we have 
F(a(FY(V)))CF(F (У))=У , і.е. r(a(F'(v)))ea(V) =V. Hence we 
Е Ww) Hence «E (v)) =F (V), i.e. F'( 
gularly open. 


V) is re- 


b) Let B be any regularly closed subset of Y. Then 
- - * 
YNB is regularly open and F (В) =F (YN(YNB)) = XNF (YABE 
Since F (Y NB) is regularly open, then F (B) is regularly clo- 
sed. 


COROLLARY 2.1. ([10|) If a mapping Е :Х Y ts almo- 


st continuous and almost open, then 


a) for each regularly open set У of yt l (v) is regular- 
Ly. open, 
b) for each regularly closed set B of УЕ (m is regular- 
ly closed. 
LEMMA 2.2. A surjective multifunction F :X Y ts al- 


most closed iff for every subset ScY and any regularly open 
set U of a space X eontaining F (S), there exists an open set | 
V in Y such that SEV and Е (М) CU. ' 


Р О ОЕ: Let F be any almost closed multifunction 
ОЕ a space X onto a space Y. Let S be any set of Y and U be an 
regularly open set in X containing Е (S). Let V=Y\ F(X U). 
Then, since F (5) XU, we have S cV. Since U is regularly open 
and F is almost closed, then V is open in Y. Now we have Е (V)? 
= XNF'(F(XNU)) SU. 


Now, let A be any regularly closed subset of X and 
y eY NF(A) be any point. Then we have Е (y =Е (Y NF(A)) = | 
| = x NF (Е(А)) cCX'N A. There exists an open set V in Y such that. 
{ ү €V and Е (У) ЕХ\А. Thus we have y eVcYNF(A), hence УМЕ 
| 15 ореп. Therefore, F(A) is closed, i.e. F is almost closed: | 


— 


ny 


)* 


———— 
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COROLLARLY 2.2. (|10|) А surjective mapping £ :X^Y 

ts almost closed iff for any subset S сү and any regularly ор- 
E =! 

en set U of X containing Е ` (S), there exists ап open set V in 


Y such that SCV and £l (v) cU. 


THEOREM 2.1. If X is regular. and multifunction Е:Х ^Y 
is an almost closed surjection such that F (y) ts а-рагасотрасё 


for each point y €Y, then Е is closed. 


PIT ОКШОШ: Let A be any closed subset of X and let 
y €YNF(A). Since Е (y) =ХХА and X is regular, then for each 
point хЕЕ (y) there exist open sets UL and V such that x eU,, 


АУЕ. о П Me =ø. Now, U = {U ex ЕЕ (y)) is an open covering of 


Е (y). Since Е (y) is a-paracompact, there exists an open X-lo- 
cally finite family W which refines U and covers F (y). For 
each W eW, there exists D» e U such that W SUS . Since 


Ux Ух„ = f, we have wn Vy, 75, i.e. WNA=$. Let V -U(W:W ew}. 
Since V -U(W:W e W) =U{W:W eW} we have УПА=Й. Since a(V) = V, 
we have a(V)flA-. Therefore a(V) is a regularly open set con- 
taining Е (y) such that F (у) са (ү) =Х ХА. Since Е is almost 
closed, then there exists an open set G in Y such that yeG and F (С) 
ca(V)eXNA. Therefore we have, у eGc Y NF(A). Hence Y \ F(A) 

is open i.e. F(A) is closed. Hence F is closed. 


COROLLARY 2.3. (16|) If X is regular and f :X>Y is 
an almost closed surjection such that Е (У) ts a-paracompact 


for each point y eY, then f is elosed. 


LEMMA 2.3. Let a multifunetion F.:X *Y be an almost 


closed surjection such that Е (y) is a-nearly compact for each 
point yey. If U =: а eI) ts an open locally finite family 
o a 


then F(U) ={F(U_): a €I} is a locally finite family. 
a 


= : п locally fi- 
Proof. let U={U}: a eI) be any ope y 
nite family in a space X. Let y e be any point in Y. Then for 


each point x eF (y) there exists an open neighbourhood G(x) of 
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x such that G(x) interesects finitely many members of Ц. Let 
I(x) be a finite subset of Т such that С(х)П Uy # в, а € I(x) 
and б (х) UE f, a €INI(x). 

The family (G(x):x ЄЕ (y)) is an X-open cover of F (у). 
Since Е (y) is a-nearly compact, there exists a finite number 


4 А = ie f Я 
of points.x,,X5,...,X. іп Е (y) such that Е (y) cU{a(G (x1)) 


i-1,2,...,n). Now, let G = (ut(G Gu): i-1,2,...,])^ G dela 

regularly open set of X containing Е (у) such that Gf Us = 0, 
п F = 

ЕТ МИ I(x;). ТЕ G-X, then a family U is finite, hence F(U) 
Де т 


is finite, i.e. locally finite. Let G X. Since Е is almost 
closed, then there exists an open set V of Y containing y such 


that Е (у) cG. Thus we have Vf F (Ua) = f, for every a e INU I (x,), 
i-1 
This implies that F(l) = {Е (0): € € I) is locally finite. 


COROLLARY 2.4. (|11|) Let f:X>Y be an almost clo- 
sed surjection with N-closed point inverses. If (uU, : aeéI} 1з 
a locally finite open cover of X, then (£(0,): ает} is а loca- 
11у finite cover ОУ. 


ТНЕОВЕМ 2.2. If Е is an almost closed u.s.c. and an 

open multzfunction of а paracompact зрасе X onto a space Y such 

that Е (y) is a-nearly compact for each point y e Y and F(x) їз 
i a-paracompact for each point ХЕХ, then Y 15 paracompact. 


РОО. iut U={U,: c eI) be any open covering of 
Y. Since for each point ХЕХ the set F(x) is a-paracompact and 
U is Y-open covering of F(x), then there exists a  Y-open 
Y-locally family (6G, : A ЕТ, } which refines U and is such that 


F(x) c ute, : A EI }. Let EUG, а Ле Ij. G, is an open set 


such that F (x) CG: Since F is u.s.c. then {Е (с ): xeX] is 
an open cover of X. Since X is paracompact, dd exists an 
open locally finite refinement y -[(y . Вєл } of {к (С уаз e X). 
Since F is almost closed and F (y) is œ -nearly ЗББ ЕБЕ each | 
| point у ev, then F(V) ={F(V;): Beg} is locally finite. бїпсеЁ | 
{ 15 open and И is an open locally finite covering of X it is ob- . 


и. covering of Y. For © 
| 


| 
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each feJ there exists an element Xg EX such that Ve cp <, 


P (Vg) EFE (6, DEC їз 
B Xg Хр 


ех 


ENS 


(Е (м6) П с, ДЕЎ к 8eJ) . 


V* is an open locally finite refinement of U, hence Y is 
compact. 


para- 


COROLLARY 2.5. (|9210, тебе а alaa u.8.c. and 
an open multzfunction of a paracompact space X onto a space Y 
such that F (y) is compact for each point y eY and F(x) is co- 


mpaet for each point x ЄХ, then Y 13 paracompact. 


COROLLARY 2.6. СӘ ТУ ЕЖУ tenant almos E сала 
eontinuous and open mapping of a paracompact space X onto а зра- 


се Y such that f (у) ts -nearly compact for each potnt yey, 
then Ү ts paracompact. 
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REZIME 


О VISEZNACNIM PRESLIKAVANJIMA I 
PARAKOMPAKTNOSTI 


U radu se ispituju neke osobine odozgo skoro neprekid- 
nih, odozdo skoro neprekidnih i skoro neprekidnih višeznačnih 


preslikavanja kao i kako se preslikavaju parakompaktni prostor 


ri pri višeznačnim preslikavanjima koja imaju i neke.dodatne 
osobine. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Zbornik radova Prtrodno-matematiékog fakulteta-Univerzitet u Novan Sadu 


knjiga 12 (1982) 


Review of Research Faculty of Setence-University of Novi Sad,Volume 12(1982) 


ON WONG^S CONJUCTURE 


Mirko  Budindevid 
Prirodno-matematióki fakultet. Institut za matematiku 


21000 Novi Sad, ul. Ilije Djuričića br, 4, Jugoslavija 


ABSTRACT 


In this paper we prove the existence of the differential equation 


y" +а(х)у = 0, X»X 


such that all the solutions are in Like) but at the same time they are 


not bounded. 


J.S.W.Wong |1| gave the following conjucture: "If all 
solutions of the eguation 


(*) y" ra(x)y = 0, х>а 


belong to 2 [a,9) then it is Lagrange stable too". 
The aim of this paper is to give a counterexample. 
Because of the theorem, given by Vong and Patula 12!, 
which states that if (*) is nonoscillatory then it is a limit 
point too, our solutions have to be oscillatory functions. 


Let 


y; (x) =е 2 sine* +5(х), х>ху, 


where 3 3 
(x-x.) (x44417X) (sinefy,nce Б ук ) s3 
$(x) = поа29 6392 ^ n^ ntl vnm 
p 
Oar; x fn 
6(x) = 


$ (x), x eias 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


j i. 
Digitized by Arya Samaj Foundation Chennai and eGangotri 


70 Mirko BudinCevió 
and 
хі = lnn т, п eN. 
As max |6(x) | = 2 Ó1og,n it follows that y, (x) is unbounded 
xeJ 
n 


о). The following calculation 


c2 2 


J $-( etx y f. S^ бе NE пон 
Xi n-o J 4 n-o = 
2 
© 2 
< 2712 ў 2 2 5 
п=о 2 


shows that у, (x) ет? [k ,=). 


For equation (*), the second linearly independent solu- 
tion is given by 


2 
у (x) = y, (x) f —— 
У] (Е) 
which implies that 
2 2 ха ажаа 85 х t 
^ vox) »y160 C f SL) «y2( f 2 Str = y2 GU ctg^e" < 
y, (Е) sin“e 


-X . 2x -2 = | 
< 2(e "sin'e" +5 (x))ctg?e* = 2е Хсоз?ех ассос а , 
Obviousl Se dg i 
y e cos'e e L[x, =) and it remains to be prove 
-2 A 
that 6 (x)otg'e% ет. ro). 


Denote 2 ' + ' д 
by x^, and x", Хо <x" , the solutions of Ш 


2 2 2 
equation etj e” Sip KGI до Then _ 


со 
=2 2 x E = 
] 6 (x)ctg*e*ax = уал 8? (x) etg e dx - 
n-o J& 

2 ca tt 
6 (x)ctg ^e ax 2 ge" 
п INO) 3x 7 
2 


т 
pe 2 
će $ (x) ctg7e*dx + 
2 
2 

6 (x) ctg7e*ax 
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We shall prove that all the three series of (**) are 


convergent. It is obvious for the second one. For the first we 


have 
x 7 
со п п 
2 2 2 х © 2 
EX [ 6 (x)ctg^e" dx =} if (WE jo р и. ^! 
jn n-o “т 2 Zar 2^4] 
^ 2 
2 DR а. 
1200) ева e a Оу Ge = 33) Г 2 SE. 
jn Н H m Lx 4х < } > 
п=о 2+1 2 X 5 sin e n=o 2 
2 
because of 
хаха 
uz ET. 2 < (x^ =x )42 < (x = 9) 
201 sine | DD 2h41 1 
Іп a similar way we can prove thatthe third series is also 
convergent. 
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REZIME 
O JEDNOJ WONGOVOJ PRETPOSTAVCI 
U radu je dokazana egzistencija diferencijalne jednačine 
у" +а(х)у = 0, хош 
čija su sva rešenja iz L2 xr) ali nisu i ograničena. Time je 
Oborena pretpostavka J.S.W.Wonga. 
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ABSTRACT 


The parer deals with the oscillatory and asymptotic behaviour 
of solutions of the nonlinear second order difference equation and gives 
the characterization of oscillation and its extrere solutions-Also, so- 
me specific results for the Emden-Fowler equation and some stability re- 


sults for the linesr equation are given. 


1. INTRODUCTION f 
This paper deals with the oscillatory and asymptotic 


behaviour of solutions of the second order nonlinear diffe- 


rence equation of the form 


(E) _ A(r(n)Ay(n)) +p(n+1)f(y(n+1)) =0, п=0,1,..., 
ее а {p(n)}{ are the given real seguences and 
o 


r(n) »0 for n=0,1,... , and A is the forward difference ope- 


rator defined by лу (п) =y (n+1)-y (n). 
Moreover, the function f is considered subject to con- 


dition 
(0) f is nondecreasing and uf(u) >0 for u #0. 

It is known (see [2]) that the general linear diffe- 
rence operator of the second order can be presented as the 


first term of (E). 


———— 
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Ву a solution of (E) we mean a real sequence (y (а) 


satisfying (E). Obviously, the solution ty (п) 75 of (E) is 
uniquely determined by the initial values y(0) and y(1) or 
equivalently by any two successive values y(k) and у(К+1) ага 
can be defined for all п=0,1,... - 

The following notions will be used in the sequel. 

A real sequence tg (п) 7 eventually has some property 
if there exists М> 0 such that g(n) has this property for 
nzN,N41,... . Throughout this paper, we shall usually refer 
to a solution ty (а) 5 of (E) simply as a solution y and con- 
sidered only the nontrivial solutions y. A nontrivial solution 
y ОЁ (E) is said to be oscillatory if y(n) changes the sign 
infinitely many times. Otherwise, y is said to be nonoscil- 
latory. 

Equation (E) is called oscillatory if each of its so- 
lution is oscillatory. Otherwise, it is called nonoscillatory. 

The detailed discussion on various problems of the qu- 
alitative theory of the difference equation, including the os- 
cillation and stability problems, can be found in [1] and [8]. 
We also cite papers [2],[3] апа [4] for some further study on 
the problems of oscillation and asymptotic behaviour of solu- 
tions of (E). 

i Section 2. contains a fixed point theorem according 
to Knaster and a useful estimate for nonoscillatory solutions 
of (E). In Section 3., assuming that p(n) 20 for n20, we ob- 
tain the characterization of some extreme types of nonoscil- 
latory solutions. In Section 4. we give some oscillation re- 
sults for (E), under the condition P (r(n)) l« e and we ob- 
tain the characterization of Е of (E). 

Section 5. contains some specific results for the 
Emden-Fowler difference equation concerning the asymptotic реш 
haviour of nonoscillatory solutions as well as some stability 
results for the linear equation (E) i.e. for the case where 


f(u) =u. The last section contains some extensions of the pre” 
sented results. 


Mia Bani и ыш. 
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The results of this paper are a continuation of our 
previous results obtained in |7| which hold in the case 


$ (xm) t= ж. 
о 


Throughout this paper, the phrase without loss of ge- 
nerality is abbreviated as WLOG. 


2. PRELIMINARIES 


In what follows, we shall use the folloving simple 


fixed point theorem according to Knaster. 


THEOREM 2. 1. ([9]) Let £ be a partial ordering with 
field A , and suppose that every В <А has a least upper bound. 
Suppose that Е maps A into А in such a way that for all x,y 


їп Ax<y implies that Fx <Fy. Then Ех =x for some x EA 


The following result gives useful information about 


the bounds for nonoscillatory solution of (E). 


LEMMA 2. 1. Consider (E) subject to the conditions 
(C1) p(n) >0 for n-0,1,... and p(n) ts not eventually zero, 
and = 
1 
(€5) А < œ 
n=o r(n) 


Then, every nonoscillatory solution у of (E) satisfies even- 


tually the following estimate 
(1) ap(n) < |y (п) | <А, 


for some positive constants а and A (depending on y) uhere 


Proof. WLOG we suppose that y? 0 eventually, 
which implies that A(r(n)Ay(n)) <0 eventually, which gives 


that Ay(n) is eventually of constant sign. 
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First, we suppose that Лу (п) > 0 eventually, i.e. 
Лу (п) >0 for n»N»0. Then, obviously y(n) >y(N) for n>N and 


moreover for n>N 


nal 1 
0 <xr(n)Ay(n) «C => y(n) <y(N) +C ) < 
<i es i=N r(i) 
зу ч © 0) L = 6, 
i-o r(i) 


Secondly, we assume that Ay(n) «0 eventually, i.e. 
Лу (п) «0 for п> N»0. Obviously, we may suppose that y(n) 20 
for n>N. Thus, we get y (n) «y (NF), n>N and r(n)Ay (n) «-C for 
some constant С> 0 and п> №. Now, we have for n>N 
k-1 k-1 


i-n r(i) i-n r (i) 


k-1 
ZW) 2 @ y 
i-n r(i) 


1 ‚ 


which Бу К o, yields y (n) >С, 20 if y(~) 20 and y (n) » ap (n) 
if y(~) = 0. 

Taking into account Lemma 2.1., it is natural to in- 
troduce the following terminology: a (nonoscillatory) soluti- 
on asymptotically equivalent to ap(n) (n^) will be called 
the solution of the minimal type, while the solution which is | 


asymptotic to а nonzero constant will be called the solution 
of the maximal type. 


3. CHARACTERIZATION OF THE MINIMAL AND MAXIMAL TYPE SOLUTIONS 


In this section we shall give the necessary and suf- 


conditions which provide the existence of the minimal 
and maximal types solutions. ; 


ficent 


THEOREM 3. 1. Consider the equatzon (E) aubject t0 


conditions (C,) and (C5). Then (E) has а nonosetllatory s0- 


Lution of the maximal type iff the following condition holds 


со 


(€4) ) р(п)р(п) <= 
п=о 
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PITRON ORT First, we suppose that (C4) holds. Then, 
there exist N 20 such that 


со 


£(2K) ) p(n)p(n) <x, 
n=N iz 


where К 20 is some arbitrary constant. 


Let S be the set of all nonincreasing sequences x 
with the property 


K «x(n) « 2N for n>N 


The set S is considered endowed with the usual point-wise or- 


dering < 
X, «X, <=> (Vn =N) x, (n) <x, (n) 


Moreover, we consider the mapping F on S defined as 


follows: 
n-1 
(Ех) (п) =K *o(n) } р(1+1)Е(х(1+1)) + 
i=N 
+ Jj p(itl)p(itl)f(x(i-1)), n=N,Nt1,... 
i-n 
Obviously, all conditions of Theorem 2.1. are satis- 
fied, which implies that there exists мё S such that Fw =м, 
i.e. 
n-1 
w(n) =K +р(п) } p(itl)£(x(itl)) + 
i=N 
+ » p(itl)p(i-1)f(x(i*1)), n>N. 
i=n 
that w is a required nonoscillatory 
we suppose that (E) has a nonoscilla- 


that lim y(n) =А >0. Then, by Lemma 


Now, it is easy to see 
solution of (E). Next, 
tory solution y such 


noe 


2.1., we conclude that Ay(n) is eventually of constant sign. 


Hence, there exists N>0 such that 


n>N =>y(n) > 5 and .Ay(n) >¢ чогу (п) <0 
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If Ay(n) »0, then we introduce the sequence U (n) =e (n) x(n) Ay (y 
and get 


AU (n) 


р (0+1) л (х (п) лу(п)) -Ay(n) = 


-p (1+1) р(п+1) = (у (п+1)) -Ay (п) 


, 


which by summation from М to К-1, k ^N, yields 


k-1 
0 <U(k) «U(N) +y(N) -y(k) - 


) p(n+1)p(n+1)f(y (n+1)) < 
nzN р 
k-1 
<C- ) р(п+1)р(п+1) #(у(п+1)) , 
n=N 
where C =U(N) + 5. Thus, we obtain 
A со со 
£( 5) } 


n=N 


p(n+1)p(n+1) £ ) p(nt1)p(nt1)£(y(nt1)) «C 
n=N 


In the case where Ay(n) <0 


we again obtain the relation 
k=1 
U(k) «C- у pí(ntl)p(nti)f(y(ntl)), k >N, 
E n=N 
which implies 
k-1 
U(k) <С-Е(А) ) р(п+1)р(п+1), k>N. 
nzN 


| 
If (C,) fails, the last relation gives U(k) «-1 for 
К >M>N, which immediately implies 
l 
Ay) < =, кып, 
x (k) p (k) 


and summing from M to n>M we have 
п-1 
y(n) <y(M) - ) 

k=M 

n-1 

Ap (k 
T eO. а y (M) + 1n p(n-1) 
k-M p(k) 


= yM) = 
x(k) p (k) 


as 


n o 


noo 


So, lim y(n) =-@, which is an immediate contradiction. 
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THEOREM 3.2. Consider the difference equation (E) 
subject to the conditions (C,) and (С). Then (E) has a non- 
oscillatory solution of the minimal type iff 


4) l p(n)|f(ap(n))| se, for some constant a #0, 


P r oO orf First, we assume that (С„) holds. Then, 


there exists М > 0 such that 


] р(п)#(ар(п)) < 5 - 
n=N 


Let S be the set of all nonincreasing sequences x such that 


= р (п) «x(n) <ар(п), n>N 


S is considered endowed with the usual point-wise or- 
dering < as in the proof of Theorem 3.1. Moreover, we consi- 
der the mapping G on S defined in the following way: 

i-1 


SG) E р(5+1) £(x(j+1)), n-N*l,... - 


со 

(сх) (n) -5 p(n) + } 
i-n 
Obviously, all conditions of Theorem 2.1. are satis- 

fied, which implies that G has a fixed point 2 і.е. 62 =2 


and it is clear that 2 is required solution of (E). 


Next, suppose that y is a nonoscillatory solution 


of the minimal type. Taking into account Lemma 2.1. we con- 
clude-that y isa nonincreasing sequence for which there 


exists M »0 such that 


n»M —» y(n) »ap(n) and Ay(n) «0 where а > 0 is constant. 


Now, (E) implies 


-1 
ОООО у p(itl) £(y(it1)) == лу (М) for n>N- 
i=N 


On the other hand, in |7! the following identity was obtained 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


80 Mirko Budinčević and M.P.S.Kulenovié 
N 1 
(2) у(к+1) =y(N) -г(м)лу(м) 1 у + 
i-k 
N 1 ў 
ке - p(i+1)f(y(i+1)) + 
n rli) үшм-1 
N NE 
+ 2 (€ Е 2р(п+1) #(у(п+1)), н>к>м, 
n-k-1 i=n 


which immediately implies 


N k 
y(k+1)>( ) m) ) p(itl)f(y(i-t1)), N>k>M 
= і=к EG) gee 


апа зо 


k 
(3) у(к+1) >р(к) J р(1+1)Е(у(1+1)) > 


i-M-1 
s k 
> psw I pit) ғ (у (i+1)) 
i=M-1 


Hence, we get 


J pli)€(ap(i)) } pG)f(yG)) = lim ZE) ce, 
i-M TiM — koe P (K) 


which completes the proof of the theorem. 


4. OSCILLATION THEOREMS 


In this section we shall present some oscillation re 


sults for (E) which are the complements to the results of the 
preceding section. 


THEOREM Ц. 1. Consider the difference equation (E) 
subject to condition (€), (с), 


со 


(C5) ) р(п)р(п) = ә, 
п=о 3 
and 
(С) l P(i)p(i) == 


m-o p(m)r(m) i-o 


If the following condition holds 
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du 
(Co) | fj < р б 2707 
then (Е) ts osezllatory. 
Р г оное Let x Бе a nonoscillatory solution of 


(E). Then, x is of constant sign eventually, say for n ^N. 
Let 


w(n) = ED р (п), n>N, 


then we have 


E Е г (п) Ах (п) г (п) Ax (n) = 
Аи (п) =р(п+1)А( Emn) ) + fem) 5290» 
= +1) | № (п) Ах (п)) _ r(n)Ax(n)Af(x(n)) ]- Ах (п) _ 
Thou £ (x (n*1)) £ (x(n)) £ (x (n£1)) £ (x (n)) 


r(n)x(n)^f(x(n)) _ Ax(n) 


--p(ntl)p(nt1) -o(n*I) F{x(n))f(x(n+1)) ЕС) ' 


which implies 


Ам (n) <-p (n+1)p(nt1) - HEL, А n>N, 


and by summation from N to m-1, m >N, we get 


m-1 m-l КО) 
(4) w(m) «w(N) - ) o(ntl)p(ntl) - } Fam ' М. 
m nzN n-N 


Now, taking into account conditions (С) апа (C5), 


we conclude that lim w(m) =-® and consequently there exists 
jo d lim |x(n)|=6 
very n>M and so lim |х(п)у= 
М >N such that x(n)Ax(n) «C for e yn»? Hm ; 
$0. 
Hence, using (С) апа (C), (4) implies 
1 т = 
w(m) <- 5 ў ompa for m2N 
= n=N+1 


where М is chosen appropriately. Thus, ме have 


m = 
Axm) К в JE ОР ea 
f(x(m) = 2 р(ш)г(ш) куу 


Which gives 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


82 Mirko BudinGevié and M.R.S.Kulenovióc 
m EE EE e ee 9 


k m Я 
е, —— ук Пр, Кн. 


SEN men РЕ) nw 


Taking k>% and using conditions (Ce) and (с) ме 


obtain an immediate contradiction, which campleteS the proof 


the theorem. 


THEOREM 4, 2. Consider the difference equation (E) 
subject to conditions (C1), (C5) and 


со 


(с) р()р(п) |#(ар(п))| = =, for all а #0. 
n-o 


Then (E) ts oscillatory. | 


1) 32 (©) ОКЕ? Let y be а nonoscillatory solution of 
(E). Then, y 15 of constant sign eventually and estimate (1) 


holds, which means that there exists N»0 such that 


n >N => ap(n) <|y(n)| «A and Ay(n) is of a constant sign. 


WLOG we may suppose that y »0. Thus, by (Cg) , we 
conclude 


со 


(5) ] p(n)p(n)f(y(n)) = J p(n)p(n) =œ 
n-o п=о 


ГА 


= 


and summing (E) from М to n-1, we obtain 


n-1 
к (п) Лу (п) -r(N)Ay(N) + } р(1+1)Е(у(1+1)) = 0, 
i=N 
which by (5) implies lim r(n)Ay(n) =- 9. So, Ay (n) <0 even- 


п> 
tually. WLOG we may suppose that Лу (п) «0 for n»N. Introdu- 
cing the sequence U(n) as in the proof of Theorem 3.1., we ob- 
tain the relation 


; k-1 
U(k) ty(k) «c - у 


р (п+1)р(п+1) Е (у (п+1)) , 
nzN 


where C =U (N) *y(N). 


Now it is easy to show that U(k) +у (к) >0 eventually: 


in which case the last inequality implies the required con З 
clusion. 
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k 
Actually, multiplying (E) by } 
n 
summing from m-l to k-1 we get 


DEC +. 
ST ў түгү) А (= (п)ду(п)) + 
nance, ——— ее) 
k-1 ў 1 
+ ) ( ) = ) p(n+1)f (у (nt1) ) = 0, 
m i-n Bem 


which by the summation by parts formula, implies 


k 
(6) ум) +(] р) Ев) ву (m) =у(К+1) + 
lm 


k-1 k 1 
= ) СУ AG )p(nt1)f(y(m*1)) »0 . 
n-m-1 i=n+l 


Thus, we obtain 


y (m) *o(m)r(m)A^y (m) 20, 


which completes the proof of the theorem. 


COROLLARY 5.1. Consider the difference equation 
(E) subjeet to conditions (C), (С) апа (C). Then, (E) та 
oscillatory iff condition (С5) holds. 


17 12 (e) (9X тв It follows immediately from Theorem 3.1. 
and 4.1., taking into account the fact that (C5) and (Cc) 
imply (С.) and (Cj). 


REMARK 4.1. Theorem 4.1. can be considered a par- 
tial discrete analogue of a result of Kulenović and Gramma- 
tikopoulos [5] pertaining to the corresponding differential 
equation. Furthermore, Theorem 4.2. is a dicsrete analogue 


Of a result of Kulenović 16]. 
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5. APPLICATION TO THE EMDEN-FOWLER EQUATION 


In this section we shall consider the Emden-Fowler 


difference equation 


У 

(EF) A(r(n)Ay (n)) +р(п+1) |у (п+1) | sgny (n*1) 20, v 20, 
п=0,1,..., 

and obtain some on the global asymptotic behaviour of its 


oscillatory and nonoscillatory solutions. 


THEOREM 5.1. Consider the difference equation (EF) 


subject to the conditions (C4) and (С). тр (€4) holds and 
v »1, then every nonoscillatory solution of (EF) is either 


of the minimal or of the maximal type. 


iP ie © © E: Since v >l, condition (С) implies (C,) 
and by Theorem 3.1. and 3.2. the equation (EF) has both types 
of solutions. Now, we shall prove that (EF) has no other ty- 


pes of solutions. 


Let y be an arbitrary nonoscillatory solution of 
(EF). WLOG we can suppose that.y >0 eventually, which implies 
that Ay(n) is eventually of constant sign. If Ay(n) >0 even- 
tually, we have the conclusion of the theorem.Otherwise 
Ay (n) «0 eventually and we can suppose that lim y(n) =0. Thus 
there exists М »0 such that nis. 


n»N => y(n) »0 and Ay(n) «0 and the estimate (1) holds. 


Starting from relation (6) and taking К +=, we obtain 


со 


yin) =} 


p (n+1)p(n+1) (y(n+1))" -o(m)r(m)ay(m, m2N; 
n=m-1 


which by estimate (1) and condition (C_) yields 


ym) <у(ш) J o(n)p(n) (y(n)) "^? 


-p(m)r(m)Ay(m) < 
n=m Ў 


e = 
< A y (m) s p(n)p(n) - p(m)r (m) Ay (m) < 
n= = 


< ey(m) -p(m)r(m)Ay(m), m»N, 
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eo 
4 j : v= 
if N is large enough to provide a" ! 7 р(п)р(п) «e, for an 
arbitrary Е >0. nz 


Thus, we obtain 
-p (м) г (м) Лу (м) > (1-є)у(ш), m>N. 


Now, taking into account this relation, estimate (1) and (C 
we get 


JE 


n-1 
(1-є) [r(N) Ay (N) -r(n)Ay(n)| = (3-6) { p(m+1) (y (mt1))” < 
m=N Е 
n-1 XT 
<- Lj p(m+1)(y(m+1)) "o(m*tl)r(m*l)Ay(m*l) < 
m=N » 
v-1 n 
< -A х (п) лу (п) } p(m)p(m) < 
m=N = 


со 


Е AV ly (n) ду (n) ) р(т)р(т)<-єг (п) Ay (n) 
m=N 


Thus, we conclude 
(1-=) [= (№) Ay (N) - r(n)ay(n)] <- ег (п) ду (п), 
which implies 
1-Е 
г (п) Ay (n) ЕЕ х (М) лу (№), 


and so lim r(n)Ay(n) =6Е (-®,0], which by the discrete L^ 


ne 


Hospital rule gives 


lim У) = - lim r(n)Ay(n) = -8 , 
mo p (n) noo 


which completes the proof of the theorem. 
Similar arguments lead to the corresponding result 


for the sublinear (v <1) difference equation (EF). 


ТНЕОВЕМ 
Subject to conditions (€i) and (С). 
(C,) holds, then every nonoseiliatory solution of (EF) тз 


eé. 


DN Consider the difference equation (EF) 
I 


f у <1 and condition 


etther of the minimal or of the maximal type. 
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Now, we shall discuss the solutions of intermediate 


types and we shall get some sharper estimates than (1), 


THEOREM 5.3. Consider the difference equation (EF) 
subject to conditions (су) апа (C4) . If the following condi- 


tion holds 
X n 
(Со) lim їпЁ(р(п)) ык) >0 
noo k-o 


then, for every nonoscillatory solution of (EF) the following 
estimate holds 
Jen 
a(p(n)) 17% < 1у(п) | <A, eventually, 0«v«2Ax1, 


and, tf the additional condition 


n 
(с lim ѕир(о(п))^ J p(k) == 
n>% k=o 


holds, then the following estimate holds: 


A-1 


(7) ap (n) «|y | <A(p(n))¥7} ‚ eventually , \<А\<у , 


for some appropriate constants a and A depending on the sotu- 
tion y . 


D te © © i, Assume that у is a nonoscillatory 50- 
lution of (EF). WLOG we Suppose that y >0 eventually. Then, 
it is easy to conclude that Ay (n) <0 eventually. 

Actually, if Ду (n) 20, in the first case, then we 


have the required conclusion. In the second case, using (Сто) 


we have 


n n 

} о(К)р(к) > J (o09)^ pao > = 

en EE p(k) > (р(п)) xu p(k) >o , 
which by Theorem 3.1. implies that lim y(n) =0 ansc лу (0) 3 | 
eventually. Das 


Let М 20 be such that | 


n>M => y(n) »0 and Лу (n) <0. 
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Starting from identity (2), we get inequality (3) 
lies 


which imp- 


k 
y(k*1) >p(k+1) J p(i+)(y(i+1))" > 
i-M-1 = 
$ k+1 
> p (k+l) (y(k+1))” play , 
i=M 


and by condition (Cg) we get 


e ЖП 
1 »p(k*1) (y (k*1)) l pG)- 
i-M 
SD k+1 v-1 
= чүк а } plk) >с (у ер: 3 
(р (k*1)) i-M (р (к+1)) 


for some C 20, which immediately implies the required esti- 


mate. 


REMARK 5.1. Since condition (Сто) 


(Ce), the second part of Theorem 5.3. can be understood as fol- 


implies condition 


lows: if there exists a nonoscillatory solution of (EF) then 


estimate (7) holds. 


COROLLARY 5.1. Consider the difference equatton (EF) 
subject to condtttons (C) and (C5). If v»1, then (EF) ts 
oscillatory iff the following condition holds 


со 


(€, 1) ) p(n) (p(n))" = ж. 
п=о 


I) Ge" © (9) ЕЕ The necessery part follows from Theorem 
3.2., while the sufficient part can be obtained following si- 
milar steps as in the proofs of Theorems 4.1. and 4.2. 

Now, we shall give the result concerning the global 


behaviour of oscillatory solutions of (Е). 


THEOREM 5. 4. Consider the difference equation (E) 


Subject to conditions (Cj), (C) and 
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n п. 
со 1 со 
(СЕ 8) К == Уу р) <= 
2 n-o qu» k=n+1 


a . : iE 
If £ ts weakly sublinear t.e. lim sup E(u) 


|u l>% 
cillatory solutions of (E) tend to zero. 


cons then all 08- 


1) 52 ©). ©) fo If our assertion is not true, then there 
exist sequences of natural numbers {t(n)}{ and {т (0))5 and 
the oscillatory solution x, such that lim t(n) -lim m(n) ze, 


noe no 


Е (1+1) >t(n) +1 and т(п) є (t(n-1),t(n)) with the properties 
x(t(n))x(m(n)) <0 and |x(t(n))| >6>0. WLOG we can suppose 
that х (т (п)) «0 and x(t(n)) =шах{х (м) : +(п-1) <m < t(m+1)} . 
Now, summing (Е) from К to t(n) - 1, we obtain 
t(n)-1 


r(t(n))Ax(t(n)) =r (k)Ax(k) - ) p(i-1f(x(i-1)), 


i-k 
DI HAAS 


Now, taking into account the fact that Ax(t(n)) = 


= x(t(n) +1) -x(t(n)) <0, the last relation implies 


t(n)-i 
r (К) Ax (К) < ) P(i*1)f(x(i-1), n-1,2,...,t(n-1) <k «t(n) | 
i-k Fi | 
which yields 
1 t(n)-1 
Ax Us) у d Plirl)f(x(i+l1)), n-1,2,...,t(n-1) <k < t(n) 


and summing from m(n) to t(n)-1, we have 


ыш) t(n)-1 
x(t(n))«x(m(n)) + 1 : ; 
= els х (к) à р (1+1) Е (х(1+1)) < 

Е (п) -1 t(n)-1 | 
< £(x(tm)) J 1 А | 

к=п (п) Е (К) Юя аа | 
ZETE) у а е | 

К=т (n) r (k) mt Б) 
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Thus, we obtain 


со 


£ (x(t(n))) 1 
- l < xin) 


К=т (n) i- 


which is, by (€, 3) and the conditions imposed on the functi- 
on Ё, an immediate contradiction. 


REMARK 5.2. Obviously condition (C15) is implied by 
n condition 


- M H 
Сю ЕО шне, 
n-o n-o 


as well as by condition 


= n 


со 1 - 
) ) =a =e, } R(m)p(n) «e, where R(n) = j 
n-o 21 n-o i- 


iiz 
Since (C15) implies conditions (C4) and (C4) we can 


get the following result. 


COROLLARY 5.2. Consider the difference equation (EF) 
subject to conditions (€1) and (C15) . If у «1, then every 
nonoseillatory solution is either of the minimal or of the 

j maximal type and every oscillatory solution tends to zero. 


If v=1, it means that all solutions of (EF) are stable. 


Also, in the light of Theorem 5.4., we can get the 


following result. 


COROLLARY 5.3. Consider the difference equation (EF) 
Subject to conditions (C) and (C15). If у «1, then every 
nonoseillatory solution ts either asymptotic to nonzero con- 
Stant or to AR(n) (А #0) and every oscillatory solution tends 
to zero. 

IP 32 О КОШЕ It follows immediately from Theorem 5.4. 
and |7'. 


REMARK 5.3. Some further results on stability and 
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asymptotic stability of the linear equation (EF) (v 21) Gan 
be obtained by comparing the conditions of our results with 
the previous results of Hooker and Patula [3], where some sa 
bility results are given. We note that the linear second Order 


difference equation 


с (п+1)у (п+2) +с(п)у (п) =Ь (п+1)у (1+1), n=0,1,... 


+ 


where c(n) >0, n-0,1,..., can always be reduced to the equa- 
tion (EF) with v =1 


A(c(n)Ax(n)) +а(п+1) х(п+1) = 0, n=0,1,... 


, 


where a(n) =c(n) +c(n-1) -b(n), n-1,2,... (see [2] and [3[). 

Using this fact and the oscillation апа nonoscillation results 
from |2| and |3! we can give some further results on the sta- 
bility and asymptotic stability of (EF) 6 


6. CONCLUDING REMARKS 


REMARK 6.1. In the case of the Thomas-Fermi differe- 
nce equation (E) i.e. in the case where condition (C4) is re- 
placed by the following one 


(C) p(n) «0 for n-0,1,... and p(n) is not eventually zero. 


Using similar methods as in the proofs of Theorem 3.1. 


and 3.2., we can prove, under some appropriate conditions, the 


existence of solutions asymptotically equivalent to constant 
and to p(n). Thus, we can Prove the following 


THEOREM 6.1. Constdenr the difference equation (E) 


D 231 2 "1- 
subjeet to condition (Cy) and (C5). Then, (E) has a nonosctl 


latory solution of the minimal type iff the following condi- 
tion holds 


{mp 


j - p(k) < 
n-o r (n) =o) 


A 
(E) has a solution of the maximal type BPP CONAL tion (C9 #0148 | 


| 


We note that in the case of the Thomas-Fermi equation 
the estimate related to (1) does not hold and so the terms 
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minimal and maximal do not have the Same sense as above 


Moreover, all the results of Section 2.-4. can be ex- 
tended to the corresponding difference inequality 


y (n) ГА (r (n) Ay (n)) +р(п+1) #(у(п+1))] «0, n-0,1,... 


, 


while Theorem 6.1. also holds for the following difference 
inequality 


y (п) [А (x (п) Ay (n)) +p(n+1)f(y(n+1))| >0, n-0,1,... . 


REMARK 6.2. All the obtained results can be extended 
to the difference eguations of the from 


Ах (п) Ду (п)) *p(n)f(y(n)) 20, n=0,1,..., 


апа 
A(x (п) Ay (n)) +р(п+2)# (у (п+2))=0, n=0,1,... , 


which are discrete approximations of the same differential 
equation (ry 7) ^ +р# (у) =0. In that case, the conditions are 
Slightly different, while the methods are the same. 

Finally, we note that the presented results of Secti- 
on 2.-4. also hold if condition (0) on = is replaced by the 
condition that f is either sublinear ( fü) is nondecrea- 
Sing for u <0 and nonincreasing for u 20) or superlinear ( f) 


is nonincreasing for и «0 and nondecreasing for u 20). 
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REZIME 


ASIMPTOTSKA ANALIZA NELINEARNE DIFERENTNE 
JEDNACINE DRUGOG REDA (II) 


U radu se izučava oscilatornost i asimptotsko ропаёал) | 
rešenja diferentne jednačine drugog reda. 


(E) А (х (п) Лу (п)) +р(п+1) Е (у(п+1)) =0, п=0,1,... 


Posle uvodnih izlaganja, u Glavi 2 se daje korisna RET 
na za neoscilatorna reÉenja od (E). U Glavi 3 dobijamo karakter 
zaciju minimalnog i maksimalnog neoscilatornog reSenja- U с 
4 dobijamo karakterizaciju oscilatornih reSenja. Glava 5 sadi? 


: x 1 d 
neke specifične rezultate za Emden-Fowlerovu jednačinu kao E. 
9 


rezultate vezane za stabilnost linearne jednačine. poslednja 


va sadrži neka uopštenja i proširenja prethodnih rezultata. 
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AN ANALYTIC CHARACTERIZATION OF THE SPACE OF 
GENERALIZED FUNCTIONS WHICH HAVE A LAGUERRE EXPANSION 


Stevan Pilipović 
Prirodno-matematióki fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


The space L@of generalized functions, whose elements have а Laguer- 
re orthonormal expansion into a series, are investigated in |2| and |3| . 
In this paper we define the space LGby using a suitable family of seminorms. 
This implies some properties of the space LC and the representation theorem 
for sone elements from LG. Also, by using a convolution inLG and a Laplace 
transform we give expansions into a series of some important generalized 


functions fromLG '. 


I In monograph |4|, Zemanian investigated spaces of gene- 
ralized functions whose elements have an orthonormal expansion 
into a series. These spaces are denoted by A". 


In |4| various examples of such spaces are given. These 


2 - 2. 
Spaces correspond to various spaces І (1), (T is an interval 


i space of 
in R) and their orthonormal bases (V). The best known Sp 


A^ -type is the space S^ Among the examples, thespace of the 


i nections. IGj, à >-1 
test functions IG, and of the generalized fu E von Es p p 
are given and these correspond to the space ( : | ; q 
L © «>-1, 
neralized Laguerre orthonormal bases (£4) of (0,9), 
where 
(Ian) )1/2 2/26 х/2 120, пем, (= NU {0}) = 
Г (а+п+1) 
Laguerre polynomials are ped by iE 
n = Vive T ) 3 
nta, (=x) 2 тесто 
(уз р ОЕ йс r(v-i)r(y-v-1 


m-o 


О) : = 


j СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
94 Stevan Pilipovié 


; а 
For а fixed а >-1, the functions L(x), n ем, are the 


NA Р 2 | 
eigenfunctions for the self-adjoint operator in І (0,) C 
- - -a/2 2 Pala 
RU x 2/2 x/25 0*1, хрх эў е*/ (D = ax 7 
for which [C 
(1) Rota = - п, n-0,1,. 
ec 
hold. 


In |2| and |3] we investigated the spaces IG and IG" 
which correspond to а -0,L6: Tbs ;LGf- LGS A 


(©) r hy =, п € No’ gives some conveniences. For example in It’ 


because the base (£ 


the convolution and Laplace transform are defined and for them 
an exchange formula holds (|3|). 
In this paper we are going to define the space LG by 
using the suitable family of seminorms. This will imply some 
"properties of the space LG: di 
We shall also give the expansions of some of the impor- 
tant generalized functions from IG" by using the convolution cc 
and Laplace transform in the space 15 


1. We introduce in this paper the space IG by the 
following definition: T 


DEFINITION 1. The space IG is the subspace of ТА (0,9) | | 
пс” (0,9) for MUCH elemente n 


TORR ] I e (x) ]^ax) 1/2 «s, keN,, (R:-Rj) 


k 
(R Le) = , EN 
900) = (Rt), KEN, men, 


hold. - 
2 >. * 
(Пё р eL (0,9) then ($,4):-(. o(t)¥(t)at = <, >) - 


The convergence structure in this space is given by the 
sequence of seminorms (ri) ‚ КЕМ 
) o 


THEOREM 1. (1) A funetion ф from LA (0 ‚<) 
of the form 
2 со 
(2) р а (= means: + 
и ans: in square mean) 
is in IG iff for every К EN, there exists C, >0 such that 


k 
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(3) па | «C 


ng хоке 
(тт) И sequence (фи) from L? (0 ,~) of the form 
$ == y a 
(4) m = m,n^n 


converges in LG to ф elG of the form (2), iff for any Кем the- 


re exists Ск >0 sueh that 
k 
(5) e «C, „пем and 


ual _ к 


6 ог every ПЕМ а а 
(6) f y of ашп ар е 


Proof. (i) Since (3) holds iff for every К EN, 


т 2k 2 
| aa ee 
п=о 
the assertion (i) directly follows from |4| Lemma 9-33 


(ii) The conditions (5) and (6) are equivalent to the 
condition: 


2 


Ç ak 
for every КЄМ, } n'a a |~+0 as m>% 


n-o: 


m,n al 


This condition is equivalent to гү (Фф) +0 for every Ке N. 


) ~2k 

| Let us put р $:= р(хО(хО(...(хОф)...))); for example 

| 52 -4 Roi 

$ =0(х0$), D'$- D(XD(xD))) (5° = à). 
We are going to prove the following theorem: 
THEOREM 2. (1) А function фес iff $ eC [0,=) and 

Ук ($) а= supix* [D^$ (х)]; хе 0,=), 4 «k) <=, К eN, ; 
Pox ($) := supi [D 6 00]; x 0,=)} <=. , Кем . 

| (11) А sequence (фа) from IG converges to0 iff for every keN, 

CEU 50 and pyp )>0 as me. 

) 

| First we are going to prove two lemmas. 


LEMMA 3. Рог the functions (Ga. neN, the following 


| 
| 
fo 
| *mulas and estimates hold: 
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(i) If гае но and j <k then 
2k 
к) e 
x роя (x) = m cow ETE 


n € No 


and there exists Ск 520 such that 
Li 


n n #0 
^k à C ж. 
Е Ок = en. 
(EL ЕЕ ү = i : | 1 п =0 


ii) If KEN 
(11) fi T 


~2k ~ 
= с . » 
р ta Ne nek aan Kd 


N 
n ек 


and there exists C, 20 such that 
аа 
Proof. From the formula from |1| р. 188. for 
а =0 and пећ, ме have 


(7) xk (x) =- (1+1), | ®) + (2n-1) 2 (x) пў _ Boe ere =O) 


+ 
T _ 1 = № 
(8) хра (x) => (+1) 5 5 


So, by induction, one can prove (i). 
For the assertion of (ii) we ought to combine (7), u 


with (1) for a = 0. In this way we obtain | 


(9) р(хрф) =- F} QD, = 1 Qneng, - inm, и 2M 


from which (ii) follows by induction. 


LEMMA 4. If фес ts of the form 


then thts series converges uniformly to ф in [0,@)- | 
Moreover, for апу К EN, апа jENG 
kj = j 
(10) x Da(x) = J арх) 1,09 
п=о 


In (10) the series converges uniformly in (0,=). 


: iP 
P ro o f. For the proof we need the following £o 


Та and estimate from !1|. 


Nr Б... 
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nme————— ZE RUE 
Oh а+1 
(11) DO = оп neN, 
a СЕО 

an 11091 тту с т е ОЕА 
From (12) for a=0 and хє [D,9), we have 

Е. 

fizot P n=0 7 


со 
This means that 3 а converges uniformly іп [0 ,ә) to >. 


Let us prove (10) for (k,j) = (1,0) and (k,j) = (0,1) 
because for arbitrary (k,j), (10) follows by induction. 
From (11) and (12) it follows that for every n EN, 


-х/2 1 


Іра = le C 4 1,G) Dp bo) < п+1,хе Bye), 


holds. A 


Since for (aj), пем, (3) holds, we obtain that kt "s 
converges uniformly. on [0,9). = 
Similarly, from (7) and (3 ) it follows that o арх? (x) 
converges uniformly in [0 ,9) . 
Р г о о fof Theorem 2. (i) Let ес” [0 ,=) and for d 
k e No р Ух (6) «o, and poz ($) «o. Since the functions хх D Je (x), 


LT (x), j,k eN_, ӯ <К, are bounded on (0,1), we have 
О О — 


e ; 1 А 2 акар: = 
a3) f [x*p2 (x) |2ах < f |D $ (x) | sud 2208 р-ф(х) | ^dx <=, 
о 


o 


со 
со 


l ~ 2 I (32k 2 a 
(14) f |B?*s (x) | ax < f |024 (x) | emp Z [р ф (x) | ах < . 
o о 


: = 2 2 : 
So ме obtain that x pJ $ (x), pik, (x) eL (0,2), ие НС: J See 


is a linear 
We may prove by induction че Е Е, КЕМ, 


Somb nation of factors ОЁ ые form x'D io (x) 
2 ) for every k € N,- By 

and p? So (x), ЗЕМ, s«k. So R ki EL (0 ‚= 

У that for every k e No ae пем 


„соі ен; i<r<k, 


induction we пау; аѕ "well, pro 


(а, = Е ORA (t)dt = ] ТЭГ ia 


= a ф e IG. If "one (0,9) 
holds, then from Lemma 


(t)dt , $elIG . 


From Des sleti 1 it follow 
Such that $ is of the form (2) and (3) 
4, using (7), (11) and (12), we obtain Ух 
Кем 


($) <= апа pop ($) <=, 
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а HT" 
(ii) From (13) and (14) with $, instead of $ we have 


i 2 32k 2 p : 
хЁр3% (x) = 0, D: Фа (>) Э: 0, і, Кем о Jk, as Im o 


2 
This means that for any k ем, Кф + 0 as m»e, 
If $n is of the form (4), шем, is a sequence from IG which 


converges to О ЕТ, using (5), (6), Lemma 4, (7),(11) and (12) 
we obtain that 


Ух (9) +0 and Po, (Фу) +0, кєм, as m>% 


We see that we do not need Lemma 3 for the proof of ty 
orem 2. Yet this Lemma and the appropriate assertion for the 


i i 
transposed mappings directly imply: 


THEOREM 5. fhe mappings from IG" to LG’ defined by 


£-DÀ(x e) Sk ем, j <k; 
(15) 2 3,2 
£ * D(x (D^ (x (...D^ (x (D^ (x (D£)))) ...)))) 


are continuous with respect to the strong (weak) topologies й 
LG’. г 
Let аз remark that the convergence structure of IG” is if 
stigated in !2|. 
2. Theorem 2 implies that IG is a subspace of E (0,9) 
and that the convergence in IG implies the convergence in 


E(0,~). Since (0,9) CIG and 0(0,~) is a dense subspace of 
E(0,9) we have 


f 


E^(0,») = IG^ (see also |4| p. 319.). 
1 Ы 
If Рег _(0,=) and for some кем, r(t)t É eL (1,7) 


then by 


1 c " 
o 1 | 


an element from IG" is defined. 


So Theorem 5 and Theorem 9.6.2. from |4| implies 
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THEOREM 6. (i) |4] £eIG^ gree £ is of the form 


f= КЁР + со exp (-x/2) 


2 
for some FEL (0,9), КЕМ and cg-ceomplez number. 


"- 1 = 
(ii) If F E Ly og (0,2) and F(t)t k CBS 
for some КЕМ then 
p^kg and pJxtr 
are from IG" for every КЕМ and every j,r € No; а} sr 


There is an open problem concerning the connections be- 


tween the space IG" and $-(0,®). 


82 In |3] the convolution of elements f = у а 


апа 9 = ў bnan from IG ^ is defined by 
n-o 


where с = ) ab = } ES (€ = 0). 
pran Р 9  prqenci P 9 ра 


With this operation, ІС is а convolution algebra and 
in |3| we have proved that the mapping from 157 x^ into 167 
defined by 


(£,g) -Е Og 
is sequentially унше (in the sense of weak topology). 


If Scu and geL then in IG" 
(£ o а) (х) =J f(x-t)g(t)dt 


о 
holds (13|). 
The Laplace transform in LG’ is defined by 
Е): Ere sto a m er } а Ls) 
n-o =O 
со п 
а (5-1 /2) 7 Res >0 (see 144), 
г } п (st1/2)" 1 
n-o 


We have shown that Pisa sequentially continuous bi- 


weak topology in IG )ard tha 


jection of рс < (in relation to the 
the half-space Res »0 of 


Space of functions L ; analytic in 
the form 
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I U LT 7 m 


(5-172)? 


me) = y n 


(бл 


such that coefficients а, п еМ’ satisfy the condition 


Ja] <ма“ 

for some M » 0 and КЕМ. In [ we have a topoloay induced by the 
topology of the uniform convergence оп а compact subsets of the 
half-space Res >0. 


We have shown, as vell in |3], that 


L(fog) = V(f)9(g) . 


eo у 
2 
ЕЕЕ) ся е (0,=) and f£, = ] с? 


. Since, 
n 
n-o n-o 


278% ait? (O72) 9 for any s =Е +11, E 20, in the sense of the uni 


form convergence on compact subsets on the half-space Res>0,wl 


у n со со 
(s-1/2) -st -st - 
ЕЕЕ е = (t)dt+fe f(t)dt =2(£) (s) 
nzo P (s41/2)P | y ! 
as Vso . 


This means that the Laplace transformation in IG" is a genera 


lization of the Laplace transformation in CAORS) o 


| 


4. We are going to give the expansions into a serie) 
of some elements from LG“ in the sense of the convergence 
in LG’. 

Since 
(16) j e PRI ae = Iati) 

© Q9*1 Кеси 20; Co 53 187 


we have (for s => ) that This impli&? 


Í 2 (t)at = 2(-1)? 
o m 
the expansion of function Е (5) SA; хє Opos 


(17) т | 
is (10078 | 


Let the 6-distribution $(t-x), x>0, be defined by e&(t-x)r | 


ф(&)> := ф(х). It is clear that 6(t-x) eIG^. we are going *° 


find the coefficients а, n€N,,in the expansion 
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== ETE ‚_—Є—Є——————Є————— a a 
S(t-x) = ] ай (t). 
n=O) NN 
We have 
(18) P(S (t-x)) (s) = «&(t-x),e 56 >= е ХЗ 
у Е (821/292 
(19) 4((t-x))(s)- ] а 907 ©) = Га Si 7] 
n=o 1: П n-o P? (s+1/2)™ 
In IG" we have 
co n 
e BL (s Ya NOS 
n-o ($+1/2) 
Thus from (18) and (19) we obtain 
аа В E ў rl NM 
nzo P (3+1/2) п=о (5+1/2) 
Since 49^ transformation is a bijection from IG to L, we 
have 
(20) 6(t-x) = } д (x) RC - 


n-o 
Particularly, because 2, (0) =], N EN’ for x=0, we have ôl(t) = 


œ 


=] (Е). ТЕ f(t) €LG~ and x20, let us define the operati- 
n-o 
on of the translation in IG by: 
«£(t-x),0(t) >:= <f (t), ġ(t+x)> , gels . 
Since the mapping form 16 to IG defined by 


$(t) +o (xt) 
is continuous, it follows that f(t-x) e IG". 


nction in (0,9), then a generalized function f 
,x| and to £(t-x) in (x,9). 


If feLG/ is a £us 
(t-x) is a func- 
tion which is equal to zero in fo 
6(t-x) © f(t) =f(t-x). In order to pro- 


Let us prove: Ў 
г the Laguerre polynomials 


ve this formula, some formulas fo 


are needed. 


LEMMA 7. For x»0 and te[0,9) we have 
- L (x)L (t), 
(21) i (et) = J „бю ea = 
ptq=n I 
с) 80). 
р+а=-1 
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2 
Proof. The coefficient of t , 0«2 «n, on the le 


ft side of (21) is 


n-& V 
nar (= r 
у )( UTE. 
(22) à oer r (£r)! 


The coefficient of {оп the right side of (21) is 


EEG EP a) (-1)xt gtr 
en GE) EE 6.7 


n-F(í*r) .,. ,. cades 
) (? 1- (£41); ( Ds (ete J 


7, Е i R 
r-o j | 
The coefficients of xt in (22) and (23) are: ) 
ati 
(24) аара) 
і (ai)! 1 
2 n-£-1 
os) E Gre) qe 


Ria! rco E е 


The equality of (24) and (25) follows from the known identity: 


n 
3 А £-1 i (447): 


From this Lemma, by a simple calculation of the coeffi 
Y i 
cients of f(t-x) and using (20), we obtain | 


. (26) $(t-x) © f(t) = £(t-x) 


From (17) and (26) we have: 


NEN NO. ee ES. nu = 
h(t acd E ©) ыы 
n-o i-o 5 E 
From (26) and the identity 
? -stm + m - = 
J elana ае (Ep) mn = [(1-1/s)1/s)] , пе № 
S 
m e №, 


one may easily obtain the expansions of the generalized #010 | 


tions 8 © : t 
(t-x) = | ERE | 


(t-x)" £5 x 
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REZIME 


ANALITIČKA KARAKTERIZACIJA PROSTORA UOPSTENIH 
FUNKCIJA KOJE IMAJU LAGEROVU  EKSPANZIJU 


Prostor uopStenih funkcija čiji elementi imaju Lagero- 
vu ekspanziju u redove su ispitivani u !2| i 13!. U ovom radu 
smo definisali prostor L pomoću odgovarajuće familije seminor- 
mi. Na taj način smo dobili odgovarajuće osobine prostora IG 
kao i teoremu o reprezentaciji elemenata iz IG. Takodje, kori- 
steći konvoluciju u IG kao і Laplasovu transformaciju dajemo 


razlaganje u redove važnih uopštenih funkcija 1216 . 
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ON HERMITE POLYNOMIALS OF THE GAUSSIAN RANDOM PROCESS 


Zoran Ivković and Zagorka Lozanov 
Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića br. 4,Jugoslavija 


| ABSTRACT 


An explicit expression is defined to be a Hermite polynomial of de- 
gree n, n=1,2,..., in variables Elti) E(t,),...,8(t,) Е (£(t), teT}, where 
(E(t), ЕЕТ} is a real Gaussian process. Some properties of these polynomi- 

Е = т 5 = ae с 
als are investigated. Especially, E Ha ES --- 60) =н (21 5» ---э6 1) 
where ЕЕ, 


Let {Е (Е), t eT) be a real Gaussian random process оп a 
Probability space (Q,rF,P),with the. expectation EE£(t) =0, teT 
\ and covariance function ЕЕ (£1) £ (t) -B(tuuty), epis eT. Let 
f H(T) be Hilbert space of square integrable functions, measu- 
| Table with respect to the o-field F(T), generated by (8 (t), t ет}, 
with the scalar product 


(6,v) = Eou n oU e H(T) с 

We take that Еф =0, o eH(T) . 
In |4| a Hermite polynomial o 
b(t 1) ,5 (Е 2) ---,Е(®), Е аем is defined as а polynomial 


1 
orthogonas to all казр a degree less than n. It is 


Shown that 


f degree n, in variables 


H(T) = ET o Ho р 
puce qq р(Т) is а linear closure spanned by Hermite 
3f degree b. in variables teka да Э QN 


si : 
lons for Hermite polynomials of degree 1, 2, and 3 are given. 


polynomials 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


lee + 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 


06 Zoran Ivković and Zagorka Lozanov 
l 


In this paper an explicit expression is defined as a 
Hermite polynomial of degree n, ,n-1,2,... and some properties 
of these polynomials are investigated (Theorem 3, 4, 5). 

A well known formula for the moments of the Gausiian n- 


dimensional random variable (E (t) sE (ty), SEQ, where n is 


even, will be used 
(1) Eg (t) E (t5) son fts йы? Г] B(t;; tj) р 
where the sum ranges over all the possible partitions of the 


set (t, tor. 229 to pairs [t t) and the product ranges over 


all SE pairs {t;,t_} of a corresponding partition. 


DEFINITION A Hermite polynomial, of degree n of n 


variables, is 


(2) fi ос а а ZB; j aj j (Енен) + 
LA. 
+ BB, у Ву A м "Hut 
MOLD Еа eene) +... +(-1) Шура, ‚ 
Sa = (60, By VE zer d 103), Ө Тїр роо од o N 


We take that i) SIS which is not a restriction, 
n 
Che м oo СЕ fevers ) = К 1 1 iz = Boos 
1/3, i,j, 1! rn ml Бү, ix AU ivi: у py АТ 


k=1,2,..., [5]. | 
The first sum, in (2), ranges over all the possible choices of à 
pair (i,,j,) from the set 1,2,...,n. The k-th sum, k-2,3,.-: 


oon [5 | -1, in (2), ranges over all the possible choices of 
k pairs (1,734 ), (1575, ),.--, G3, from the set (ИЕ 2, mro palin 


where the order of pairs is not important. The last term in (2) 5 
is 2Z[]B,. j' where the sum ranges over all the possible partiti 
oe oe the set {1,2,...,n} to pairs (i,j) and the product ra" 
ges over all the pairs of a corresponding partition. Notice 

that ZT 1B, 5 is equal to Et, E, so 


| 


1 given in (1). 
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RAMUS иа 


pike a (Бр h 
» Pied, 93 1 "Eh аз ( 2 ) terms, 


LB (eb Ваз 2 (5. (лр у EUM 


GRE POP E cw 
ij; 4232 1171122) "1 
terms, 


У B, 


173 759 Һаѕ 


еВ. OU RN b 
ii ikjy 113,-..i,j 

y n n-2 n-2 (k-1) n 

er (2) (2)---( 2 ) = (5, ) (2k-1)!! terms because there is 


n, ,n-2 п-2(К-1) 
oC uut 2 


) =А ways to choose К pairs from the set 


а and rag the order of pairs is not important, the ex- 
act number is тұт А 


ЖЕ Bi; has (n-1) !! terms. 


The polynomial Hp (Greer) ; for an n even, contains 
only elements of an even degree and the constant element. 

For n odd, it contains only elements of an odd degree 
and the constant element is zero. In Hn (61, ---/6 1) we may have 
Some equal variables. So we have a Hermite polynomial in one, 
two;there , e.t.c. variables of degreen.If 51 =5, = = Е, ме 


have the Hermite polynomial of one variable. For example, н} (£)= 


4 
= &, Hy(E) = c? -o?, н, (Е) =£°-307E, Hy (E) = 81-60252 +307, 


He (5) =є°—10с^Е3З + 15c^t . In general 
2 2k,n-2k 
He (eee 29 ү. } (1)  (2k-1) £1 Gi, ее ; 
where E : N(0,07). 


If E(t), t € T are independent random variables, then 
H ex .k«n, n-n,tn,jt... 
n5... rEg) Е E for. К «n, 13 


к. H (£1); i-1,2,...,k, are the Hermite polynomials of 


n 
1 : з 
Опе Variable, which is a well known definition of the Hermite 


Polynomial of degree n, in k variables, see for instance |1|. 


ГА 


THEOREM 1. 
E Н (E, r&y) = 0. 
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The statement follows immediately for n % 


БАТ ОЛОК: | 
Gaussian n-dimensional random val 


because all odd moments of the 


= =1,2,,.. . Then 
riable (Eyres by) are zero. Let n=2m, m ОЛТУ 


(3) ЕН (E re ee rg = ЕЕ 62° Ey = А о 
+ (EDS в ео ИКӘ А 
+ (-1)" ву, 

Let us notice an arbitrary term Pin ТЫ" т#л in the 


first member EE, --- $a of (3).This term occurs in the second ) 


member of (3) exactly m -n/2 times, because В; j can be any ont 


ierat 
m д A 
5 : о 5 times in th 
of Bi j pee e By joues. (Bi j ТЕ occur у) 
10-10 20-20 тото Е 
= = о See se B, +. ‚В. 2 ОВИ 
k-th member of (3), К = 2, ,m-1, because Me deae 4 id, 
can be any k elements from B, a peta УВ А о М 
lio)jio 120420 1 помо 


the last member Z MBs, it occurs only once. According this, 


the coefficient of В; A Bi s oco Эа : dw SS 
10410 120220 помо | 
ч 
т үрбү Коош ше i 
1 т +( 5) Feest (E1) (к) +...+ (-1) (ы) 0. 
Since the product By j YS BS S was arbitrary, the same 
10210 тото 


is valid for any other term in EE, custo 5n о | 


ТНЕОВЕМ 2. The Hermite polynomial H, (Eyres En) is © 
thogonal to every polynomial in H(T) of degree К, k<n- 


Ргоо г. It is sufficient to see that 
ЕН, (5. ,---,6 По ооо ny =0, i 
where ni =n(t;) e{E(t), сет}, i=1,2,.:.,k, k «n. If n is етер 
апа К odd, or conversely, the statement immediately follows’ 
because, after multiplication, we get a polynomial with all 
elements of odd degree, so, its expectation is zero. Let n ат 


be both odd, or both even. We shall show the case n = 2п, 
k = 2а, m,q EN. 
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7 таа 
тһе proof is analogous when n апа К are both odd. Denote 


B(i'iy) TEE, bj r 12,1 6(1,2,...,n) 


S 1р 5 f 
B (1.3) в i, E7527 2 m JOE [17252-5207 
B rd! Е DU јр етер К] 
The terms in ЕБ | „++ Baty coe Ty have the form 
(4) B(i,,15)...B(iy В, ВОЗ оо 


сока т ровер ус и=п-\у, н <К. 
For у= п, (и=0) we have 
B(i,,ij)...B(ü j,1)B(,:/35) ---BGy рју), 
For \=n-k, (=k) we have 


B(ij;ij)...B(, y pris BG ard) BS 


Let us notice an arbitrary term in EE у... Пр" "Пру as it is gi- 


Vensan одета Pb) Бө ИЕ the term (4) ос- 
curs ( "e ) = v/2 times, because B, 5 can be any one of the 
1241 
i vi i а вв АЕР NS 
B(i;ij),...,B(i, rij) In 1$ baa te oe i 
) times, 


-En пу пр, for r«v/2, the term (4) occurs ( 


and for r sv/2 it does not occur. We have that in EH Ée 


. occurs 
(gna the term (4) 


v/2 у/2 26 
1-( ee Nene ott (any QUE (7-1) ( /2 ) 


Scu i an 
times. Since the term (4) is arbitrary, this is valid for any 


Other term in Egee- Enn Tk c 


cT be arbitrary and H (51) Hg (82) 


REMA 1. Let S,,S 1 
s sa spanned by the Hermite poly- 


Se corresponding linear closures; De. 
nomial of degree p, in the variables E(t) uere (к i s ; 
Urrtk eS, and of degree 9 in the variables Е (6) .--- 6 (65. 


чов € $5. In l4! it is shown that 
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ГА # > 
ШЕСЕ P7 | 
The proof follows also from Theorem 2., because Ё/|,...,& опр | 


тр are the arbitrary elements from (Е (8), t eT). 


THEOREM 3. The Hermite polynomial Ha (E reo, n-2, 
Зозос satisfies the partial differential equattons 


9 = „+ / ГА фар м Лун. А , 
aE, He rere) H,_}(6;r+++"$k-1'Šk+1 En) 


= eA po ADU 


Proof. Denote ) 
} Bi j В, уа, . a (E reatu 
ij зе ,%ү,3үе{1,...,п)} 1 ror 1101 гате 
ру 
ов а (Eyes) 
20727 n 1-1 Yana la CHY, 
9 9 
zu № (БОЛО ЕБ SE E m IB, (Bq пособ) *" 
95 1 ПА? п 2 n ðE 113i 117, 1 п 
9 
ово (=) У 3 M mimos ET NER \ 
der MEM Il ч ; 
B. 
+ ...+ (-1) -= ПВ. . 
98) П ij 
Ji ПОРЕЗЕ у воо у 
роо а 2191 113 Rose a we oil 
+++1$5,) = 


The sum on the right hand side ranges over all the choices of | 
pair (i,,j,) from the set (2,...,n), because after differenti 

ation all the terms with coefficient ве 2250903 disappe?" 
namely, the corresponding products $13 (Else. rE.) do not conta! 


[жы ge) 
ЕІ In the rest of the terms JETER (i,j) are cho 


from the set (2,...,n) and 
Selema E) = 
ge. узе о. 
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B 


9 
PME 


п сы!) Ta 
ен ЫЛ i,j 


ror 15rd 5 би 


» B 


"= . ... 1 . 2 . Р + ) 
ей 2127 odis ла 
The sum on the right hand side renges over all the choices of r 
pairs (11:34) 5. Go), from the set (2,...,n], because all 
the terms which do not contain E, in a. . nt (iz БЕ) 
1 ijji БЫ 7и 
disappear. In the other terms, the indexes are chosen from the 
век Ч2у пі апа 


9 


8ti a 


Mum = ijjeei j (Eare - +151) . 


iij 
This is independent of r, so it is valid for every term in 
Н (517,51) + The same is true if we consider апу of bare ert 


instead of £1 5 


п 


THEOREM 4. The polynomials Р (617-5576), N22,P (E)E 
=£; which satisfy the partial differential equations 


B р (E15. reg) = Р eS a "5а 


k 
kz1727-297n; Es =E(t,), Е, eT, MEN Zr oder 


with the initial condition EP,(E,,...,&,) =0 are Hermite paly- 


nomtals Ha (5у,-..,51), п= ее 


Before the proof let us consider the following examples 
Ио = = 
ктен nc 


2 " А Е 
2. sh Po (Е.Е 2) =P_ (Ep) Ег зо P5 (ЕЕ) Е ЕД) 


= 


шде 2 Jp ee ko (E. SOMEONE 
$E; Pa =P Gy) 75a $^, 2 


a 
EE) = 5152 tc. тһ 
JE EP (£,,8,) =0, and it is equal to -E£,t, 7-Bi5: 


e constant c is evaluated from the con- 
so finally 
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pj(5, 55) zo =H, (61159) 


2 

› А = E - 

з. 3E E (n o = 5273 223) Ра (Erara) =64$4%3 
1 


— aos 2 = 
2 = (Gerba 0, фо (E ES) = 
И) Sabe АА | 169 


- - + 9 
e Eo +663), and P_ (81,2783) 816283 78231 7 613% 02053) 


9 = 
SE; PAE grep bs) ЗЕ бо Bia Čiča tae, 9463) зо 02083) = 
= -B, 263 + с. 


i - inall 
From EP4(£, 55; 54) =0, it follows that с =0 and finally 


р. (61722,63) 96, E563 7 Boz) "B1352 Ву 2&3 =Нз (5,6,3) 


Р го ©) f. We know that P4 (Б) = =H, (E) and sup- 


| pose that 
| 
Рай = Hyg (1-1) 
i Then 
9 2 


p Pa rr 6) ЗЕТ Pa = Р (Gore Ey) BH (657-6) = 


E553 25 2 ў вуза (fore eek It follows that 
Peek Bygapy (Eyre eere ) E te +O, (Ear Ep) 
2 

—_Р = OOo - 9 D 
aE 5 n 5153 5n о a п) 51+:-.+ SEE ф (52 


-1&) =Po- Err gree rE) =H- (Ey rb gre 6 ) = 


pue са b Bie ab LE LL. e 
15377 tm я Grade aes dae tooa Tp tres 


9 с a n 
302 фу (£57 «7E E +... and 


= Za) n 
DE i а dmm ae 


{ poop 
ii ap $2 (53 UM $60) In Public Domain. Gurukul Kangri Collection, Haridwar 
Et 


E 
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2 x T 
IE P a eee - 
ae г. - M x Вјен) 
; 3 
Р 45471313 Еи ag, 92 °З 60) E 
= r avers - В›5@ ЫЛ dedo 
Е 15 254° * en Log T е 
whence 
: = J- Eso 
E $5 (545 * Ey) = B 2612 (Ey Боде ибп 
и. } Para а) = 


п 
bs B. -a (Буле 5) -B59812 (Еул) +... + фз E gre b= 


Е 42 ў х 810: (Буле) teet $3 (Еди--- "бр * 
n2 
In the same way we get the third and the other elements in 
Р (617-7651) =н Е 


Let S cT. Denote Poe (t)= E(E(t) 
Where F(S) is the c-algebra generated by {Е (+), tes} 


ЕС) еен 


In |2| it is shown that the conditional expectation, with res- 
i " 
pect to F(S), of a polynomial of degree n, in variables Е (t) , 


ork (ti) r tyr. eat e T, is a polynomial of degree n, in 


А Min tees 
E(t) ,--., ety), Еле er where 2 (6) =E g(t), teT. 


THEOREM 5. EH (1, --- 60) =H (Eyres 060) - 


D ie 6 ©) io We know that 
рур) and 
ЭН (Еур) Sanu En 
5 = 5 = Ё 
ЕН (Е 0 = 557 5р : не 
The conditional distribution of (Eiez лш) шт” m 
а Gaussian with the mean vector SETTE = p nt 
© A Sas a 
Matrix В = 55, where b,, Е COMMA pres 
UT 
because Ek Êk is independent of ЕЕ, 
IF (5) 5 the conditional density of (51,52 


Let &(x,7& 7X5 4210" cud 
rossi SC 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 


114 Zoran Ivković and Zagorka Lozanov 


EH (Eyre+- rk) Idi H CE 6 Go 75 uses ux -Ё_ | F(S))dx, 


9 2 2 
E =f H (у,+&,,...,у tE )Ф(у,,...,у | F(S))dy,... 
E. n яп Tm nord 21 й п 1 п ul 
+ dy, „+ dY a = a (9*5 7 Vn E p Y aa вр, 


-v Yp En? b (Yj reee Уд! Е ($) ) dy, ...dy, = 


^ 


x eee pon py aes tog) Od Gn 7E yes Буро И 


^ ^ ATS 
= rapier ХЕ p|F(S)) dx... dx, dx, dx, = Е Н А-1 (Буг. 


ТОО ЧОУ у GE) 


е 5 zt & 
It follows that the polynomials E Hà (617,61) =Р (5ле) 


satisfy the partial differential equation 


9 A а ^ ^ ^ ^ 
SE, PaE eter En) = Pa- (Erret Бери Бру), n>2, 
and since \ 
^ ^ ( 
= ЕЕЗ Е 
ЕР (55 er E) = EE НАКЕ: 761) = ‚ 


from Theorem 2. we have 
) =н (#&,,...,&) . | I 
J | 


i 5 б). 
REMARK 2. In |4| it is shown that for п Өн Е пен 
The same result follows immediately from Theorem 5. 


S ^ ^ 
E Ba Greg) = Phalén eer En 
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REZIME 


О ERMITSKIM POLINOMIMA GAUSOVOG SLUČAJNOG 
PROCESA 


U radu se daje eksplicitan izraz za Ermitske polinome 
Stepena n, n = 1,2,..., i ispituju se neke osobine ovih poli- 


noma (Teoreme Зи Бе 
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ON SPECTRAL TYPE OF NONLINEAR AND 
NONANTICIPATIVE TRANSFORMATION OF THE WIENER 
PROCESS 


Zoran A. Ivković 
Prirodno-matematički fakultet. Institut za matematiku 


| 21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 
Let H(V) be a Hilbert space of the square intearable functions 
‘of the Wiener proces W(T),t>0. It is shown that there exists a process 


n(t) 2T(V(u), 0 «u«t), t»0 which has any given spectral type. 


Let (E. t» to? be a resolution of the identity in a 
Separable Hilbert space H. According to the well-known Stone 


theorem the spectral type 
(1) В, (Е) 2R,(t) >... 2Ry(t), E E 


(the spectral multiplicity N may be +=) of {E,} is the comp- 
lete system of the unitary invariants of (ELI. 
The Stone theorem is applied to a time-domain analysis 

9f stochastic processes in a classical paper 11! in the follo- 
| Ving way: Let the second order process Be bv be con- 
| tinuous and purely nondeterministic. Let H MIL (t)) be 
а Hilbert space - the linear closure over £t» Rx v 
to Su«t). The scalar product is (51,52) =Её 5:6, ЄН (5) 
Е is the expectation. So the family {P}, tt } of the projec- 


à Day з i f the identi y. 
ion operators P, onto «eG (£) is the resolution o y 
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Then there exist N and the mutually orthogonal wide Sense mar 
tingals Tal Б); t2 tol” n=1,N such that 


N 
qu (1) 
(2) Е OH (S txt, 


2. The measure ЧЕ, with the distribution function 
n 
© 
E. (€) = || c, (t) || <, t>t,, belongs to the class of the equiva- 
n 


lent measure RE (t) . The spectral type of {Е (+ 


Re (t) » R$ (+) >... >88 (2), ЕЕ 


is the spectral type of {РҮ}. ) 
The main result of |1| is that for the arbitrary spec- 
tral type (1) there exists a continuous process {&(t), t2 to )} 
with this spectral type. 
Let (W(t), t> to} be a Wiener process and ё (+) = L(W(u, 
@<u<t} be a linear nonanticipative transformation of (W(t)) 
i.e. the process 


t 
E(t) = f g(t,u)dW(u), t»0 , a e L, (dt) E 
0 | 
In |8| it is noted that there exists L such that the N 
. process has any spectral type (1) for t >e where є >0 is arbi 
U 
trary but fixed. The idea of the proof of this statement in M 


is to in space He D (м) the mutually orthogonal wide-sense mar 


tingals (t. (t), >}, n-T,N, such that (2) holds. We do nof | 
see the way to remove the restriction ЕРЕ 206 
Now let H(W) (H,(W)) be Hilbert space of all random 
variables m , En? <+®, Еп = 0, measurable with respect to Kk. 
o-algebra F(F +) generated by {W(u); u>0 }({v (u), 0<u< 8): 
is well-known peace {W(t) } beinga Gaussian process: р 
1. the conditional expectation E(.|F,) is the project | 


operator EL onto H cO i 
2. the = pe (И), of H,(W) reduces їз. ue (208 


ай 
In this way, {EL t»0 } is the SATA of the identity 
(1) (и) 


jr 


it has its spectral type. The "part" {P,} of (E,) in H 
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has the spectral type о to which all measures equivalent to 
the measure d lw Ce) И = dt belong. 
In this paper we shall show that it is possible to re- 


move the restriction t>e>0 in [8| if we extend the space "169 (W) 


to "(W). Ww the justification for this ektension in the 
fact that H (W) reduces (EL) to (pov 


THEOREM 1. There exists a continuous second order 
process (n(t),t» 0) tn H(W) such that: 
ТЕ n(t) ts the nonantéeipative transformation of 
(W(u), O<u<t} t.e. n(t) =T{W(u), O«u«t) ЕН, (И) and 
2 the spectral type of (n(t)) is any given spectral ty- 
ре (1): 
РЕ оо: For the Sake of simplicity, it is not the 


restriction if we suppose that the spectral types R,(t), n=1,N 


‚аге equivalent to an ordinary Lebesgue measure dt. 


The existence of the process {n(t)} essentially depends 
on the existence of the mutually orthogonal martingals (ea (8, 
t20}) n-1,N for which С (t) eH,(W) and dF, (t) =f (t)dt, 


(Е) >0, a.e. .For the construction of the martingals (t4 (8) 


n=1,N , we shall use the Hermite polynomials of the Gaussian 
process. The explicit formulae for these polynominals and some 
Of their properties are given in |5|. We consider the Hermite 
polynomial of degree n of the random variable W(t): 


[Б] 
k -2k 
(3 m (w(t)) = (€) «P Conon Qo e ы qe 
к=1 


It is proved in [5] that E H (W(t)) =H, (W(s)), в «t. It follows 
from this relation that (8, (w(t)) р Е? 0 ) is the martingal and 


that the subspace ge (н) reduces (E,). As Hp W) and H4(W(s)) 


are orthogonal for m £n we conclude that the space 


Hos ) e g (1) (н) is the subspace of Н (М) and that 
п=1 


(4) E He yel CR E 
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Now we can find, following the construction in |1!, the cone 


tinuous process {n(t), t > 0} for which HO) quy = [DEM 
S SA 2%, 


There remains to show that the spectral type of {n(t)} is the 
given type (1). From 


it follows that the spectral multiplicity of (n(t)) is N. We 


2 n 
gam - ЕН (W(t)) = n!t , t>0. It means that the Spec- 
tral type of (H, (W(t)), Е>0} , is equivalent to dt. 


have F 


COROLLARY 1. There exosts а second orden eontinuous | 
N-ple Markov process (in the sense of |2|) (n(t), t»0) such 
that: 4 
1. n(t) is the random varialle measurable with respect 
to the g-algebra generated by W(t) i.e. n(t) =T (W(t)) for 
each t»0 and 


2. (n(t)) has the finite spectral multipiioity N 


We may take 


n(t) =н (W(t)) ө ф(е)н, (н(е) © ...o o (et) H, (w(t) 


omi. 


where ф is a continuous function not absolutely continuous in 
any interval (|3|,|7|,|6|). 
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REZIME 


O SPEKTRALNOM TIPU NELINEARNE I 
NEANTICIPIRAJUCE TRANSFORMACIJE VINEROVOG 
PROCESA 


Neka je H(W) Hilbertov prostor kvadrat integrabilnih 
funkcionela Vinerovog procesa W(t), Е >0. U radu se pokazuje 


da Postoji proces 
п (=) = та), о suis EO 


koji ima unapred zadani proizvoljni spektralni tip. 
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ABSTRACT 


This paper is concerned with discretizing the boundary value pro- 
blems in ordinary differential equations. We set up a total of schemes for 


a boundary value ргоБ1ет-х!! = f(t,x) on [0,1], R;x=Y; (1=1,2,), with four 


classes of linear functionals R; on c'o, 1] on a nonuniform mesh. 


1. INTRODUCTION 


We shall consider a boundary value problem of the from 


(1) -x"ef(t,x), terI-[0,1], Rx -v,; i-0;1, 


1 
with  fourclasses of linear functionals R, on C (I). We assume 
that f eC(IxIR) and y, e IR, i=0,1 . Further assumptions 
al 
will come into the discussion later. 
Let ne IN, n»3. With к. € IR, к. >50, = Bie eer ые 


define a nonuniform mesh 
(2 = z „=. че л ЛЛ DE 
) I, {te 0, t3 521 j 310020 r 


where 
n 


n! = ў k. . 
ј=1 3 


For the numerical solution of problem (1) we form a discrete 


analogue to (1) with canonical form 


n 


(3) Арх =врЕрх sr Ао тп m , 
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FO 


I 
h : 
where A, ‚В eL(IR ) (= set of all linear operators оп в в) 


| 
5 n is the nom 
linear mapping to IR into itself which assigns to xe m И the 


I 
element FLX € IR h whose t-th component is given via 


T 
and where fn e€LUR^,m В). For any of our schemes Е 


(Ерх) (€) = f£(t,x(t)) , t € In 


Any sequence of discrete problems (3) defines a (finite diffe- 
rence)scheme for the boundary value problem (1). 
The i-th equation of (3) reads 


n n 
2E Я - Кк л, Serm vae \ 


We abbreviate this as 
(A, (3,0) ,..., A (i,i) r===rAy(i,n)) = 


(By (1,0) ,...,B, (i,i),. -+ 7B, (i,n) )+у [ҮҮ (1), 


where we shall leave out zero entries and where we shall write 
the common factors of the entries of the respective matrices in 
front of the parentheses, see |2|. 

We form the finite difference schemes for (1) by using 
the second order approximation of -x" and Кух from [4[,15]|. Now 
we shall describe this formula. | 

Let 


4 : 
xeC (I), hem, h»0, aj € IR«(0) ,j=1,2,3, a; #0, 
if 17), i,j =1,2,3, and t, t iha; e I, j=1,2,3 . Then 
> 2) | 
(4) -x"(t) =h * (ax (ёна h) *bx(t) + сх (tta h) +ах (t+a,h))+ Ohi) 


(5) x(t) =В "(ах (tta h)+Êx(t)+êx (tta h)) +о(һ?) 


where | 
2(a, + o4). -2 (a, ta, tan) 
cp a ens Soe DEO NES Lea 
а} (2,705) (а-а) Q4 Q5 Q3 
(6) & 2 (a +a). 
3j 2(a, а.) : а = 1 2 ; г 
© Oy (аза) (а-а). = = 
az (92701) (aga, az (a, a) (a3 а 
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-a 
A. 2 A a +a -a 
(7) cC EC Б=- 42 ‚ ê = x 1 
Ire 2-99 a 


All the schemes described in this paper in the case 
that та is a uniform mesh with the step width h =n t}, пел, 
are the same as іп |2|. Also Properties of our matrices 
shall prove by using the methods from т 2 ОЕ 

їп 16| | is also considered the fourth order Hermi- 
tian approximation of (1) and the Second order approximation 
of 


‚ме 


(8) -x" + p(t)x =£(x), tel, күх=ү,, 120,1, ‚ pects) 


. 


Also in |3| are given some difference schemes оп а nonuniform 
mesh (2) for (1) and (8). So, we have 12 different schemes on a 
nonuniform mesh which, in the Special case when the mesh is uni- 


form, are the same as in |2|. 


'2. FINITE DIFFERENCE SCHEMES 


In this section we describe the schemes which we are 
going to be discussed. We Separate four cases of boundary con- 
Straints (as in |2|): 


I Dirichlet conditions 


Rx = x(0) , Кух = х(1) 


II The uncoupled boundary conditions involving deriva- 
tives at both endpoints 

Вох zg x(0) -—-х (0), кух =9]х(1) rx^(1) , 
99 20, g, 20, gast gas . 

III The uncoupled boundary conditions involving a deri- 
vative at one endpoint 


x(0), кух =g,x(1) *x 0) 9.20: 


REC 
(о) 


ll 


2 = 1 > 0 
Вох Зох (0) TM (0), Кух х( ), Ба 7 


fespectively, 
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IV Sturm-Liouville conditions of the form 
О ee gex (0) gx у Вх =х(0) ocn 
g>0, gg ^0, g, 20 - 
Thus we assume Yi -0 in (1). 
In the following cases Ір, В are as in the introduction, 


CASE I. Let 


(9) : Ph-1 
kn xs ka-1-j for some p, , € (0,1,...,n-2) 


We define (with karl = к) 


(10) a, (i) =k a,(i) =а. (1) +k. 


itl’ 3 


Pi 
(13). с о 
1 j=o aic 
Неге p& | is determined (9) and р, є (0,1,...,i-1], = 24 ЩЩ 


we determine so that 


(12) ОСО Лл дсй 


m 
It is shown in |4| how one can determine p,. The choi 
р. =0, i=l,2,...,n-l, and ka-1 =k also possible. 

From (9) - (12) follows 


a (1) <0, Osa (1) <0.5а. (1), 
a, (i) + а. (1) 20, ЖП „2 ооо оо 
(14) a (0-1) + а 40-71) = 0, 


h’ j=1,2; i-1,2,...,n-l; 


ti +a, (i)h ЕТ 


ti "©. GR Өл 


hc? к= „ро оо nA Ao 


Let a,,b.,c.,d, be determined by (6), as a,b,c! 
qu cur. ind 
1108* 


а re 


ctively, with a, (1), a, (i), а (i). Then we have the fo 


scheme. 
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Scheme I. 


| ( 1) =(0) tyi ое (e =, 


-2 
h (а,,0,..-,0, b_rc,/4;) = (1) for ti eID, Lt 1) ; 
Ру ae = 
-2 
h (ang ыы е.) тооз = E 
Lon, n-1 


REMARK. The assumption (9) is natural in the case 


when the solution x of(1) has a boundary layer property at 
t-0. If x has this property at + =1 we can use the scheme 


(1) = (0) ty, for MC OPE 
| вое. Oreina) = (2) for = 
Рае. Osa) =(1) . for ten~ ОСИ 
with k -k,, ку xk EM i-2,...,n-1, and a, (4) =a (4), o4 (1), 


as above. 
If the solution of x has boundary layer properties at 
t-0 and t-1 we define 


n 
-1 
= i= БЕ = к. 
kari = Ки 2 ро V c2 D j' 
toO, t,,,7tq РБК ори 1001. ОО 
ire i 2 = (t,: і=п+1,п+2 2n) 
ice Tet aol bees 1-071525. р te REMO ‚п+2,...,2п}, 


-a, (699) = a, (n) = kn " a, (n) kk a p, =0- 


Now we use the scheme 
(1) = (0) * Y, for с 
B MER ‚ єтїї}, 
h (a4 0... 210,55 0,704) = (1) for t, €Ijw 


| 2 

| n Е = t, єтїї} 
| n ,0,a .) = (1) for ti я 
| Ил нае 2n-i Pede 

| Pi 

| U 

1 with the coefficients air bir Cis d; as above. 


CASE II. In this case all the assumptions are the same 


as in case I. 
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Scheme II. For t€I,\ (0,1) as in case I, and 


^ 


(-b Bgo Taoro) =(0) +ү for t0, | 


nz 


where ам, bo: Cor are given by (7) with 


a, =-a, (1) =k, а =a, (1) ~a, (1) =k, tk, and 


а п". with. n - -o, (n-1) Sg: 2, =-a,(n-1) + 
+ a, (n-1) =-2k" So we have 
k_+k 2k_+ = | 
03) Аа з a = NC EE 8 | 
155 © TETES o КЮ | 
^ -2 A 3 ^ 
(16) “а = =<"), Doce crac а 
n kn n 2 i , n 2k, 
CASE III. | 
Scheme III 
Вх =х(0): for t-0 as in I and for te IM {0} 1 
j as in II р 


sn TU 
Күх=х(1): for t=l as in I and for t e Ij (1) as Ш ( 


CASE IV. І, = te = Е je1,2,. О 
et п 23, т, ={t_=0, tj tj-,*kjh j=l, 2r.. 
Let К, 1-1,2,...,n, be satisfied (9) by p, , =0. The other ® 
sumptions are аз above. 


as in I, 


Scheme IV. е 
For t IM 0 gto tio } 


=] д. a a ^ ^ ^ 
ея 528657 ао eon. iSi oy | 
(0) + Yo for t=0, | 


Yd | 
h ЕО аза О 0000 e rre = (1) К 


a cn 
кот Eis Катар E 


n-2 


s = and 
h (ОПЕКЕ ООС ОДЕ) = (1) for 6—2 


Pn-2 = n-3, 
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rb ) = (1) f = 
- — ОЕ t 
n-1 n = 1 


Br PROPERTIES OF THE SCHEMES | - IV 


We begin with some properties of the coefficients of 
schemes I-IV. 
From (6) and (13) it follows that 


( 05 etes a, (i) ta, (1) «0, 
(17) | 

kao for a (i) ta, (i) >50 , 
and from (7) 


(0«o1(i) <a, (1)) => (а, 20, b, «0, с, <0), 


i 


(8) (91 (4) «0, a, (i)*o, (i) 50) => â; <0, Б, >0, e »0) , 


2 


( (i) <a, (i) <0) => (а; 20, b; 20, с, <0) 


In case a, (i) +a, (i) =0, we have 
Б. =0, a, ==с =-(2a, (i) ue 

(19) {ра ашп бо 5 
d; -0, а; =c] =-0.5Ь, =-а) (i) 7 


and for a (1) + o, (i) = 0 


Q0) с =o, а =a) ор = ОО 


All our schemes are based on scheme I, and it serves 


SS GOES доз cic study. The ‘matrix A, from scheme I is 
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һ? s 
aio bi SI es | 
83 а b) с, а, 
A = Pe Y 
"heo ОТО OU AN 2. бао Sea 
9n-1'n-2 ЕВ 41,0 S ch EET 
n? 


where for i-1,2,...,n-1, j=0,1,2,...,i-1, 


© 
rh 
о 
n 
C 
KR 
до] 


а... 
1j 
Only the coefficients AL (1,1+2). =а,, i=1,2,...,n-2 can be 
positive. If we define 
T ч A : | 
Ta = (ig a, (i) +a, (i) Оо 9 me 2} 
we have 


Р 7 + 
di >0 if i674. 


Now from (17) if follows (with 4,_)=9) that 
i («0 if 4,20, 
a, <0, с. | 
i i 
59 if а, >0 
We are using notations from |1|,|2| (see also |3|) and define 


Аһ үл 1=1,2,3,4, аз a matrix from scheme I, II, III or W- | 


THEOREM 1. The matrix A, 12171:2,3,4 ts inverse mo- | 
, | 


7 + 
notone if Ta 72 and tf for each Lene 


(21) a (441). > 2, 


where 2, ts smaller solution of the equation 


at +a, (1+1) 2 E a, (1+1) А = 0 
Ра 
4 ; Zion Ww exei (G0) 
Е = =1 А аз (+1) а. (i) (agi) 791 me 
az (ї+1)+а (4+1) 4 a (4) (05 (i)-a2 (1)) (o2 (141) -92 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ZE ccc n M 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Some difference Schemes .. 
3 131 
+ . 
ОО; =0 then А 1 ts an M-matríz. 

| Pr oof 

| In case M1 He Proof is given in |s|. 
Now we are going to prove that A :-h а 2 


те. that Hn, 2 is inverse monotone. 


is inverse monotone 
In other cases the proof 
is analogous. We are Using the ДИ Аш and theorems from |1| 
212031: Let Ag = diag (h? rb, reverb anti J 


E d, for iet 
а= са 
i / zx 1,20 7122 
0 for igt 
d 
0 0 (npe 0 -сһ 
= о 
| ec 
0 d 
АТ = z 
о 
0 а, > 
0 0 
n,n-l n,n-2 no 9 0 
0 -aP E: 
0.5a 0 gS; dd a 
zi 2 0 0.5c, аа, 
| в = : : 
( : : 0 0.5 d a 
| ^n-2,n-3 ^n-2,0 О; "0-2-2 
0.5c 
S95-1,n-2 Suid 1,0 Eus 
10 0 0 ah 0 


where for some q € (0,0.5) 


RE © al 0.5 for k, «k,, А 0.5a, for йари у ER E 
ое for j ёру j-0;1,...,i-l, 
| 0 for j £P, 
| ere ={ Ре 
п ^ fs 
| 2 euh for j PES 


let A =a-a АЎ, C=A -B, then в <0 “and Осо me 
d [9] 


оо yields that А is inverse monotone if 
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Е EE == 


(i) A<ML, where 


M=A, +B, L=E+A, С, 


(ii) M is an M-matrix and Lo <9: 


(iii) there exists е 20 such that Ae >0 and M or L connects 


то (Ае) with т*(Ае) 
The estimate A «ML holds if and only if 


; + 
c р LOG ету, 


(22) Бу сусу, 


-c Pb; <= (1-9. ) авс 


w> = 


Е S Mee en nh 


The estimate (22) is proved in |3|, and the following two can 
be easily proved. 
With ô= (1,1,...,1,1) we have 


{0} if g,=0, 9,20, 
TOMS = | Ø if igh >0, 90, 
{ (n) if go >0, g, 70. 


+ 
Since M, -B* 0 and M connects 1? (M6) with т (Mô) = (0,1,...00) 
ҳо (M6) from the M-criterion it follows that M is an M-matri* 


Now we see that (ii) is satisfied since L, =A, с<0. 


In case II we have So 209, g,20, Gp "a 20, and 


f {0} if G 200 = 00 


+ 
т (A6) ={{0,n} if go >0, g, >0 р 
(in) if g = 0, g, 20 
о 
In first two cases the matrix M connects the set т (A6) 


e 
оолай И) са uU UA) во that эс i ето (А6) ме defin 


= {0,1 


iic. j=0,1,...,171; 
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VO Se 


In the case that 94 iu 9 20 the matrix M connects 


19 (A8) = (0,1,...,n-1) with т (A8) = (n) so that for 
i € T° (A6) we form 


ijt = EO 


Now from the ML-criterion it follows that A is an in- 
verse monotone matrix. 


-1 h 

So we have i 07 1=1,2,3,4 and B, =diag(0,1,... 
...,1,0) in each case I-IV. Before giving Theorem 2 we shall 
introduce some notations. Let 


3 24 LE 2 
О. = b с, (1 2) (1+k,/k,) р 


1 1 
z e(0,0.5) ЧЕ ЫЕ 
25.0.5 if | у «К T 
5 if i-1 E 
e eS 12273, 2 9 D M 
x ть, i£ M 
3 al d 
2—1 


ТНЕСРЕМ 2. If for ie1d (21) is satisfied then 
there exists the smallest positive eigenvalue à hj for the 
eigenvalue problem A, 3х =АВрх, ј=1,2,3,4, and the matri- 

j j = di- 
KG Taye -= B Ph’ j=1,2,3,4 are inverse-monotone for any 


agonal matrix Da =diag Спори" 
in ah? X cm E Jel, Apso ane te following table shows 


аа оғ D RR where а == means that CT №, 3) 
= (сэр ^n, 4) 
2а саа а 
ze = min(S, Oy) 


) whose diagonal elements are ati 
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The proof of this Theorem is based on the inverse 
monotonicity of matrices Ah . and it is analogous to the 
7] Pro- 


of of PO from |2|. 


ГА 


REMARK. If we take in (11) р; =0, 1,2 


апа 
then we have 


к^ (к^-1) 


Now, we shall consider the nonlinear system (3) with 
the assumption: 


(23) q(v-w) «£(t,v) -f(t,w) «u(v-w), v,weIR, w<v 


for some а, и € IR, where 


22- 
(24) -h “q <u <Ap 


^n is the smallest eigenvalue to Ах =АВүх, 


а = min (а; : i=1,2,...,n-1} 


Finally, we shall let h 20 be so small that 
(25) pc maa. 8 кз 0,50. D) 
q E i һ +9). 


= = i the scher 
Let the mapping Tn An B Fh be defined by 


mes of cases I-IV. 


THEOREM 3. Let for i єтї (21) be satisfied and 
Let (23),(24),(25) be satisfied. Then TL. їз (A, -UBp) 
bounded and for any diagonal matriz Dh -diag(d,,d,,. dy) 
vith die [-h?8, р), i-1,2,...,n-1,the parallel chord me 
thod 


I 
xL erR’, (A -B Dp) x+ 


k ¢ IN 


k ‘ 
= вр (Fh -Dy)x ен? 
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converges for any initial approximation to the only solution 
of the system Tx -ry. 


We have, using the second order approximation of 
if 1<k, «куу 1 Ко, 1=1, Diets 


-х" 
-,n-l, for some fixed ks ER, then 
h»0 if ne. Е ме shall prove that we have the Е. 


xP || 


(6) хес) => lx - = om?), 


where x is the solution of the continuous problem (1), the 
vector x, € TR Th stands for the restriction of x to the mech 
Ii; and xh is the solution of (3) in each case т-ту. 


THECREM 4. Let the assumptions of Theorem 3 be sati- 
sfied, then (26) is true for each case I-V. 


Der OOT Let À be the smallest positive eicenvalue 


Of the eigenvalue problem 


=х = Лх ап Рух = 0, 1=0,1 


The discrete eigenvalues Ah tend to A аз h+0 (i.e. as п +2). 
So from (24) it follows that y <i, for h sufficiently small. 
Using the technique from |2| we obtain that (А - 


= iB yip is uniformly bounded, i.e. there exists о 20 in- 
dependent of h such that IAR BEI <o for В sufficien- 


il 
У lla Непсе ме Маус 


I 
h 
U x-y ils <o|| Tux штуу for x,y eR 


if h is small enonch. 
Now with x =x Y = we have 
h =] = 
[хр Ske | < (A, TBh? | T, хь r,| L 


2 
|! хр = xP yf <const:h . 
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REZIME | 
МЕКЕ DIFERENCNE ÉEME ZA KONTURNE PROBLEME | 

istantnoj 


U radu se daju 4 diferencne šeme na neekvid = | 
U ekvidiste"" | 
е v : ‚ na PE 
‘nom slučaju one se svode na dobro poznate šeme, videti a 7 
Я : irani | 
mer |2|. Za matrice A, diskretnih analogona (3) formira 
ne. Ма 05 
а kor 


mreži (2) za numeričko rešavanje problema (1). 


moéu ovih šema dokazano je da su inverzno monoto 


OE E { po 
kao iu |2| za ekvidistantan slučaj, dati su uslovi P 
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jima postupak paralelne seóice (teorema 3) za reSavanje dis- 
kretnog analogona konvergira i numeriéko rešenje teži konti- 
nualnom kada broj tačaka mreže teži beskonačnosti. 


U rađu su korišćene oznake i teoreme iz 12|, koje se 


mogu naćiiv |3! iz ove knjige Zbornika. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


& 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


1 Digitized by Arya Samaj Foundation Chennai and сани — P—P 


zbornik radova Prirodno-matematiikog fakulteta-Univerzitet y Novom Sadu 
knjiga 12 (1982) 


Review of Research Faculty of Setence-University of Novi Sad, Volume 12(1982) 


EXIT CRITERIA FOR SOME ITERATIVE METHODS 


Dragoslav Herceg 
Prirodno-matematiSki fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 
In this paper we consider the equation f(x) =0 on the interval 
D=[a,b], for а real - valued function f. Ме use the iterative method 
= ф(х), n=0,1,..., with a suitably chosen ф(х) and x,€D. We 


accept Xa] 35 а sufficiently accurate approximation of the exact soluti- 
Оп aof the given equation, if we have |х 17| <e, where =>0 is the 
pre-assinged tolerance, and if the stopping inequality |x E xA 
ES em a| is valid. For the special functions ф we give sufficient condi- 
tions for the stopping inequality. As special cases we obtain both New- 
| tons iterative method and the classical regula falsi method. Moreover, 
ме prove the Stopping inequality for п=0,1,..., for the class of ite- 


rative methods which are generated by inverse interpolation. 


| — INTRODUCTION 


| In this paper we shall consider some iterative meth- 
ods for determining the unique solution a €D of the eauation 
E(x) =0, where f is a real - valued function defined on. an in- 
| terval p= la,bl . Most of the iterative methods can be writen 
in the form 
ч хо T ES) 
for some Suitable function ф and an initial approximation хо» 
Under Certain conditions the iteration defined by (1) conver- 
3*8 to the solution a of f(x) =0, i.e. qoc dim xo и паву 


ne 


B € 
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automated numerical algorithms, the calculations of interates 
Xh of (1) are stopped when the difference between two successi | 
уе approximations is less than a pre-assigned tolerance. So 

1 
one evaluates хү,Х›,..., and accepts х,у аз а sufficiently 
accurate approximation of a when 


(2) |x Е, 


п. Хоа 
where € is the pre-assinged tolerance. Such a procedure may 


be justified in terms of a stopping inequality. 


DEFINITION The inequality 


Ix - al 


lm, = ea 


will be referred to as the stopping inequality. 


The validity of the stopping inequality is sufficient 
to insure that the value Xn] accepted as the final result, 
by the above exit criterion (2), will be within the tolerance 
= Eier 
(3) [ese Т a| < є. | 

We shall give sufficient conditions for the stopping ) 
inequality for some iterative methods of (1), for the soluti- 
on Of the equation f(x) =0. 

d the | 
ой). 
IPIE 


As special cases are obtained Newton s method an 
secant iterative method (the ¢lassical regula falsi meth 


The stopping inequality for Newton s method is proved in 


1. SOME SUFFICIENT CONDITIONS FOR THE STOPPING I NEQUAL TY 


) 2 
In this section we shall consider the equation f(x 


: һа 
on the interval D = [a,b] and the equation х = ф(х) which * 
уа 


sumi | 
| 


roots which coincide with those of f(x) =0 in the inter 


5 
and no others. First we shall give some notations and а 


ptions. NGC 
о ito 
wol owe riein v ор CUT following соочи 


(F1) Bin) «9m EO) oO, (тоў) 226) Cc хера 
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| The condition (F1) implies that £ €C(D) has a root 
i | a € (a,b), and (F2) implies that f € C(D) has only one root in | 
(a,b) . Let 


- + = 
= — = пч + 
р =[a,b), р = (o,b], Do = [aw], D, = a,b] , 


and Е 
u(x) = E) , хер. 
£ (x) 
Then, under the assumptions (Fl), (F2) for feC(D) it 
holds 


+ 


f(x) <0, u(x)«0, хер, f(x)»0, u(x)»0, хер 


If f(x) =0 has a solution a єр and if g is any function such 
that 
0 < [9(х) | <®, хер 


then a is a solution of f(x) =0 if and only if а is a solution 


х = ф(х), where 


(4) ф(х) = x - u(x)g(x) 
THEOREM 1. Let f e c? (D) satisfy condition (F2) and 
- let чер be a solution of E(x) =0. Let ф be of the form (4),where 


(G) g ec! (D), g(a) = 1. 


Then there exists the interval D, (a) ={x||x-a! <o}oD,p>0 , 
Such that for any Хо €D, (a) the iterates x, 79 04 2); MUN 
++, converge to а and the stopping inequality v8 valid for 
ali ie e- (0 oo 


"Y 


I2 se ©) (5 ЕЗ From (4) we obtain 


| ф(х) =1-g(x) +u(x) ( f (x) g (x) -g^(x)) , 
£ (x) 


and фес! (D) £ ф (а) 20. Thus, there exists p, (a) such that 


[$769 | «E «0.5, хер (ө) 
and 
* O<g(x), хер (а) - i 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


y * _ 


Digitized by Агуа Samaj Foundation Chennai and eGangotri = 


142 Dragoslav Herceg 


— 


Now, from 
|ф(х)-@| = |ġ(x)-¢(a)| <L|x-a! <p, хер (а) 


we conclude that ф is a contraction type mapping of D (a) into 

p 
itself. Thus, ф has a fixed point in Dola) ‚ and this point is 
a . It is, also, well known that iterates x, converge to а ang 
that it , 


= хоо. 


© 5 уз Клас 


xi a 
holds. 
Since БЕ [0,0.5] ; from this inequality follows the sto- | 
pping inequality for all n=0,1,... | 


REMARK 1. The conditions (С) for g(x) are not too 
strong. For example, the condition g(a) =1 is satisfied for 
all eight one-point iteration functions $ from !2!, and for 


all iteration functions generated by the inverse interpolation 


PS 


paragraph 3. As a special case for g(x) =1, x єр we have New- 


tons method, for g(x) =1 +u(x) ET ‚ XED, Chebyshev's 
2f (х) N 
method of degree 3 and for 
g(x) = 1 / (1-u(x) EDS хер, Halley s method. ) 
2# (x) | 
a 
THEOREM 2. Let feC^(D) satisfy (F1), (F2) and 
(ЕЗ) : ic (x) ОО ер Е | 
Let i 
(F4) 2000) Ea, TT 
1 + + 
(5) чес (D), g(x) 21, х € Do T 
(6) $^(x)»0, хер’. bow 
> | i 
de : n 
Then for any хор the tterates XQ 7064 4), п =1,2,..› d d | 
verge to the unique solution a of f(x) =0 in D , and the etak 


ping inequality їз valid for all n=0,1,... 


№] 
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MEER о 


P roo f. The conditions (Fl) and (F2) assure us 
of the existence and uniqueness of а solution a of the equa 

ion f(x) =0. From (6) it £ И 
Еа s ollows that for хоёр ме have 

< 
ссх - 
either for all n-1,2,..., ог for n=1,2,...,k with some fixed 
= i- E 

KEN and a “kei! 171,25... : Thus xo ер р-у M and 
we can conclude that the limit of the Sequence defined by 
x 76(x, 1), n=1,2,..., exists and that this limit is a solu- 


tion of theequati on £ (x) =0. Thus а =lim x Е = 
^а п: From x 1 $ (x ру, 
igit ел we obtain for all О...) 


#(х )-Е (0) " 
OREL а асран 90, 
x. ч i (ou 3) = 
n 
i2 (QF) 
и = g(x)), а €(a,x.), 
fee (s. y d n n 
n 
d 
an Е) 
Xal Xn eO = g(x,) . 
ESC) 
n 
Now we have 
Е (х1) 
Xa 97 = б =)» Ti OUT сыс. у. 


£ (a) g (ху) 
and the stopping inequality is valid if 
f(x) 
|i: ———Snex MEDI 
£^ (a4) g (x) 


f^(x.) 
О. ЛЬ <2, n-70,1,... - 


mU сок 


(7) 


B + 
Y the assumption хо is in D` and so х,,х„,..., аге also. So 


м = 
е Вауе g(x) c7 ПЕС, А NOV from (F3) and (7) we conc 


lude that 
2 2 *(b 
f (xj) $ £ (xp) d £^(b) 


F(a.) g(x) ERAR) Eda 


n=0,1,..- 1 


, 


ON 


“іс 
h completes the proof. 
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REMARK 2. For Newton ^s method we have c(x) =1, хе) 
and $^(x) =u(x)£"(x) / (х). Under the assumptions Е ес? (р) | 
and (Е1)-(Е4) we have $^(x) 20,Xx e D^ and Theorem 2 shows 

that for Newton s method the stopping inequality is valid, Ths 


is the result of |1]. 


THEOREM 3. Let feC^(D) satisfy the conditions (F1)- (F3) 
and Let ; 


1 A = 
gec (р), g(x) 20.5, хер 


$^(x)»0, x € D, 


Then for any Xj € D the iterates x 76x, D. n71,2,..., co 
verge to the unique solution aeD of f(x) = 0 and the stopping tnequa- 
tity ig valid for all n=0,1,.. : 


Proof. One can easily show that for хо eD 


<х <a 
п-1 п 


holds either for all n=1,2,..., or for n=1,2,...,k with os 
fixed КЄ and x,,, =a, qo ce nus xe DRY п = 2 ш 
and a=lim x | 
me А \ 

| 

А А t 

As in the proof of Theorem 2, the stopping inequali | 

{ (Ё 

is valid if (7) holds, where a, ё (x0), n=0,1,.-- - u. 
i at 

we have 0 <f (х) <f (и), п=0,1,... . Then, since g (x) 2 

n=0,1,..., we obtain 
£°(x_) 
(ee 
f (a, )g(x,) g(x) 


which implies the stopping ineguality. 


REMARK 3.  Let-f eC?(D). Under the assumption? n 
itten 
-(F4) the classical regula falsi method can be writte 


DE 
хр 7 
х Е А) рео абе 
er. S ae усы) 
with 
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£ (x 
D g(x) = EL (p) , хер. 
5 This method is of the from хо KESE 120, 1,007, where 
j ф(х) = x-u(x)g(x). For some В е (x,b), хер, ‘by the mean va- 
lue theorem we have g(x) -f^(x) /£^(8). Now from (ЕЗ), (F4) and 
х<В we conclude 
f ^(x) E 
g(x); = S PNE). gue. x 6 DNU 
£^(B) re ^ (09) o 
In this case we have 
ur $^G) = 1 + —+—(e(x)-£() £709.) > 0, xen 
1 £ (b) -£ (x) £°(B) 
Now from Theorem 3 it follows that for the classical regula 
falsi method the stopping inequality is valid. 
REMARK 4. If we replace (F3) and (F4) by 
one (F37) f"(x) «0, хер, Ў 
(Е47) Е (а) << Diz “(08)) 
and D', рб, by DE Do Theorems 2 is also valid. 
) If we replace, in Theorem 3, the condition (F3) bv 
ty (F3“), and р, 5. by р*, р Theorem 3 is true. 


3. THE ORDER OF ITERATION FUNCTIONS GENERATED BY INVERSE IN- 


TERPOLA TION 


Ip this section we 


А А i [= 
generated by inverse interpolacion which are given in |2] 
Let Е” be non-zero in 


shall study the iteration functions 


Let а єр be a solution of f(x) =0. ; 
3 neighbourhood D of « and let f EDO волка in this ne- 
| ighbourhood. Then f has an inverse F and F is созсо їп 
А neighbourhood of zero. Let 0, be the polinomial whose first 


| 5-1 derivative agree with F at the point v -f(x). Then 


p oi as 


mmu) = o (+) = m 
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pog р scis 5169): 7 
отсо = т 2). 
ое 
where z(t) lies in the interval determined by y and t. 
Define EP 
ES = 95 (0) 
‚ Hence : Be Е : 
Е cg ҮЙ, 
Е. = J & 1) pg 
5 Ate j! 
j* : 
or 


With the definition 


Sadi lp) 
ЕЕ) 
? j! G^G)? ly =f(x) 
we can write 


5-1 " 


Шу каза Yu 
| a 3502 
and s (s) 
осно EDS CONO 
З s! (F^)? ] 
Now we can write E. (x) in the form (4): 
E. (x) = Ee cot) ee) › 
where 
s-1 i 
(8) = упа у 
у= 


: E Add e 
If хо €D is some initial estimate of a, we form the sequenc 


(9) Aem ESL, п=0,1,. h 

; пай 
Under certain conditions these iterates converge to ов. йе 5 

a T or 
give a sufficient condition for the stopping inequality f 


e 1015: 
the iterative method (9). First we shall give some assumpt 
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In this section let a be the uniaue solution of f(x) =0 
à = ы лла = 
in D= [а,Ь] and let D , Dy: Du D, be defined as before. Let 
вен, S7? 2. 


2 S 
THEOREM 4. Let ес (D) адеби ЕО 


(F5) sgn(£ I) (x)) = (9037 хер, ҮЗ ООО 


+ : f : 
Then for any Xj ЕР the tterates X defined by (9), converge 
to the unique solution а ер of f(x) =0 and the stopping ine- 
quality ts valid for all n-20,1,... 


Per OO AE From (F2) we have £°(x) 20, x €D, and f 


(s) 


has an inverse F. In a neighbourhood of zero F is continuo- 


us. In |2] the formula for the derivative of the inverse fun- 


ction is given. We have 


j) = г j (A1) ч р 
J^ 2(e7j2 СОО Gerne p ge 
i-2 ву! 


ғ! 


with the sum taken over all non-negative integers Bi such 


that 

а. 

babs}. = у= Г 
] i-2 = 
and where 
з 3) | 
ie ay 6) = ко ы, оос 
i=2 1 J £7 (х) 


Fors) =. B, =0 for all i. 


Now (F2) and (F5) imply 


sgn (A, (x)) =sgn (£P 69) = (C7, 3=2,...,5 Г 
апа В 


i А B 
J AD mon i 
| а == ) = (-D ГІ sma; ) 
| i-2 B! i-2 
А di 
| J iB, 
| = (слу ГО (еп) Р 
i-2 


Observe that 
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Е 
РЕ 
sud iB, eed ШЕ 
ОЕ (ае = 

і=2 

ЕО" 
Thus 
(10) воп (Е (97 (£(x))) = (-1271, 3 21,2,...,8 


This implies 
sgn(Y, (x)) = (-1)71sgntg (9) (£693) =1, 321,2,...,8 . 


From (8) and F“(f(x)) = (£^()) 1 we have У =1, 9 e c1 (p) and 


Sl : 


(11) а) ба ee | 
Осы, + 
In |2] it is proved that 2 
j 
maru. 
Sasi 726 7 5 ЕЕ s 
Thus 1_ (в) : 
E^ = (cus ge 5-1 £ 
2 (e) Э) | 
5 H 


+ = 
Now for x ер u 1(x) 20 holds апа | 


зп (Е^(х)) = (-1)° ?вуп(Е\®) (#(х))) =1, хер, | 
i.e. E(x) SO, хер“ 
5 = [9) 


From (F5) we have £"(x) >0, хер and from (11) follows 
(5). Now we can apply Theorem 2. 


REMARK 5. For 5 =2 the iterates Xu! defined by (9)! 


are Newton s iterates, and for s =3 Chebyshev ^s. 
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А 
REZIME 
IZLAZNI KRITERIJUM ZA NEKE 
ITERATIVNE METODE 
U radu se posmatra reSavanje jednačine f(x) =0 u in- 


tervalu D = [a,b], pri čemu je £f realna funkcija realne pro- 
menljive, itarativnim = 
А А р postupkom x |; 74), m=O, к. 
о а і 
pogodno izabranim ф(х) i X5 €D. Kao dobra aproksimacija &аё- 


nog rešenja a date jednačine uzima se x +1 ako važi |x , -x |<е 
: H : = n+1 n 
sa unapred izabranim є >0 i ako važi nejednačina zaustavlja- 
nja 
(1) = > = 
M1 xv iare e|. 


Za posebno izabrane funkcije ф dati su dovoljni uslovi za ne- 
jednačinu (1), a kao specijalne slučajeve dobijamo Njutnov ite- 
rativni postupak i klasičan postupak regula falsi. Takodje je 
za klasu iterativnih postupaka generisanih inverznom interpola- 
cijom dokazana nejedna&ina (1) za п=0,1,... . , 
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ABSTRACT 


The paper is concerned with nonlinear two-point boundary value pro- 
blems of the singular perturbation type. Besides giving existence and uni- 
queness statements we investigate two kinds of stability properties of the 
boundary problems, namely the stability with respect to time-evolution and 
the stability with respect to small perturbations. Both kinds of stability 
are essentially obtained by inverse-monotonicity properties of classes of 


linear boundary value problems. 
} 1. INTRODUCTION 


This paper is concerned with boundary value problems 


(P_) ОЁ the form 
Тоц =-eu" ta(x,uju +В (ха) -0, xe [0,1] 
(Pe) Ru = (u(0), u(1) = (A,B), 
where c >0 is small. Among others we shall give conditions im- 


| Plying the existence of a unique solution u of (Р) for 0«e«e,. 
let us say with a difference 


| ДЕ (Р. ) is treated numerically, 
| then the operator equation 


| method оп a grid G={x_,++-1Xp}r 


| (Р) is replaced by a finite dimensional system of equations 
| т а = Үү Ч e mS " 
| €,G G АВ 
with a solution u G ERS , let us say. The truncation erro: 
£, 


= - T u 
bene = Te, alele e,G Е 6 
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where "c [6 denotes the restriction of ue to the grid c, Thus 


it is the question of the stability of TG to estimate the 


error u by т . The stability of T 
£,G € 


l.-u 
e [< gG ene: Бе State 


in the form of a stability inequality |5|. 


G 


|| u-w]] < e. [т u-T for all uyv e TR 


.£,G =. 


т 


where || ||, || || < are suitable norms апа C, is the stabili- 
ty constant. It cannot be expected that ЕЕ has better sta- 
bility properties than Té itself, and the stability properties 
of T. can be very bad for small € . It follows from [1,19 | 
that even in some linear cases of (Pe) the stability constants 
for Te with respect to the maximum norm grow like e/€ with 
020 for Е s0 It is a purpose of this paper to separate ca- 
ses with better stability behaviour: we shall give conditions 
under which the stability constants are О(1) or oe A or 
o(c 1 
numerical methods for fairly small values of є (c£.|2,6,11,13- | 
15,20-24; 29-31|) though standard methods may fail. | 
Throughout the paper we shall work with monotonicity 
methods - with respect to the natural ordering, and there are 
Some relations of our techniques to the method of differenti- 
al inequalities as used in |9,16,17|. But the intention of the 
present paper is different. In |16,17| the essential assumpti | 
on is that the reduced differential equation (є =0) has one 
more solutions with certain properties, and then it is investi 
gated whether there is a solution of the є -dependent problen 
in a neighbourhood of these solutions. These valuable techni- 
ques might lead to a priori estimates for u . In the ргеве | 
paper we shall investigate the inverse of (T, ,R) without ref? o 


: 31320 
ring to a reduced problem, and we are motivated by the stabi | 
estima” 


thods 0 


+ 
) for € +0 . These cases should be treatable by suitable 


ty question as mentioned above. Actually, if a priori 
tes for u. are known - for example obtained by the me 


va le S ADS pe 
|9,16,17|, then it is more likely that our conditions Сап К 
u) o 


ight 


fulfilled by altering the coefficients a(x,u) and В(х, 
Ў Р m 
| side the a priori domain. In this way the two technique? 
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be used together. Nevertheless, we always take global 


assum- 
ptions for а (х,и) and 8(x,u) 


г and if these are met, then an 
a priori analysis is not necessary. 


The solutions ue of (PJ descríbe the Stationary sta- 


tes of the evolution equation 


Со, хе [ora 
(1) u(0,t) = A, u(1,t) = B, Е>0 
u(x,0) =u (х), xe[0,1], 


which arises among others іп convective-diffusion type flow 


. problems (cf. |10 | ). Under our conditions (to be described be- 


low) the solution ug ОЁ (Р) is always a stable state of the evolu- 
tion equation. Concerning (1) it is of great ínterest whether 
Т. is monotone in the sense of Minty |25|. However, it turns 
out that T. is never Minty-monotone if с actually depends on 

ц and є is sufficiently small. This 15 one reason for us to 
investigate те with monotonicity concepts as induced by the na- 
tural ordering. 

Conceptually this paper owes to |6| where the same co- 
ncepts of a Stability inequality and of monotonicity are used, 
and where stability and inverse monotonicity for Т, and for 
discrete analogues was proved under the special assumption 
Ч (х,и) =a (x) >a, 20. I thank Prof ?TDrE.Bohl for his encouraging 


interest ang for discussions about these problems. 
2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS 


The problem (Р) is considered under the assumptions 


T 
A,B,c Gur, CS, a70,,788, €C( [0,1] xR) 


0,1lxm) 
ku Su = 20 etc. In cases II and IV below also a, ес([0,1] 


i tor 
1S required. в always denotes the boundary opera 


Ru = (u(0), u(1)) 
and we use the pointwise orđering, i.e. 
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——=— 


weve <> u(x) <у(х) for all хє[ 0,1], 
u<v <=>ц(х) <у(х) for all хе [0,1] , 
Ru «Rv <=> u(0) «v(0) and u(1) <у(1) 


2 U 
where u,v e c[0, 1] . For any uec [0 Ж the linearization of T 
at u is Е 
(2) (DT u)w --ew" £o (x,u)w" + (a, (x,u)u* +В (xu) bw,w ес? [0,1] 


Concerning the evolution equation (1) the following definiti- 
on is in common use. 


DEFINITION 1. . A solution uc of ED is called stable, 
if the smallest eigenvalue of the eigenvalue problem 


(DT ulw = Ам, Rw = (0,0) 
ts positive. 


Because of the following Lemma the stability of u, in 
the sense of Definition 1 is equivalent to the inverse monoto- 
nicity of (DT ue, R). 


LEMMA 1 (|35,ch.1|) Zet p,qec[0,1], є>0, 


(3) L.w = -EW" tpw^-qw, w e c? [0,1]. | 


The following conditions ате equivalent: 
(i) (Lo, В) £s inverse monotone, i.e. 
Lew 20, Rw> (0,0) => w?0 for all нес? [0,1] б 
(ii) The smallest eigenvalue of the eigenvalue problen 
Low = Ам, Rw = (0,0) 


18 positive. 


| 
| 
Í 
| 


(iii) There exists e eC{(0,1) with 


е>0, Le»0, (Е Re) #(0,0,0) . i 

(iv ) Green's function G (x,y) corresponding to (EE 
and the solutions g_,h, ec? [5,3] of 

| (4) Lg boh = 0, ва, = (1,0), Rh. = (0,1) 


| exist and are nonnegative. 
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The following Theorem describes the sufficient condi- 


; followi i i 
tions for the following properties of (P_) , which can depend 
on Е · 


рт: (P,) has a solution uc ec? Opi. 


PII: (T,,R) is inverse monotone, i.e. 


тои <Т у, Ва <ВУ => u<v for all u,v eC? [0,1] > 
Especially, (р) has at most one solution. 
PIII: The smallest eigenvalue of any eigenvalue problem 
(5) (DT_u)w =Aw, Rw = (0,0) , 


where u ec? [0,1] is arbitrary, is positive. Especially, any 
solution of (Р) is stable. In some cases all eigenvalues of 
(5) have a common lower bound independent of u. This lower bo- 
und then is denoted by A, (Е) 5 


THEOREM 1 Let the conditions of one of the follow- 
ing cases hold for all (x,u) e[0,1] xR where aobo Yo eR: 
Case I: a (x,u) = a(x) 2a, 2077 8, 0c 9) 25 П 


ад +4єв>0, Е 20 


Case II: а(х, а) >a, >0, (B -a (x,u) Zar 


2 
0 
25 + See 205 eo 
Case III: а(х и) = a(x), B. саш) 20 с>». 


Case ry: (Bu 7 02 (x,u) 250, Е >). 
Then р yy and р тїї hold. In cases I,I,III also P I holds. 
In the following Theorems we give the stability inequ- 


alities for cases I-IV separately, partly under further condi- 
tions, In some cases we also give lower bounds for A, (e) whe- 


r 
© Л (e) is defined in P III. The norms 


1 
|| ul], = maxt]uGO]: 0 «x «12^ Hull, = f luGo [ах 


о 


аге used 
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————— ЯЯ 


THEOREM 2. Assume case I wtth Во $0. For alt 
u,v ес? [0,1] holds 


-28 /a 
Ju(x) -v(x)| «e MIN S ШЫ ет Ih 
(х-1)@ /є 
+ [u(0) -v(0)] +Ju(1) -v(1) Je }, же, 1 
with Н. = (a2 + 4єв) 1? 
Furthermore A, (Е) >a /4e OBE 
THEOREM 3. Assume case II with Yo <9 Бот атй 
u,v eC [0,1] with u(0) =v(0) holds 
-2y /а 
о Зо, = 
|u(x) -v(x)| <e { H || Tu-Tx|, 
©) (x-1)a_/€ 
+ |u(1) -v(1) le i, xe [Or 
о 7 2 Л, 
wtth Ho = (95 + ЧЕТ о) / 


2 
Furthermore Ai (є) 2 25 / 4e ыо 


| 
Assume Case IIa: the conditions of case II and a, 2х? 
Then for all u,v ec? [0,1] holds | 


-2ү | 


o e 
[а (х) - v (x) | «S, +e 9 ?[u(0)-v(0)|(1 +H (о, - a9)! 


where Sc is the right hand side of (6). 


REMARK 1. 


in 
a) The stability inequality of Theorem 2 was proved | 
| 


|6| for all u,v with Ru =Rv. 


n EE 
Bl Since We? He —-1/a «o for Е +0* we have stabiliti 


= er 
uniformly in є . Notice that е'* 1)do/€ is а boundary 18У 


: З + 
function tending to zero for x є [0 , 1) and Е +0 . 


5 + 5 stati 
c) Since A, (e) +o for є-0 the solutions u, а 


onary states of (1) become’more stable’if є gets HOS on if 
о 

d) Similar results as stated in Theorems 2 and 3 tran? 

a(x,;u) = a(x) <-a, «0 or a(x,u) <- a, «0. Just use the 


formations х 31-х. 
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Theorems 2 and 3 are only applicable to problems wit- 
hout turning points. The following Theorems will allow for tur- 
ning point problems. First consider case III, and let 


ОЕ -maxío (х) :x e [0,1]), Onin Tna (x): xe[0,1]) . 


If Omin ое. тах Í 0 then Theorem 2 is applicable. Thus in 
the next Theorem assume атах 20 29 dini 
THEOREM 4. Assume case III and let 
= ЕО = 
Чо Konanu nin? EU 9 


For all wv eC?[0,1] holds 


а жег [iT uT V] | +max{ |u (0)-v (0) | , ju) -v (1) |} 
uith 


(7) c, =1/є for ао 70, с =(е 


ао/Е 
=) forc Ds 


Simple linear examples show that the stability consta- 
nts €, can actually grow as еб /Е (c »0) for є +0* under the 
general conditions of Theorem 4 (cf. |1|!). The next two Theo- 
rems describe subcases of case III where better stability ine- 
qualities hold. 


THEOREM 5. Assume 
Case III а: a(x,u) =a(x), 8 (x,u) 2 89 20. 
For all u,v €C“[0,1]Aolds 


| Е -«Q). 
|| u-v|I <тах iz T ut vl], latot f fut van 


Furth 
ermore A, (Е) > Во 5 (0c 


ТНЕОВЕМ 6. Аззите 


Сазе IDI-b: а(хш) = а(х), a(x) 20 for 0<х<х 


a(x) «0 for xx g, (x,u) 20. 


F 
or all u,v ec? [0,1] holds 
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А 


Пам < E max{x,,1-x,} Iz u-T vl 1 
+ max{|u(0)-v(0)|, Ju(1)-v(1)[} . 
Furthermore A, (Е) 2% € nin(x-^, (1-x,) 77] 


Now consider subcases of case IV where а (х,и) can ac 
tually depend on u. Also, the conditions allow for a(x,u) =0 


for some (x,u) e[0,1]x R, thus turning points can occur. 


THEOREM 7. Assume | 


Case IV а: (B, 79,) (x,u) >0 and o(x,u) >- a, ог 


& : 
a(x,u) <a, vith а 20. 


2 
For all a,v eC [0,1] with ва =Rv holds 
Па < cell tu - mel], 
wtth с. as tia (7) 


The problem (PL) has a unique solution 
uc for all e »0. 


THEOREM 8. Assume | 
Case IV b: 
An Ta) (x,u) 26 
For all u,v ec? ро; D with Kao holds 


1 
[ех |) Sm [| T u- Tcv |] E | 
| 
Furthermore A (Е) 2Y, 20. бе 


THEOREM 9. Assume 


Case IV c: (B co, (x,u) NS 20 and -a $e (x,u) <4, 
For all u,v ec*[o,1] wtth Ru = Бу holds ( 
1/2 


|| u-v || (а (a? + 4ey) ) || ч-т wll 1 è 


1 
55 4Е\о 


i Ra 
Case IV c is a subcase of IV a and IV b, thus uy 9278 


Ма es % 
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REMARK 2. a) Theorems 2-9 state stability inequali- 


ties for the nonlinear operator Т. The results can be Stated 


in terms of stability for all nm problems 
(8) (DT.u)W = f, Rw = (a,b), рее, КОО ы 


2 
where и eC’ [0,1]. we g., let the conditions of Theorem 2 hold. 
Then for all иес 2p» 1] the solutions w of the linear problem 
(8) exists and 


-285/a (х-1) а /e 


[м (х) | <e “tH ПЕН, +lal+[ble 2 ), хе[0,1] 


b) For simplicity we have always assumed global condi- 
tions for the functions a and В. But it is apparent from the 
proofs below that all stability inequalities hold, if the assu- 
mptions on @ and f are valid only between the chosen functions 


u and v occurring in the inequality. 


2. THE PROOFS OF THEOREMS 1-9 


Let the general conditions as stated in section 2 hold. 
For u,v ес? [0,1] define the linear operator 


1 
АТ (u,v) = f DT, (у+ѕ (u-v))ds, 


о 

i.e. AT, (u,v)w --ew" 4pw^ +qw, м ec?[o, i] , where 

1 
(9) jeg) =] &(x,z (x)ds, хе [0,1] 

о 

1 
(10) q(x) =] fa, (xz (х)) 2700) +8, Guz, G0))ds, хе[0,] 

u 

i о 
With Za =v+s (u-v). 


If © ес, x IR) note that 


2 
AT. (u,v)*w = w" -pw^*rw, WEC [0,1]. 
Where E 


(11) z,(x))ds. 


1 
r(x) = (q- p^ (x) =] (8, тау) (x, 
o 
y 
the mean value theorem it holds that 


Tu-Tv-AT (u,v)(u-v). 
€ € € 
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and thus the following Lemma follows: 


LEMMA 2. Let Lo = T. (u,v) and assume 


(12) L.w=0, Rw=(0,0) =>w= 0. 


Let Ge,g. sh; be defined as in Lemma 1. Then 


(u-v) (x) = Í G_ (x,y) (T Ù - Tv) (y)dy 


+ (а-у) (0)g, (x) + (u-v) (1)h (x), хє [0,1]. 


Now the proofs of the stability inequalities proceed as 
follows: The assumptions on a and В lead to estimates for the | 
coefficients р, а, г of L_ or L* uniformly for all u,v ес? (0 
Thus we study linear operators Le and we estimate Gor ge and 
he only using inequalities for the coefficients of І. Apart 
from Le other differential operators like Le etc. ved occur. 
Then б. denotes Green s function corresponding to (L. ,R) and 
Jer В, are defined similarly as g,, h, (see 4)) with LI, repla- 
ced by Le. The following three Lemmas are elementary and only st 
ted for convenience of later use. 


LEMMA 3. Let \ 
" со) 2 
(13) Low = - ew" tpw-t*qw, мес [0,1] 


with pec'{0,1], чес[0,1] and let 


x 
B 1 
(14) Р(х) = exp( = | p(s)ds). 
Then 
(i) L (рм) = ргы for all we c? [0,1] 5 
45 = * LEK 
(ii) С. (x,y) р. (х)б (х,у) /р. (у) = с. (y,x). 


нее * 
(111) Yo "№9 о he = p.h? / pq (1) 


In (ii) and (iii) ve assumed (12). 


fod 


Ў t 
LEMMA 4, Let L. be given as їп (13) with pa ё 
For о eIR Let 
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| 
een ун ew" + (p - 2e0)w~ + (-eg? +ро +ам . | 
Then | 
(4) І. (e?) = ер ом, м ec? [0,1]. 
(11) © (сый) = ын О. 
(111) т = ели = ыы ў 
In (ii) and (iii) ve assumed ((1122)) 3 
2 LEMMA E Let г. be given as in (13) with р,9 echo, B 
and let Low =-ew" + pw iM with q ec[0,1], а <а. If (L.,R) {s 


р inverse monotone, then (Le ,R) £s inverse monotone as vell and 
in ^ 

A | opec е 0 <9, Jer 0 «h, «fi. 5 
After these general preliminaries we first prove P II 


under the conditions of Theorem 1. Let u,v ec?[o,1] and set 


Lew = AT. (u,v)w =-ew" *pw^ +qw, иес? [0,1]. 


sti It holds 
in case I: =a >Q > 2 244 3 
р=о 20 42,0) а? Be 5 dM 
ча 3 2 
| in case тт: р>а, >0, r-q-p ZO D a, +4ev 210 D р 


in case III: а>0 


in case IV: r=q-p~>0. 


ТЕ we show that (L ,R) is inverse monotone, then P II follows. 
€ 
In case I set 
1 2 1/2 
== = + >0 
[oj 2c (a, + (a 4e8,) ) 
and aplly Lemma 4: 
2 ох 2 = 
Le (ебХ) = e°*(-co* «po +q) ner ceo tag *89) zit 
T саве тт set 


1 

со = — 
] A 2€ 
and notice 


——— 2... 


2 
(saz (a2 +4е о)" TEU 


2 x 
Lt (e?*) = e9%X (eg -po +r) e^" (-со "отш" es 
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Let e(x) =1 for all х є [0,1]. Then in case III holds L Bou 
e~ 20 ag 


; *- ; CUN 
in case IV holds Lee 20. Thus in all cases (L/R) is inverse m, 


notone by Lemma 1, and P II follows. 


To prove P III under the conditions of Theorem 1 ме jy 
8t 


notice that for any linearization (see (2)) 
(DT.u)w = - ew" t pw + qw 


the coefficients p,q and r =q -p^ satisfy the same inequalities 


as above. Thus with Lemma 1, (ii) the property P III follows, 


Р г о о Е of Theorem 2. Let г АТ, (u,v). Because of 


Lemma 2 we have to show that 


7285/25 i 


Ge (x,y) «e Е’ 


-28 /a -28 6/0 t (x-1)a > 


(15) g, (x) «e Q Р.В, (x) <e 


a) First assume Во =0, i.e. q>0. If Low = -єм" + ру“, then 


elementary calculation shows (with p, as in (14)): 


x 1 
1 i ] p_ds f р йз, х<у, 
ê = = o у 
(16) G_ (x,y) (99. pecs) IE 4 
ЇЇ p_ ds f p_ ds, у<х, | 
[o x 
Since p >a, 20 we have 
a A i y | 
G (x,y) <G (y,y) < —— J p_ds | 
ep, (У) (е) | 
l M Y M. S EE E€ | 
сем ] exp (- E J pdo)ds <2 foe (у—в)ао/©дв | 
o = a ZE $ | - 
=a /€ | 
< (hoe 9 


Ја <l/a, - E. 
Because of Lemma 5 we thus have G. (x,y) < 1 / ao" ( 


b) Let 86 «0, ozr (a, - (a? +4єв ) 1?) 20. 


nd: notic? ( 
Use the transformation described in Lemma 4 à 


that the proved part a) is applicable to Г, У 


ith 


E ED мд 1/2 
46,6 о 2єс (a5 +468.) 5 
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and Lemma 4 yields 
Mo. 5 28 / 
(oj = 74р /a 
Go (x,y) хе (ap +4В) Ее ouo 3 
Js here the last estimate follows from 
= Ж 2 21/2 
ое (5 ао ЧЕН 68) 5 ) 
les l = 2 
Е СА a 0 + 4e85 /a9)) = -2B /a, : 
= с) Since Во «0, both roots 
WEIT 2 1/2 
9,,2 Spee + (о -*4e8 5) 0) 


of -eo +о 60 “ВО =0 are nonnegative, and thus Paz’ 428, 


1 | ojx с.х 
implies L. (e ) »0. Since R(e 


) > (1,0), к д 


З с.х 91 (х-1) 
it follows that чс (x) «e р В, (х)<е ‚ Which leads to 


> (0,1) 


jen 


t i E = = 
о (15) since o, < 285 / a5; 91 aE 0,20, /Е +28, / &5* 


d) To show A, (Е) EA / 4e * 85: just consider e(x) = exp (a ,x/2e) 


and notice 
2 
(DT.u)e > (a, /4є +в )е. 
Thus (DT.u - (a? / 4e +В) ‚ В) in inverse monotone, and 


by Lemma 1 the assertion follows. 


* Ш 
Proof of Theorem 3. Let L, -AT. (u,v), Бом --ew" - 


| PW +rw with r > то: We have to show that 


=2ү ИЕ 
(17) с. буру «C o o Я, Е 
-2x /a + (х-1)а re 
he (x) «e 1 
a ; = 
nd in Case тта 


(18) 


=?) 


(19 
) ge (x) «e 


ү/а 2 ; 
о O (1 +H, (a, -00)) 5 ® 
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a) By the proof of Theorem 2 it follows that 


-2Y Га = 


Gi (x,y) «e e He ‚ Which proves (17). 


b) To show (18) and (19) first assume y, —0. With р ё. 
Е 
fined by (14) consider 


l 1 
- ds ds 
g_(x) = p_(x) | Ы) , 
€ Е х BE) A P, (s) 
= Po) Х as ‚№. ds 
Һ (x) f Hoff 
€ p.(1) ор, (s) o p, (s) 
With Lemma 3, (i) it follows that І g, >0 and Lh, 20. Since 
mj, = (1,0), Rh = (0,1) we thus have g, <9,, В, «h,. Now p zall 
implies 
al 
= 1 
h_(x) <р (х) /р (1) =ехр(- = f p(s)ds) as )ao/e 
Е = € S x 
If 0 «ap <р<а, then 
f 88, = fet ij е, 
p_(x) — = exp(- = | p(o)dc)ds <є(1-е a! 
E «Sg g = ж | 
апа | 
1 5 -sa,/€ | 
1/p,(s) =ехр(- = J р(9)40) >e ‚ t 
o ( 
1 -@%„/є | 
ds 1 | 
f > e(l-e ) FG. e 
o 9s Oy = 1 a 
If follows that Je en Гао’ and (18), (19) are proved for Yo | 
ca ит MES SG s 
с) Let Ya <0, с Ec (о (02 + 4єү.) ) | 
as defined" 


The proved part b) is applicable to Lec 


Lemma 4, and we get | 


| 
f 


Je g(x) < (a, —2єо) / (a, -2єо) =1 +H_ (a, =) n | 


(x-1) (а —-2єо) /e 


ВЕ о =e Е 


ga ae al +H (o -о)) д 


hd) ке aoe е 


c ne 
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19) £olLlow с < = 
and (18), ( = 2Y5 /a- 
а) The assertion A, (є) >02 / 4€ *Yo 


follows as in the pro- 


of of Theorem 2 since DT. and (DT Eu) ‚ have the same ei- 


genvalues. 


Proof of Theorem 4. Let Le =АТ, (u,v), i w= 


= -ew" +pw^. By Lemma 5 holds G в (x,y) <ê, бу and as in the 
proof Theorem 2 it follows that: G c (ХУ) <o. Since Le 20, Re - 


= (1,1) we have g, +h, «e. With Lemma 1 the Theorem is proved. 


ul Proof of Theorem 5. Let м = АТ. (u,v)w = -єм" + 
+ pw^*qw with p=a, q>B,>0 . Set 


с =тах {g> || Tu - T,v|l, , |ш(0) -v(0)], Ju -у(1)[}, 
о 
then І (ce + (u-v)) >сВ 6 + (Tu - T,v) >20, 


R(ce +(u-v)) > (0,0) , 


thus + (u-v) <се. The inequality A (Е) E. is obvious since 


(DT.u) - ВоВ) is inverse-monotone. 


U 
í P ro o f of Theorem 6. 


^ 1 ^ 
a) We have to show that б. (х,у) = maxíx,,1 -хо} where G. 
20, is given in (16) and 
] | = s в 1 1 
Se (x,y) «6, (y,y) = J p 3S J p,ds / (ep, (У) J Pade) . 
o У 
Since p (s) is monotonically increasing for 0 «s <x, and decre- 


| 

! 

| asing for хо «S «1 we have for 0 «y «X, 

| с ( жч] (s)ds /p, (y) sy /e <х 78 
| Е У,У `E A Pe Є = T 

| a es 
| nd Similarly for xe сус 


l 
бе rry) <= J p, (s)ds /P; (y) < (1-У) /е < (1-xg) /€ 


У 
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b) To prove the statement about A, (Е) first assume 


1 


рх «1 апа let 


o 


(20) е(х) = sin( = ds: 
о 


Since e 20, e^(x) 20 in [0,x,], е^(х) <0 in Bko 1] it holds tha 


A a E: 22 -2 
(рле ео ем © min(x, mr je , 
In case that 0 «x < Xo consider instead of (20) the function 


T(1-x) 
VEX 
(o) 


). 


e(x) = sin ( 

| 

Р г о о Е of Theorem 7. Let т. =AT (uv) i L^w =-ew" =) 

- pw’ +rw with г 20. As in the proof of Theorem 2 it follows 

that с^ (х,у) с, which proves the stability inequality. The ех) 
ее result follows from Theorem 10 below. 


Proof of Theorem 8. Let LE be defined as above. 
Since r »y, »0 we have with е(х) =1: 
@ эү © р hus се a, 4 je ( )dx < + 
2Me n = A e, l.e. А 5 х,у х < Yo D 


L 


and the stability inequality follows. The smallest eigenvalue 
of the eigenvalue problem 


(ртм) "y = Хм, Rw= (0,0) 


| 
| 
| 
| 
| 
19. > Ws thus A, (Е) 2 Yo: l 


Pr о о f of Theorem 9. Let L =AT (u,v), Diw = -ei 
i? 
= pw“ +rw. It holds that г MWe »0 and -q_ «p e and we have 
- Oa" = gu 
show the estimate 


* 1 2 1/2 
(21) Ge (x,y) 46%, (a (95 + 46ү.) / ) 
Now с^ has a representation 


ф (х)ф (у), x«y 
* = 1 5 Е Е = 
G (x,y) = ЕМ. (y) 
$e (У), (x), Y <x 
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* = px = z 2 
where І.Ф. =з = бф) = (1) =0, $: (0) Е = 
и, =ф b У 9: . Since os 20 AYE 7 We 20 we have 


с^ (x,y) 56% (У,у) Еее de 
peu -vib 
lat and thus for 0 «y «1: 
= $ V^ 
* 1 f; € T a 
(с. (y ,y)) =el 5o à 
1 


= 
The function p, =ф уф €C [0,1] satisfies the Riccati equation 


2 2 
(22) ep“ =єр =рр зыри 0o) M0 
Since the constant e(x) =с is an upper solution of (22) for 


SH 2 1 
| с = zx. (a5 + (ас +4ey,) 


we conclude |33, ch. 2| that p, <<. Similarly, -Y /¥2 с, thus 


/2, >0 


| (Gf (узу)) >2e /е 


and (21) follows. 


Р г о о ff of the existence statements 


In many cases the existence of a solution of (P,) is 
ПОЗЕ easily established by the Nagumo-Lemma [18,26| which imp- 
lies 


| 
| 
| 
| 
| 
) 
i 
| 


LEMMA-6. — Let a8 ec [0n] xum) © 202 Nan NO sija 


tuo functions u,v ec?[o, 1] holds 


uv, Tu «0 «Tv, Ru < (А,В) SETS 


p ec? [0,1] with u <u, «V. 


(PL) has a solution Ч. 


Also notice that in cases I and II, where а is Es 
Sent or u, tne сочар ity ОЕ > from |3, Th. 7.6]. 
Th. 7.6)|is < under our conditi- 
all our cases I, II, III, IVa 


ire a stability 


(The value of a(L,,K,) in |3, 
NS). The existence statements for 


follow from the next Theorem where we just requ 
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inequality in the maximum norm. 


THEOREM 10% Let a,BeC([0,1] x1), 
2 
Tu =-u" £a (x,u)u^ +В (ха), u eU = (у ес“ [0,1], Rv =0} 


Suppose for some К >0 


(23) || u-vll, € k|| Tu -Tv||, v uv eU . 
Then T ts а homemorphism from (О, И | 2,9) onto (c[0, 1], || И.) 
with Ш, „= Па + КАРА КЫРЕ 

т 


©) se ©) ©) keg a. Let Fu =a(+,u)u~ +8(+,u) for u EU, and | 
let G denote Green’s function to (-u",R). Thus for all г ec(0,]| 
holds Tu =r, u eU «—»u +GFu =Gr, u €U. Since Е is completely 
continuous from U into C[0,1] and since G is bounded from c [0,1] | 
into U the operator 
K = GF :U?U 
is completely continuous. | 


Also, Т+К is injective on U, since | 
u +GFu =v +GFv, u,v ЄЙ => Tu=Tv => u-v by (23). 


Now the Brouwer-Schauder Theorem of the invariance of 
domain (cf. |34, Satz 15.3|) yields: (I +K)(U) is open in U ам 


| 
| 
= | 
(I +K) : (I +K) (U) SU >U | 
is continuous. | 

i 


b, It remains to show that (Т+К) (0) is closed in U. 
To prove this let 

и е0, v =u, Ku, ov eU for no. | 

| 


Then у -v -u +Ku - - i 1 mu "oL = 
m П i Ku,, implies va "NER = Tu Tun’ 


|| Tu, 7 Tu. ||, + 0 for n,m>o 


*) 1 would like to thank Dr. W.-J. Beyn for helpful remarks and discu5" 
sions concerning this result. 


) 
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(23) yields ц ru eC[0,1]. for n+ with respect to || || 


S . De- 
fine the linear operator = 


Lw = -м" часа. Лис лев З 


and solve Ім --v"(*) -B(*,u(-)), w eU. The linear operator L 
satisfies a stability inequality on U: 


ИИ >= < КИ ||. for all меб 


and taking w=u 7Y ме find 
IET 2,4 s Kil ta, a 


= k|| -ut *aC iur ||. 


k|| -va aun (еш) +а ("ох 
+v" BCD || Enn *[| 0905,0) E 
+|] (а(-й) -aC,uy)w^][, zn, uzeo) + n, 


where Nn! n , n, 20 for no. Thus ат in U, and thus 


n 
у =w +Kw є (I +K) (U). 


C. Т+К=Т+СЕ is a homeomorphism from U onto itself, and the- 
refore 3 


T --p?(1 *GF) :U »C[0,1] 
15 also a homeomorphism. 


No APPLICATIONS AND FURTHER REMARKS 


In this section we consider a class of examples and cha- 
Tacterize the Minty-monotonicity of Тє. 
EXAMPLE, 


E Тец = -eu" tuu ^ tyu = Y (x) ,0(0) =A, u(1) -B 


m. i 
ME ^0, u, A,Bem, y eC[0,1]. These examples include the sta 


tionary Burgers equation -su" +ии^=0 (cf. [4,7,28|) and Coch- 
rane 2 
as equation -cu" +uu~ +u =0 (cf. [8,12,27]). With Lema о 


fo 1 = = 
Hows that (24) has a solution о. (Upper and lower solutions 
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even independent of є - of the form 
у(х) =сх+а, -c>-p, аем 


are.easily computed.) If u 20, then Theorem 1, case IV shows 
the uniqueness and monotone dependence of u, upon Y , A and в, 
For y «0 a solution of (24) will not be unique in general. Take 
e.g. ү=0, А =В =0. Then ч. Pdl is a solution for all є, and Ыы.) 
furcation occurs at Е =- р/ (пт 2) 20, ne N. Assume и 20 and | 
шах{ || vll, , |А|, |B|} <M. Then ||u || «M +1 since u(x) -x-w-i 
їз a lower solution and v(x) =x +M is an upper solution for (24) 
Thus it is sufficient to obtain stability inequalities for all 
u; v ec?[0, 1] with || ul]. За, || vll, <a,- Because of Remark 2b, 


Theorem 7 and Theorem 9 the following holds: 


tet u,v eC^(0,1], || ull, <a, Il vil, «o 
let т. be given as in (24). Then 


о’ Ru -Rv, and 


l| vll, <=, [та = rella 


1/2, 


1 2 
; Te, (4, + (a. + 4en) for SO, . | 
where G2 8 ЕЕ S i inr | 
єн 1 Чо/Е | 
mc Ме = it) teg Wes | 
о | 
Actually, for и =0 the growth of the Stability constants as 


o/e + 
e (о >0) for e +0 cannot be improved. To see this, consider 


Burgers equation 
(25) SS ear? SO, и у эй м Sen eq 


(25) can be solved analytically (cf. 128, pp. 9-12|), and it 
follows that the solution for n =e °/© with suitable о >0 dif- 
fers from the solution for n =0 by at least one. A transforma 
tion of (25) to homogeneous boundary conditions then proves ош 
statement. 


The following Theorem concerns the monotonicity of "c 
in the sense of билу [25 


92 . Here T is considered as an operi" 
tor mapping U = И“ [0,1] into L 2100,1], and 


(u,v) = [ uvdx for u,v er [0,1] 
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THEOREM 11. Аззите 
00 а„,/В,В  єс([0,1] XIR) and e »0, 
(i) Jy 
(26) a(x,u) =a (х), В (хиш) =} а (x) >0 
x = 

| then 
| = ү. 2 * 
ч (Tcu Tov, u-v) > єт“ (u-v, u-v) Vu, v eU, 


i.e. Te ts uniformly Minty-monotone for each e 20, 


| (ii) If (26) ts violated then T 
€ 
0«e SC 


ts not Minty-monotone for 


) i B r.o o; Е а ot Low =-єм" +pw° +qw, weU with 
pec [0,1], a ec[0, 1]. Since 


(pw^,w) = (м, -pw -pw^), i.e. (pw^,w) =-5 (р^м,м), 
ме һауе 
(27) (L.w,w) -£(w^,w^) + ( (9 -j p^w,w). 
If q -3 p 20 then 


(Low,w) > en? (ww) for all w€U, 


and taking Le =АТ, (u,v) we have proved (i). 
b) First note that T, is Minty-monotone iff 
(отец) w,w) 20 for all u,w €U. 
Now (DT.u)w =-ew" *pw^-qw with 


(28) p(x) =a(x,u(x)), a(x) = В (x, u(x)) +a, (x, 70(х))0 (x) , 


and if (q -5 p-)(x) «0 for some хе [0,1], then п, ZDT Y is not 


? | Minty-monotone for 0 «c «eg because of (27). Here it holds 
that = 


al or 
(q -i P^ (х) 28, (x, aC -4 a (x,u (x)) 85 a (x,u(x))u ix). 
I ini- 
i My (xy u) #0 for some (x uj) € (0,1) xR, then solve the =n 
tial value problem 


By (хуш) -3 a, (x,u) +5 a (х00)07=-1, wx) cus 
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for xe (x, -0, x, +0). A simple process of approximation and 
о о , б 
extension thus leads to а function u €U, for which the functi. 


ons p and q defined in (28) fulfill 


(q-$ р^) (хо) « 0. 


1 i 
The case о. ЕО, 8, Soto? A a, (Хо) «0 for some (x5, ug) is 


treated similarly. 
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REZIME 
OSOBINE STABILNOSTI I MONOTONIJE ZA ČVRST 
KVAZILINEARAN GRANICNI PROBLEM 


U ovom radu ispituju se osobine stabilnosti i monoto- 
nije jedne klase kvazilinearnog graniónog problema. 
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ON A NUMERICAL SOLUTION OF THE BOUNDARY 
VALUE PROBLEM USING AN OPTIMAL NUMERICAL DIFFERENTIATION 


Ljiljana Cvetković and Dragoslav Herceg 


Prirodnomatematički fakultet. Institut za matematiku 
21000 Novi Sad, ul.dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 

In this paper we consider a numerical solution of two boundary va- 
lue problems: (BVP1) -u''(x) =f(x,u), u(0) бр и (1) =y; and (BVP2) -u'(x)- 
-q(x)u(x) 2 f(x), u(0) Ет и(1) TY using the authors^ four-point rule 
of degree 3 for the second derivative. The discretisation meshes depend 
upon this rule. The discrete problem to (BVPI) has the usual form, but the 


discrete problem to (BVP2) has an unusual form. Under certain assumptions, 


our schemes have a third order of convergence. 


1. INTRODUCTION 


We consider two boundary value problems (BVPl) and (BVP2). 


(BVP1) =й (у) See) © (107558 7 u(0) 7 Ys: uc 


where f ec? ((0,1] xm) and үү, € IR. The nonlinearity £(t,v) 
is assumed to satisfy the Lipschitz condition 


(L) q(v-w) < £ (x,v) = £ (x,w) <и (у-Мм), v,WwEe IR, у >м, е 0,1] 


for Some reals q,u eIR, where 


a) a a= DEN U 


-h °ч Su <, 


: -1 „е. пел so great, 
and we let h = (1 +n Sm pe so small, i.e 


that 


(2) 


-h 24. <> (Хо +9) 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Агуа Samaj Foundation Chennai and eGangotri . 


—— 


178 Ljiljana Cvetkovió and Dragoslav Herceg 


И TUUS" 


(BVP2) -u"-q(x)u = £ (x) on [os wy u(0) =B u(1) =p 


3 " 
where q,£ eC" [0,1], ВоВ. eR: We aasume 
(3) 0 <а(х) «u«8 оп [0,1]. 


The assumptions for (ВУР1) are similar to the assump- 
tions from Jal, but here do and Хо are different. The рагапе- 
tar h depends on the rule we used for the discretisation of 
(BVP1). For g(x) from (BVP2) a usual assumption is q(x) <O i 
[0,1]. But, our scheme for (BVP2) has a special form and we ha 
ve the assumption 0 <q(x) <8. | 

The proofs in section 3 are based upon the results ott] 


type in |1],]2],|7],]8 


2. FINITE DIFFERENCE SCHEMES 


In this section we shall describe the schemes which we 
are going to discuss. It is convenient to distinguish (BVP1) 
and (BVP2). First we shall consider (BVP1). | 

For u eC? [0,1], the authors” four-point rule of деше 


for the second derivative, see |4|, is 


14/5 
2 


(4) -u" (x8) =h 7 [ag (xth) +bf(x) *c£ (x F h) + 


+ dé (x 3 В+ oh?) , | 

where Je | 
5 i 

ans 48 b-6-2y5 , с =- (3 –- /5), 4=12-3 | 


We let for neJN, 


E _; 34/5 
jn = yp i o И 
34/5 jos 

2 


gue to (BVPl) by using (4): 


=h +x Зот 


Bary 


where h = (1 + n 


10° 
- Now we can form the descrete ара 


MAD i=0, 
(DBYP 1) (ВУ), = о, =, 2.2) 
Yy і =2п+1 , 
where 
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( 


| 


Уй , i=0,2n+1, 
-2 £ 
(by y),7 | В (ay; tev, by, tay; |]-Е (X,,Y,), i=2m, m-l,...,n, + 
„- 


2 
[ay , . ,*bY tev; tay, ,2]-# (ху ,у,), i920, 090,1, 0-1. 
1+2 24] 


ye can write the discrete problem to (BVPl) in the canonical 


form 
| АУ: Еру 0: 
меге 
in 2 
là- h 
| abu cd 
ае” с Быга 
n" а b. ема 
d cba 5 
= е5 To 20+ + 
(5) Жа = + , 4 cg 2n*1,2nt2 
h Bo 
а сыра 
а оса 
di @ JJ & 
2 n? 
; = 2 2п+2 . л an 
and FQ is a nonlinear mapping of R into itself which assi- 


T - 

a gns to y = Vener бол ЖОК the element F,y = Morfi fz 
| m 
| У], with f, = (ху). 

For the discretisation of (BVP2) we use our four-point 


| rule оё degree 3 for the second derivative, sl; 


= = ‚ БЕЗ 
| (6) -u~ (x) =k т = = X) «BE GE а 


j 5 
+ се к 432/15 к) + Df(x ,93/15 к) | rok). пес” [0,1] , 


mo 
| where 
| ЕСЕТ о см omm 
| О В = on 2 6 


9-Y15 = 

i = к, 1=0,1,‚... п} 

i I x, ci хк 086 — еласа 
Where x! ма 2-15 ; рем. 


Using (6) we obtain the discrete analogue to (BVP2): 
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Вр і =0, 
| о 
k : | 
(DBVP2) Cz) 5 = fi „кәс ы лл; | 
where 
Z; r i-0,2n*1, 
cel - i= = 
k Taz, 482, C2, 302, e] q,2,; i-2m*l, т=0,1,,, р 
-2r - i= = 
k раса 82. AZ, |] q,2,; i-2m, m=3,4,... 
(Tz), = moje 7 
k 1 - = 
k (A 2 *B, z, *C 741 922 ,i-2, 
RAN = i= = 
k [С 2281220422041 924. 1725-,7 1=2п-1 
-2r = Ue 
k [>= *B524*C,2.] а4247 $24, 
-2 2 T |, 
k "[65254.4*85254.2*A5254]-854 3254.3: i = 21-3, | 
and 
A = 444*2715 B. = 623-2015 c = o 19525 
1 132 í l 132 H l 12:70 
15Y15-8 J is 
A, ii , В, = = 2A5, с =A, " 
k т 
ПИБа 5 В, Е e E (x. sq, =alx,), ху 00 
- T 
2 = [2/®\,...,® уу] 
The discrete problem to (BVP2) we write in the form \ 
| 
7 = 
(7) BZ = fy, | 
where 1 
| 
к2 | 


2 
А; В, k 92 e 
2 
Aa kaq B фо ор еа 00) 
2 
А = 
2 о В, k q, e 
2 
A -k 43 в © © о D 
7 оо (e оз “Kg, A 
= = е 2 
(8) B =k А-К. B осо 
DO c o B “Kg, A 
А-ка 5B 0 „© 

0 рос О B-kd4,5 

2 

бо а FP 

р о (е о B 
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= „Е y ГА e.. T 
(9) Во, 52 artsy f2n-3'fon'fon-178,] . 


PROPERTIES OF THE SCHEMES 


In this section we shall considere the discrete ana- 
IM logues (DBVP1) and (DBVP2) to (BVP1) and (BVP2). We shall pro- 
ve that (ОВУР1) апа (DBVP2) have unigue solutions, say у ага 
z, for which we have 


h 3 k 3 
lu^ -yll SM,h , lu -zll;s «kx 


where on and Tus denote the restriction of the exact solution 
of (BVPl) and (BVP2) to the mesh In and Jk; and м, M, are the 
constants indepedent of h and К. 


We shall begin with some notations (see |1!,|2|,|7|,[81). 


m k 
For x,y e IR. , we write 


x < (<)у iff хе (шу 7T ЕТШУ 


Ix Г= Пе, ИЛЕ ре 


Ix! 


m i s the norm I| x] = 
ne | = шах 
Any e e IR ‚ е>0б, def | la 2i e 


е. Е 
on В". rn particular e = [1,1,...,!] yields the maximum norm 


БО 

а € 
| A mapping F of JR" into itself is called monotone if 
У = Fx <Fy for апу xy е1". A 
| For mappings F,G ОЁ JR" into itself we write Е <6 if 
б -Е is monotone. 


The.set of matrices of the format m xm is denoted by 


RUM 
1 E P 
А, А е T 


), АА-А Aa = 


F m,m ices А 
For any А= [Bid e T^". the matric 1 


are defined via Ay -diag(a,,7325'***'"mm 


214) : 10 
eet aij Be Sij ў 
ajj T ; pes 
3 0 if ajj 
20), 1 (x) ={i:i=1,2,- = MX; 


Let то > 0} 
T (x) ={1: 1=1,2,...,Ш, X4 


rx € m 
. 
Wie qr and аз і joint subsets of {1 251m we 
are disjor ГА 
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1 н 2 
say that А = [а; е xv connects t with т if for all ie}! te 
i кез such 1 
are point LOME 1, ii i: "o (ik € { db» 2 Г ,m) uc that = И i 
: : 25 sif 
Ооа апа Ее ) 
The matrix А is called an L-matrix if А. < 0. 


Ає RYT is called an inverse-monotone matrix if А has | 
an inverse EC »0. Throughout this paper we shall use the ab. 
breviation du for inverse-monotone. The inverse-monotone 1- 
matrix is called a. M-matrix. | 

The following 5 theorems and their proofs can be found 
in |2|,|3|,161,171. 


THEOREM 1. Det Ает” ,6 em" . If A, 3052620. 
A6 »0 and if A connects x? (Аб) wtth т (A8) then А ts ап М-та- 
triz. 


ISDEM е A= G; jl em A- mA" +а А = 


= в со, AP = [2151 < «0. The Et. A is i.m. if the follo- 


wing Conditions are x urine: 


1. Aa +д2 їз ап таста, 


2. (2) a(S) A A 
asi a ajk аула к) for all ass 20, ab 53 | 
8. Dee SP) e20 (eer) such that Ае 20 and A” о \ 


АЎ connects то (Ae) wtth Fine) 5 | | 
| 
| 


THEOREM 3. Let А <В (A,BeIR"’™) and assume that В в | 
i.m. Then А is i.m. iff there exists е>0 (е eIR™) such that | 
B Іле 20. | 

THEOREM 4. Let С <А <В (А,В,С eIR™’™) . rf B and © 
t.m. then А is i.m. 


are | 


THEOREM 5. Let F be a nonlinear mapping TR" into т | 
self and let роет!" be such that Q«P, О <Е <Р. Let AS 
` єл” be such that A- P, А-5 are t.m., 25 «P «Q. Then (cp, 
exists and | (А-Е) 1 - (А-Е) 14| < (А-Р) Ds -w|, for any vn 
Furthermore, the parallel chord iteration 


2 


о m - 
x ев’, (A-sS)x = (F-S)x" " n e IN 


, 


о 
converges for any х eIR"to the unique solution of Ax =ЕХ* 


Now we shall consider (DBVP1). 
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THEOREM 6. The matrix А; from (5) te i.m. and for 
any matriz D -diag(0,u,,u5,...,u,, ,0) euch that 


-2 : 
(10) UNE (-h о) et pn ooo nar a, =3(v5-1), 0 «1, «8, 


the matriz ВВ Фа tome 


Ре е) (ә) f. We can write the matrix Ah in the form 
sec h^^Mr, 
where 
n? 1 
m m, 2 1 al 
mo Hy EROS 
М = m, ш , L= 
А DESI, 
А 1 2 
т, m u 
i» Ly Dat 
шот 
n? a eaey 
2/5 sx 3-5 
M,L e m2n*2,2n*2. m =1+% ‚т = сше 
ac M9 
t=- ML. 


2 24 T 
Since 6 = [1,1,..., i »0, Мб = [h Gen PE ČE ,/5-1,h*] 


prem 1 yields Boe M is i.m. Taking 6 again. we have L6 = 
= Me 0 о ро сор \® р ils 20, T © (1,5) ={1, 2000905000 T + (16) ade 2n+1}. 


The matrix L connects то (L6) with т *(n8) (for i, êT = 
1 i. =0 нение 5 

define ijs -ij-l, =0у1 EE по he ) 

that L is i.m. The matrix 

Без М and е: Ah is an i.m. matrix. 


matri- 


AL is the ees of two i.m. 


Let e € mnt? pe defined by 


ei = x, (1-x;) +E, x, ely Вх 


Now We have e 50, (Ae), - (А е) 541 =£,(Ae);7 


= PO ERAN where 
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s 2 2 E =1,2 2n 
Xj x, (lex, + = 0-25 ДЕСЕ uU? resi 


Let D 7diag(0,d,,d,,..., d, ,0) »0 satisfy condition (10), 


1 х1 
Then А, -D, «Ay, (A,-D,)e 20. Since Ар 20 it follows Ah (A, = 


-D,)e »0 and Theorem 3 yields that BU is i.m. Let D, = [ 


= diag (0,dj,d5,---1d5,,0) <0 satisfy condition (10). Let (A- 


S 5 Zoi S. " А В 7 
-D,),=A +A”, where А = 2:51, А [5,4] is defined via 
- (3-75) Е, j=em—1,, E 
up Ju Иде, ЗЕ Оо, | 
0 otherwise , 
- 23 if i=2m, j-2m-*1, m-1,2,...,n 
в, і=2м+1, j=2m, m=0,1,...,n-1, 
0 otherwise. 


Then applying Theorem 1 to б= [nous Eur we see that (Ar | 


-р,)а +A” is i.m. Since 


ро Pe а -2 
d (b-h а{).<ас<=> di »-h Чо, and (A,-D,)e » Ае >0 p 


Theorem 2 yields that A\D, is i.m..Now let the matrix D = 

= diag(0,u 55... sty, ,0) satisfy condition (10). Then there €?" 
1 -D [4 

| 2 <P <р). Since A, d 

5 Ag-D SA Po. Theorem 4 yields that AD is i.m. 


matrices D, 20 and р, > 0 such that D 


i 


THEOREM 7. Suppose that conditions (1), (1), (2) @ 
satisfied. Then for any VW G mAN 


— -m)l ' 
| |v-w| = Gy -M) ум, 
where М -diag(0,u,u,...,u,0) ев 22*2, 2n+2 


-2, 
»-h % 


5 O 0), 5. L 1 
Ve Qe 2n’ 
i=1,2,...,2n; and s = max s. <2 


THEOREM 8. Let S =diag(0,s 
hor 
2253 (u*q)- Then the parallel 2 
1<1<2 7 


SS 


iteration 
y? e IR 2п+2 


‚ (ар=5)у" = В m € IN 
o ^ 
eonverges for any y to the unique solution of ALY =ЕрУ: 
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The proofs of Theorem 7 and Theorem 8 follow directly 


from Theorem Sic 


THEOREM 9. Suppose that conditione (L), ( 
satisfied. Then 


1), (2) are 


Песи, <$ Пун р, Кл улул), for any vive ma, 


I v-w|| < [| Lpy"!!! o , for any уун ек ae 
hot 
| Proof. Since (A-M)e»Ke and (A-M) "20 it fol- 
lows that 


= zi = 1 
(А, -М) lex e, || (A Пе = рм) "ello < 


From Theorem 7 it follows that 


= 1 
l| у—ъ|| e < |] (aM) Tl П ун Sg Шш уси fer any 


ру (ат 

| Since 

| — 2n+2 

| 5 Р 2 for any 2 Є R 7 
| ече llle «ll elle sg Halls 

[| 

er ent? 
i ум | к о, Цыу- LYI , for any у,” А 


which completes the proof. 


COROLLARY 1 Suppose that conditions (2), (1), (2) Ku 
5 olutton o 
Satisfied. Let y be 8 solution of (DBVP1), U the S i 
em 
(BVP1) and the vector d be the rectriction of u to 


Ір. Then 


h 
u ec? [0,1] = || y-u epee h 
Phere Mi £e a constant independent ef B 


5 
10) ааа d that пес” [0,1] im- 
я Ргоо f. In |5] it is prove 4 


Plies that 


u’ - y= ОО 
тш n 


к ther 
Assuming y sul and w=y, from Theoren э, 


e., follows the 


Proof. 
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We shall consider now the boundary value problem (BYP) | al 
and its discrete analogue BZ =f, | 1 
THEOREM 10. Let condition (3) be satisfied. Them the 
matrix By 08 Т.т. Єр 


1 


= Ex 2, 5 AE (z) 
Proof. Let (В) B^ +В”, where B = [5,3] 


u 


jene 5 if i=2m, je2mi2, m-1,2,...,n-2, 


ij i-2m*1, j-2m-1, m-2,3,...,n-1, 
0 otherwise. : 


А.С, 4BD < c? and 


Zane е 
Ѕіпсе (Ву) а +В’ is an M-matrix, 2DB, < 2 


Bye = [£,2-a5e,, 2-q,-e,, 2-9,е,, 2-q,0,,... 


E = à T 
ВОРА dan 162-178] >0, for 


i T 
e= еее 20, e, =x, (1-х;)+Е, x, ed, , 
where Е 20 is determined so that u *0:253F < 8, we conclude | Th 
applying Theorem 2, that By. al. оо | с 
| 
THEOREM 11. Suppose that condition (3) is satisfied. | 
Let z be eee of (DBVP2), u the solution of (BVP2) and | Fo 
the vector u the restriction of а to the mesh Jy: Then 
| 
5 SMS OR 3 L^ 
e ge mit]. => || 58 ||. «йы y | 
where M, їв a constant indepedent of k. | 
: { 
P roo f. Let є є (0,min(-A а. Now multi- | 
1’ 2Ву-А2 ''* | за 
ply the zeroth row of the matrix Bi. by ck-2 and add the result | мї 
i 


to the first and third row. Also, S cies) the (2n+1)th row of 


-2 
matrix B, by ЕК “ and add the result to the (2n)th and (2n- 


row. Now multiply the first, third, (2n)th and (2n-2)th row of Pr 


A 2 
шары B by k? As a result one obtains a new matrix Ву. The 
equations 
B,z =f, and B, z =F i n 
к2 = k a B,Z = Ё, with m 


| 3 i 
= + 2 

| fk = Вок £5 ЕВ, КЕ, а ке 

| | 2 т 

| + eBirfon'k fon- *£84:8,] 
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are equivalent. Using Theorem 2, with vector 


e from Тпеогет 
| | 10, we obtain that By is і.п. 


EX s ЫБ 2 = 
Let A =min (1l, 0.254t' 0.2545 ~ u) 20. Then Bye >ле 


~-] 1 
and || By | = = JU 


! ВЕ: z 3 
Since т(и) =вүц ~ BxZ =Вуц ~f, = o(k?) ami SK mg 2 


= Bt (u) , we have 


k = 
Nez (0.2546) || u" -z| < (0.2546) | nz! [| cQ) lf, « 


< (0.254£) i l| ce |. < Mok? 


xe 


1. NUMERICAL RESULT 


| In this section we shall present a numerical example : 


0. 


-u" = -е*, x e([0,1]; 90) = 0) 
This problem is considered in [3| and |6|, and its exact solu- 


tion is 


, cm 0386055 не 1 


u(x)=-2n2 +2 $n(c sec 20.51) 


For хе [0,1] is -1 <u(x) «0. 
To compute the approximation of u(x) we define (see 


| 

| [25 

| Dee? > for v <-1; 

| f(x,v) = | -e* , ог 15450, 
| ege for v>0, 


Satisfy; = ; i 

atisfying (L) with а=е l i, р=0. Using our first scheme, 

vit = à 
h n =20, we iterate according to 

1 


m _ m- ем 
а 


о 42 


У ав S pem 
Fr 

om Theorem 7 (see |2|) it follows that 
meN, 


m = та : 
IY" -y| eA JY" FRY | 
У is the solution of (DBVP1) for Our Seen 
9145 that 


Where Also it 


m 
[у -y| <w™ А meN D 
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— { 
; m ШЕ m 
where м" is a solution of Ам > [Ару pay |, meN. 
We have calculated in double precision arithmetic o 
PDP 11/340. 


The numerical results are 


- m -16 
h -0.18740391:10 1, m 216, ||y"-vll, «10 ; 


-7 . | 
Пе този | 


where ge denotes the restriction of u to the mesh I 
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REZIME 


О МОМЕВТСКОМ RESAVANJU KONTURNOG PROBLEMA 
POMOĆU OPTIMALNOG NUMERIGKOG DIFERENCIRANJA 


О radu se posmatra numeriéko rešavanje konturnih pro- 
blema (BVP1) i (BVP2) pod pretpostavkama (1), (1), (2) osnosno 
(3). Za formiranje diskretnih analogona (DBVP1) i (DBVP2) ko- 


riste se optimalne Cetvorotaékaste formule reda 3 za numerié- 


ku aproksimaciju drugog izvoda iz |4| i |5|. Pri tom se koris- 
te specijalne mreZe diskretizacije In i Tye Dokazano je da pod 

hig- navedenim pretpostavkama opisani diferencni postupci imaju red 

EU konvergencije 3 i da postupak paralelne seéice za reSavanje 


(DBVPl) konvergira. Numerički je rešen primer iz |3| i |6]. 
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zbornik radova Prirođno-matematičkog fakulteta-Univerzitet u Novom Sadu 
knjiga 12 (1982) 


review of Research Faculty of Setence-University of Novi Sad, Volume 12(1982) 


ON THE CONVERGENCE OF SOME FINITE 
DIFFERENCE SCHEMES FOR A SINGULAR PERTURBATION 
PROBLEM 


Katarina Surla 


Prirodno-matematióki fakultet. Institut za matematiku 
21000 Novi Sad, ul.dr Ilije Djuridida br.4,Jugoslavija 


ABSTRACT 


A difference schemes was formed with a constant fitting factor on a 
nonuniform mesh for a singular perturbation problem of the second order and 
for boundary conditions of the third order. A uniform convergence of the or- 
der one was proved with respect to the small parametar of the solution and 


its first derivative. Emelyanov’s technique was used. 


We shall consider a problem of the form 


(1) Lu(x) = eu" (x) *a(x)u(x) +b(x)u (x) = f(x) 
1 


u^(0)-gu(0) = ру; u(1) = р, 


Жү: Am 
Where g »0 and the functions a,b and f are sufficiently smoo 
and satisfy a(x) >a 20, b(x) <0. 
" = hich are indepen- 
denote the constants W 
By M and M, we de 


dent on є and h (h is determined by (3))- 


Emelyanov [2] presented a difference scheme on a d 
Im mesh for а solving problem (1) and postulated that it is un 
formly Convergent with the order one. The first derivative whi- 
ch is obtained from scheme [2] has the order one of the unifor- 
"lY convergence with respect to є. heresult. of [7] representa 
Seneralization of the results of [2] on а nonuniform mesh. In 
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this paper ме shall show that the fitting factor in [2] and 
[7], which depends of a(x,), can be replaced with either con- 
stant or "quasi constant" one [4], which depends only on а(0) =, 
In [2] and [7] for obtaining an estimation of the difference 
between the numerical and asymptotic solution the appearing 
expressions exp[£ (a (x,)-a (0) )h/e] create difficulties in а 
non classical error estimation. 

Taking into account the results of [1| and the asyn- 
ptotic expansions [8] we use an exponentially fitting fac- 
tor of the form 
X x = 


Xx. ; 
alarh Grab СЕВ % 


Ў = ш 
с; (руш) = = 


Then the schemes in [2] and |7] become simpler and the condi- 
tions of the grid in |7] are relaxed. At the end we shall pre- 
sent some numerical experiments. Further we shall compare the 
schemes from |2] and [7] and this one. We shall also compare 
a uniform mesh and a nonuniform one and present a numerical 
validation of the theoretical order of the uniform convergen- 
ce for the above schemes. The experimental determination of 
the order of uniform convergence is based on the General Con 
vergence Principle [1]. 


Problem (1) can be written in the form 


L, (u,v) EV + av + bu = f 


(2) 
L5 (u,v) =u° -v=0 


v(0) - 8&u(0) = Hy, u(l) = Ho * 


For solving system (2) we use a nonuniform mesh 
n 


х. Xp = = "liz 
ї+ї "i ов, "aen Og a Sa Sido DOE 2 E: 
E iE 
(3) і=Г,п-1, хо 70, мо Mn с єк 
1 it 1 
Jo ar x 


i TUR ЗМ и ху E С, is given, 0 «C5 < 


h 
" Ly (ту = (єшр /2) cth (up/2) (уу-у )/2 dr 


+ b(h72) (u,5u,)/2 = £th/2) o =h/e . 
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h 
L 2 (9v ) = (u -u_)h = (уу-у )/2 E 


[е] 
L Elu уу.) = (о, (0,0070) Gv, н 
ть As di ОЕ TEXTE 
im + Ура) fbr) (aqu, F8, =) 


h - - > - 
= + - = 
L glup rv gp) = (Aqu, +В, feu, ) ъ= (ау, +В у 1-95 


where 
с; (pw) = Q,cthQ,, 2; = шв; р 
А == as В. =- + с. = ‚-0. 
Ai o; /п; (o; nj) B,7-( 01) /о зп С; 7n4/o, (n,79,) 
a, = c,/(o,7ni): 8, 77n/(e,7n4); g, =0. 

We use the solution of system (4) for an approximation of 


the exact values u(x) and u^(x) in the points of the grid 


ie АИ i- 
u (xi) ЖУ ү, u(x;) жч, (i-0,n) 
It can be shown that a solution of system (4) can be obtained 
from the recurrent relations 


us = соз 
(5) 


= рч а 
V. Ро GU b 


similar to those in |7|. 


Here 
C K [1 + (Во + В +a 8)h/2] 
so = KELU *AjJi *rg +29] 
Ро = K,[ Ag +ВоВ/2)0у + Ро +hB д) 


1 


(1- B_h/2) 


K 
A_ = (gcth (00/2) -a(h/2)) /V; 
о 
woth (00/2) *a(h/2) 


=- 2 
Во b (h/2)/) 


EL 2£(h/2)/U 1 YR 


a, =K, (Е;9; 27 9318322 it 
(GSi, 2, 21225) 
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= p ее s sm 
п r gei 1 el -1 
a E. cn 
K, = (1 81D) 
I = D. tC. ү 
Sq ЕРА кау, ора Ci | 
= = ;D 
эу Sia aly M Ca Pita 
к Dy Cae К S (йу аш 
2 
m 9, (wo etha *a;ni) /njó на: = a (x) 
ф= woth? + а, f 
в, = -(sc^-n?)ucthQ, /n? Ф C. =Б. о. /п.ф 
i ins VOUS OG 9491701 
D,--bi/ó , ri = Ё; (отп) /п;ф | 
tte pe n E212 | 
a, = Во; /n; р 8i -ho, A Yi 70,/ni т 
ИИК) Е 
= (пү-б{)/пу , p, =hg, 
LEMMA 1. Let u; and vi be a solution of system (4). 
Let |K | «M, ieee all SE, | 
Then 
lu, | *|vi] «M (Ju, | +], | *H),vhere Н {s 
Bj 
determined by } 
ү 
£62]; hjg] <н (i=0,1,...,n), 8, 


The proof 15 completely analogous to that of Lemma 1 


[7]. 


THEOREM 1. Let u; and Vi be a solution of system А 
Then the following op oe see holds 


2 4 
Ju, -u(x, aJ ee Rus Эш (Gx, DISHES UD 
£ E 


The proof is obtained by using the techniques outlined 
in [7]. 

For a "non classical" 
asymptotic solution of 


Convergence we use the 
Problem (1) which has the form (tel): 


u(x) =U, (x) +e, (x) teu (x/e) *e^u, (x/c) +w(x) 
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у(х) =o, (x) +e, (x) tv, (x/e) Hevi (х/є) +2 (x) 


where $i and. Un are the solution 


4 е аі ff erential 
stem i : equ - 
ons SY г independent on є ati 


-wt js 
uctus cde Э Ее 
, 


-ut 
u,(t) = рее s У; (Е) = p, (£)e 9 


р, (Е) are polynomials of the order two. According to [2] the 
following estimations hold: i 


|w(x)| + [2(х) | «Me? 


k-1 É 
| Iv‘ IESU Ue (к 21,2,3,4 ). 


We now introduce the notations 


Tu = а п e aTa 
-1 [1 
Du = h A,u + B; + 
3 ( -1 * Bil; [^ 
wi = u (x) >ч. wi) 
2 = 9) = = B.) t, = x./ 
i i MI z(xi), i7 х{^©. 


By applying the operators um and Ja to the mesh functions 


fe aan 
) wi (xi) and 2^ (x5) we obtain 


5 3 
h,h в h сен 
LG, wt) = ) о; 120025,0) = y Ei 


k=1 =l 
| Lm = = eu, (1/e) - ^u, (1/e) 
| | zh (0) =(@ 7 (0) = -By, c? , where 
| 
| $1177 (7$, ta, T6, *biTU, +є (0; (p) -1)Dó, *eDó, + 


2 
+ са, To, +eb, Ty, te (o; (p)Dó, +b Tut) 
- = -wti+ 
2i = єх;а (E)B Po (ty 4, itl 
a. (о,ш) Toti o; (pw) T 


1е аа а Шс 
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Я 3 
ca 
e Ad в 
951 2 | 
t 
-wt, ut DES 


A = -wo ucthQ,hDe i _wuTe ^-a^(B)x,Te 
i 


T; (0,0) 2 wt 


o. (pw) “Wt, 2 i 
i 1-1 tfe + 
B = EU (A; 5 е ti-i +В, р 
-wt, 
ln -wt 
e A 
2 i 2 i-1 
tut + aiti 18 ) 


Hia =- (Dp = Тфо) - (01 - T$4) 
u ie -wt | 
=- E— + 
Hoy cm De u Te 
H,. = z? Du, (t) -£ Tv, (t) 
3i 1 1 З 


Using the Taylor expansions of the above functions about x. 
| 


and the following inequalities ([6],[1]): 


cer <sht < сеш, 0<c<t<™ | 
СИЕ < ВЕ < cit 0 <Е <с 

с, с^ and c" are constants. 
tle * «c(o)e 9°, 9е(0,1), O<t<o 


we can prove Lemma 2. 


E 7 sons 
m LEMMA 2. For D and Hii the following estimat?on 
о 


i 

Í 

| 

19531 «M (c? +h) | 
2 

\нү,] «M(c^ +h), | 

| 


'We now turn to the "non classical" estimation contained in 
одет 2. 


er 
THEOREM 2. Let à, and У; be a solution of 8987 
(4) on grid (3). Then the following estimation holds 


Ju, 7vG)] *]v, -u^(xi)]«M(h еу, 
The proof is obtained by applying Lemma 1 and Lemma 2: 
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THEOREM 3. Let u; and Vi be the solution of system 
(4] on grid (3). Then the estimation 


Ju; -u(x,) | + |v, -u*(x)] «Mh , holds. 


Using Theorem 1 when h wee and Theorem 2 when h » c? 
the proof is immediate. 

For choosing бу апа с in (3) we use the test for the 
order of uniform convergence [1]. The following theorem trans- 
forms the results of [1] on a nonuniform mesh. 


m 
THEOREM 4. Let Е К be the mesh function defined on 
the mesh m. 
"e 2 = Qi e 
ip cs ‚ху=х,_у+о0,һ,(1=1,...,шр 1), xy 21, В e 


and p be а positive number. Then 


КЕ «Mm SP for all m, 2m, 


|F Шү 


tf and only if the following two conditions hold: 


Tk 


a) jrKk-r|-o), аз my so 


mk pt 


b) Е | «M,'m,P' for о о 


mE Ат, A oie 


The proof is similar to that |2| p. 20. 


test for the experi- 


the 
By applying Theorem 3 we form 
ни orm convergence for 


mental determination of the order of unif is 
difference schemes on a nonuniform mesh. Let my, =2My, 


(х.) the 
INC 7 xk be an ap J 
k Пк ў 
exact solution at the point Xj- 


СЕН — (k-0,1,... ) 
J 


proximative solution and u 


We de note 


= пах ји. = 
2e 
Where the maximum is taken over 


Ser one of the two meshes- 


“кє 
all the points of the coar- 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ae y» 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
198 Katarina Surla 


Е EAM EE CMM ЕЕ ЕЕЕ: i 


If the difference scheme, is uniformly convergent а 
Й 


|u;* - u(x_)| «M, mP 


by applying Theorem 3 we can show that 
EK 
Ju, - ux] no AG) f > 
-P 
Z Sm then holds, and that 


M is independent of є if and only if М, is. We take the quay 


tities 
-Р 
2, 
k,t mk р 
ПА = 2 and determine in 
Tl, (2m, ) р à 
this way 


р = 1092 (2k, e/ zer e) 
Numerical results. We treat problem i. 
" 2 2 
gu" (х) + (14х )u^(x) - (x -Ž) *u (x) = 4 (3x? = she +1) (xt1)? 
u(0) -u“(0) =0, u(1) = 0 


Е = 0.0625, 
In the following series of figures and tables we present the | 
results of our computations. ) 
We use the notations 


Scheme I 1 | 
V о, ( py ш) with a uniform mesh | 

i Í 
Scheme II s o; (рга (х, )), with a uniform mesh | 
Scheme III S oo 9; (pra (x1)) mesh II | 
Scheme IV Ba 9; (p.w) with mesh Т: | 


Mesh I ... 0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.07, 0.09, | 
0.13, 0.16, 0.20, 0.24, 0.08, 0.32, 0.36, 0.40: 
0.46, 0.52, 0.58, 0.64, 0.70, 0.75, 0.80, 0.84: 
0.88, 0.92, 0.95, 0.97, 0.98, 0.99, 1.00. 

Mesh II ... 0.0,0.02,0.04,0.0608,0.082368,0.1046733 
0.1276864, 0.1513789, 0.1750714, 0.1997785 
0.225500, 0.2522360, 0.2799866, 0.3087516, 

0.3385311, 0.3693251, 04011336, 0.4339656, 
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For computing p we start with mo 732 and we put т, = 2m, 
(k=0,1,2,3 ). 


Digitized by Arya Samaj Foundation 


On the convergence of some finite 


0.467794, 0.50266460, 0.5385124, 0.5753934 
0.6132888, 0.6521987, 0.6921232, 0.7330621 


0.7750155, 0.8179834, 0.8619658, 0.90699628 
0.9529741, 1.00 


3P'0- 


I€C'6- 


"[- 


GE 


l- 


£9" 


Fig.l. 


sese Scheme I 


DONO 


---- Scheme II 
—— Exact 


(ША (2 
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о = 


LE'I- I6*0- 9p-*0- 


£8" T1- 


| 
| 


Fig.2. 


**** Scheme III 
==== Scheme IV 
— Exact 


8z`z- 


ГА ДА 
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ИБ == ÁN 
TABELE 1 
SCHEME I 

E Pk Py Р s p 
n 
=T = 
2 O .1913569E401 .2000908EH1 2 .1059774E 01 .172966 
1 .1978778E+01 .1998136E401: .190528 E 01 = Ga 
2 .1982236E+01 .2010407Е+01 -1979763Е 01 .1976815Е 01 
., 0 17151328101 .1997260E#01 2°  .3478056E 00 .1105804E 01 
23 1 .2006710Е+01 .1999607E401 .1410312E 01 .1338642E 01 
2 .1922706E+01 ..1998428E401 .1842019Е 01 .1711334Е 01 
ты а 
4 ® -1@48952E+0i .1881095E#01 _ .2882550E 00 .1062844E 01 
2^" 1 .2007009E401 .1995805ЕЮ1 2 ^ .1041304E 01 .1068558E 01 
| 2 .1895981Et01 .1886913E+01 .1420031Е 01 .1329972Е 01 
| SCHEME IV, MESH I 
" _1 € .1926638E 01 .1996914E 01 _,  .1422633E 01 .1413524E 01 
2 1 .2004060E 01 .1998076E 01 2 .2208937E 01 .1784494E 01 
2 .1935634Е 01 .2004372Е 01 .2183209E 01 .1919046Е 01 
_ 0 .2124112Е 01 .1963680Е 01 _„ .1218086E 01 .1779681Е 01 
2^ 1 .1997517E 01 .1992213E 01 2 ' .2218703Е 01 .1158596E 01 
2 .1706424Е 01 .2000217Е 01 .2287345E 01 .1480441E 01 
о E ИВ 
-4 0 .2414846Е 01 .1900175Е 01 о .7186019E 00 .2143383E 01 
2" 1 .1973113E 01 .1974578E 01 2 ^ .1858415E 01 .1053521E 01 
2 .1871747E 01 .1994568Е 01 .2217098E 01 .1129259Е 01 
) SCHEME II 
-1 0 .2953125E 01 .2027054Е 01 .7675155Е 00 .1293319Е 01 
| 1 - 
| 2" 1 .1893125E 01 .1976741Е 01 2 .1777995E 01 ded бї 
| 2 .1799886E 01 .1990415E 01 .1936217E 01 .1800102Е 
i 
i .4 0 .2110542E 01 .1940582Е 01 4 -.3318977E-01 .9576272E 01 
| 229 = 463E 01 28 .1244720E 01 .1024618Е 01 
| l .1993218E 01 .1972 ОТ ЗЕ ВА 
| 2 .2018799E 01 .1987117E 01 .1847666E : 
| .9262857Е 01 
-4 0 .1787984E 01 .1831006Е 01 _о ~-6986086E-01 
4 9 
2^ 1 i9ep4l0R 01 19171596 01 2 -99850998 00 M-RE Onn 
2 


.1995338E 01 .1958870E 01 .1262807E 01 .1034051Е 01 


SCHEME III MESH II 


.133265E 01 .9237934E 01 
— 1 nc олом 2° .1540363E 01 .1210781E 01 


.1884465E 01 .1992462Е 01 1 
2 .1030667E 01 .1999636E 0: .1775866E 01 .1628408Е 0 
.1508032Е 01 .8960677E 00 


0 .1774796Е 01 .183530E01 _ 
ee осуу С :1990338Е 01 лош н 
2 .2006448E 01 .1987238Е 01 .1719 : 


23 
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ee 
O .1418320E 01 .156033E 01 .1067063E 01  .8662433E 00 
274 1 `1896836Е 01 .1855237E 01 2 ^ .1488140E 01 .8518415Е 01 

2 .1966221E 01 .1960452Е 01 11999397E Q1 .975875Е 01 
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REZIME 


O KONVERGENCIJI NEKIH KONACNIH 
DIFERENCNIH ЗЕМА ZA SINGULARNE PERTURBACIONE 
PROBLEME 


U radu je data jedna diferencna šema sa konstantnim 
"fitting" faktorom za rešavanje konturnih problema za diferen- 
cijalne jednačine drugog reda sa malim parametrom uz najveći 
izvod i konturne uslove trećeg reda. Dokazana je uniformna kon- 
vergencija po malom parametru za rešenje i njegov prvi izvod. 


Koristi se neekvidistantna mreža. 


| 
| 
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AN EXPONENTIALLY FITTED SCHEME ON 
A NON-UNIFORM MESH“ 
Relja Vulanovié 
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| 

ABSTRACT 


The discretisation (6) of problem (1) is constructed on a non-uni- 
form mesh. An exponentially fitted scheme is used and the li near convergence 
uniform on a small perturbation parameter is proved. In the case of a 
uniform mesh, our scheme reduces to the well known scheme of |1!. Numerical 


results are obtained оп a special mesh, which is similar to the one in |3). 


1. INTRODUCTION 


Касу 


In this paper we shall consider the problem 


Lu(x) :- -e2u" (x) +b? (x)u (x) =f(x), хет = [0,1], 
(1) 
u(0) = Uo: u(1) = U, , 


where b (x) >В >0, хет, 0 <Е ЗЕ, и Brtrtor бол 3, 6R and b, 


f ec! (т) . The parameter є is a small perturbation parameter. 
It is well known that there exists a unique solution 


ч ес? (1) to problem (1). Furthermore, we have (|1],|3|): 


E ju ©) go | sme + ‚ хет, i-0,1,2,3 + 


ill denote each positive constant in- 


Here, and thereafter,M м 
on 3, M will be independent of discre- 
1 


dependent of c . In secti 
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TT —— —ÁÀ 
tisation mesh as well. The dependence оп = will always be dem, 
ted by writing Е as a subscript. 

The solution uc has, in general, two boundary layers A 
ar the endpoints of the interval I. Our purpose is to Solve (| 
numerically Ьу the difference method оп a non-unifirm mesh, The 
reason for using a non-uniform mesh is our aim to obtain more 
mesh points in the region of boundary layers, those width is O (6) qt 
|6]. We shall use an exponentially fitted scheme, which in tk 
case of uniform mesh reduces to the well known schemes of 11. 


For such a scheme we shall prove the convergence uniform ine, 


2. PROPERTIES OF THE EXACT SOLUTION 


A special technique was used in |2| to obtain some dif- 
ferentiability properties of the solution to the boundary valu 
problem with a small parameter, containing the first derivative. 
We shall here use a similar technique for our problem. 


THEOREM 1. For the solution ue of (1) ve have 
(3) ч. (x) = руг (х) + 252007 0 xx «1/2 , 
(4) u, (x) - Чем, (x) ab 21 с (Х) ; 1/2 <х<1, } 
where 
Ve (x) = exp(- Sao A) pn 
= Ь (1 
м. (х) = ехр(- BO) (xy) , 
Jesl- lal <M and | 
(i) 1-1 | 
(5) lu. (GS а в исо, руз. | 
і 
P roo f. Let хе [0,1]. Define ч | 


кыыс вх (хус о 

2 0] i 0 

and take р. апа 9. so that Ne (0) =0, y^(1) =0. It is езш 
tained that such p., q exist and |р | ‚|ч„| <M. Hence, we 


ly, GO | <M. 
Then we get 
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2 E ДО 2 а 
Loy, (x) = 92x) - (b (x) )y (х) =: G, (x) 


where 


đe (x) = f(x) -р.1.У, (х) - ч”, (x) : 
Now it can be easily proved that, cf. |1], 
19: G0 | «M, 


which implies |С, (х) | <M. Hence, у(х) is a solution to the pro- 
blem 


L.yc(x) = G. (x) , “xe [Ш 
yc (0) - yc Q) -0, 
and because of (2), it follows: 
|y €?! (x)| «Me 7, 4=1,2,3, хе 
Now we can take 
= 2] 
29, g(x) y, (x) +p_w_(x); xe[0,1/2] , 
and since 
Jw (x) | «M, хе [0,172 
we obtain (3) апа (5) for k-0. Similarly we take 
Zj e% = (х) + qw, (х), хе 1/2, 1] р 


to complete the proof. 


A similar result was obtained in |1|. For similar esti- 


mates of the derivatives of u, cf. 1916 


3. THE SCHEME 


We use the discretisation mesh 
i=1,2,---,n} D 


.4h =1. For simplici- 
Where n EN, h; SM), i-1,2,---:D: h thot: ha 5 fe icd 
= " ES Li 
ty we take n-2m, m eJ (1), and ха уд: Let В; «hij; 


i which is a natural assum- 
ре, апа В; >В; 1, izmtl,.--:nD; 


Let h:= шах фі 


} < 1/4. 


Ption bacause of boundary layers. 
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a i... ~ 


Instead of 1/4 we can take any fixed constant in (0,1/2), = 
this ineguality is not a real restriction. 


On the mesh Т, we form the discretisation of the 
h Proble 
(1): 


uy, =U, n 
G a СОО ри b^ (хуп e£ (x;),; 191,2 E 
Cu WES" Tp аел ie о 
un =U, 7 
where 
2 
= === y Е = angle, 
D Yi О (В фучур 7 (hh; Dus ро i 
TOET аа Е. 
figlio agii y | 
апа 
В.В (В. +h ) 
о := 1,2 iit. isl 
di (04) := 5 ро зт Жи = = 
(oy sal 
hia (e ) +в; (e 1) 
1=1,2, m-l 
o = 1, i=m 
h 
сї (о ) = we 1844) (bh; +) | 
ты i Ес n atl 
i+) (€ nes -1) +h а“ 1) 
ї=ш+1, ,n-1 i 


Pi =b(x;)/e , HOP 
The solution of (6) is u = th ponent 17е mnt (here | 
" { 


we omit the subscript c). Let ni denote the restriction of Ue 
to the mesh : = +1 
Th пе lu, (x9) ug (ку) ree. pa, (х) em? 


We use the maximum norm |v|| = max|v,| for any vector 
0<1<п = 
х= [у а епн S for 
ол“ "Ул and |л^|| = max  j ја; ‚| 


any matrix A = Bil 3 moti nt O<i<n j-o 


THEOREM 2. It ts valid that 


[ч -u l] < Mh. 
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ү ле со) әр The consistency error of the operator jj 
is by definition: £ 


h 2 
r, = Lu (x) = (Ейр = 
d Ay aii ЕЕ x-x, (с, hoe (x5) be 042) 4 


Т Diy cues nz 


= T + 
Let гр = [0,гу,к),...,к _у,0] em E fa = [U,,£(x,),£(x,), 
~T п+1 
e.er f(x) U € TR - Then (6) can be written in the form 
h 
Bo up то 
h ПЕЛ pnt 


where A. € IR is tridiagonal matrix. Since с; 20, 1=1, 
2,...,n-1, (see Lemma 1. below), ah is an L-matrix, inverse mo- 


notone and (cf. eg. {4|,|5|): 


|| a7! lis пах (1,872) ; 
Now we have 
h, h A 2 
А (0 S шол = = =. 
апа 
He" -o ] < o7! fest] «м ling H- 


To complete the proof it is sufficiant to show that 


[rpl] «Mh . 
or 


(7) Ix, | М | ИМЯ росе = c 
First we consider i-1,2,...,m-1. The fitting factor 
©) 
Ja 29; (ро) is chosen so that 
ОМ кые (ө c 
where ү (x) is given Theorem 1. This fact and (3) imply that 
= 


(8) NON EDO Е 

Pr Гозо, е 09) 75, c | 
Since there exists a point 0, € [x4 1 X441] such that 
ре = сс? 
f 
Коп (8) it follows that 


2 “ = я < 
|с | «e? [1-0,! | 7 (o xe рт 2? ел 


о, Е 
2 2 
SEE) 1-0, {!K, ue h;+1Kk; z 
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where 
К = мах | ANE J=2,3 5 
J 0<x<1/2 d 


From Theorem 1. we have 
K, «M el), з=2,3 
апа 
]r,] «M(e]170,] +h) 
In Lemma 2. we shall prove that 
=|1-0, | SMh;,, 
Because of that, (7) is valid ,Ғог i-1,2,...,m-1. | 


In the case when i-m41,...,n-1 the proof of (7) is ana 
logous. We use (4) and 
П 1 " 
Ti (pp) DLW. (x4) SW (x) 
When i-m, we have 


|.| eh max Ju 
Xn-l1 aa 


and because of Theorem 1. ; 


(3) 
e О), 


2 - = 
EI KO ы >, ,. | 


m-1 
+ ехр(- РОЈ (р yy, | 
Since xn] = 1/2 “hi > 1/4 апа инт = 172 В «3/4, we get | 
[ra SMh_. | 
E Za used e lexp(- = ) <М. This completes the proof ОЁ = 
йы LEMMA 1. For P>0 it £s valid that 02 (p) »0, izl% 
mi. 


PEL © © по Let i-1,2,. -.,m-l and 


ph -ph 
glp) := hi, (e -1) +h, (e itl _ 4) 


) 
We have go) =0 and g^(p) 20 for р>0. Now it follows that du 
20 and o? (p) >0, р>0 . 
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LEMMA 2. For р >0 it is valid that 


o H 
(9) [1-9; (р) | <һ, E i=1,2,...,m-1 


РОЛ (9) (6) £ Let i-1,2,...,m-1 and let us denote k =h 
. First we shall prove 


T4 
K=h, 


о 
(10) og (р) «1*Kp. 
This inequality is equivalent with 


o 
тт K(k+K)R, 30, 
T j= 


| 038 


(11) 
where 


Ry 23 (нк) IŽE + (кек) 272 - end! -53 5-02 


Now we have that R4 г. +КК >0 and from Rj 20, j»3, it follows 
that 


A S EA 
Eo > (k*K) ((321) 13 " +73 -Dkk 2) +(к+к) °K - 


j Г s 1-1 
- (3+2) к2 -i (3+1) Эк?” > 
А : jut 
> $ jkKĪT?((j-1) (к+к)-(3+1)К) + (3+1)кк = 
К - 
- j IO DEO ыш 20 
Hence, (11) is valid and so is (10). 


We can get 


Using a similar technique 


(12) 05 (р) ar Te pK 


The inequalities (11) and (2) imply (9) 


SOME REMARKS 


used in (6) has quasi-constant fi- 
Namely, when the mesh is uni- 
ng factors 


The difference scheme 


tting factors in the sense of !5|- Kb» 
form (h, =h, i=1,2,...,n), we get the constant fitti 
i r 1=1,2, 
from [1]: 
= 1 =e. (clos 
с (р) = (o h/2)^sh ^ (o h/2), 95 (Py) 7 95 а 
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Because of the non-uniform mesh we have proved linear Conve, 
gence uniform in є. In |1] it is shown that on the unifor ney 
the арабга ео convergence uniform іп є can be obtained when 
uc ес“ (I) and Ь(0) = b(1) 


A similar scheme with quasi-constant fitting factor ү 
obtained in |5], but our scheme seems to be simpler. 
It is possible to construct a scheme with variable fit. 


ting factors. We can take (6) with 
о E d-1,2,. «v m-l 
р i=m 


1 : 
сз (0) ТЕТ пе 


Such a scheme was also considered іп |1| on the uniform mesh. 


5. NUMERICAL EXAMPLE 


We shall condider a simple test problem from |7|,|4|: | 
2. 
FEU PU SN, 5зат, (07) =u(l) 


For the solution of this problem we have Uc (1/2 *x) =. (1/2- UP 
x € [0,1/2] and we shall give numerical и оп [0, 1/2]. 


Let m, be the number of mesh points x, in De] and 1e 
= max{|u, (x) -u, | |x; е (e,1/2]} , 


л = max(|u. (х,) -uul]x, Ө sq ү 


E 
E 
pe max{ јо. (x,) =ч l/us (x5) | |x, е (e,1/2]) 5100 2 
Р 


j = max([u, (х,) -u l/u; (x5) | [xi e @,e]}-100 


mmis 


w 
It is convenient to use such a mesh which changes аш 


matically when € does. This enables ug to achieve the same ” 


ber of mesh points in the bounđary layer whatever value * D^ 
A special mesh of a such type 
points are determined as values 
points (see |4] as well). This mesh implies. a convergenc 
in є for the classical Scheme 


а 


m 
was given in |31, where the 


of function As (s) at equidi* 
e ші 


gl 
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— Xu 
2 2 | 
Е Бру, + b (хи, = #(х,). | 
Here we shall use a similar but simpler function А (s): | 
€ H | 


Ф (в), зе, а] 


^e (s) = 


WY, (a) +4. (a) (s-a) , se [а,1/2] | 


where ф (s) =ае5/ (4-5), s e [0,q). q and a are fixed constants: 


qé(0,1/2) and a 20, and (а,ф, (@)) is the point of contact of 

a tangent line taking the value 1/2 at s-1/2, to the curve V. (s). 
We take an € «q. Then there exists unique a € [0 ,q) and it 
be easily determined from 


U (a) = 1/2 + Vc (а) (a-1/2), 


which. reduces to a quadratic equation. 


We shall take mesh In with 


х. = А (м), or 
Е 


А » In 
i ‚пу 


and test our scheme (6). 


TABLE: 1. asl, 920.4, m=20 

CICOÉ — TH E = м о 
1077 9 1.19.10 7 12:09:10. 2 12219210 8 209222 QEON 
1075 _ 9 5.96.10. 8 1.649107 2088224 S10 R NOS TT ON 
1076 9 1.79.10 7 2.98510” 2.47.1002 3 1281008 
10710" 9 4 15.107 "2109-108 | osom Кл ОШ 


TABLE 2. a=0.3, q-0.499, m-20 

Do EM E 
S P P 
= = = za 
1072 16. 7.25010 821998 250400 6 1.10-10 128922055 
W i6. 1.97.19 9 2.29 1089 B à 1.994107 
1076 6 — 1.07510: © 92240810 8 о: н 2.04107 
10710- i. ayoni 6:02:35 109 ВОО 


With a small number of mesh points we A 


chieve extremeiy 
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ee 


good results. The errors change slightly for different Values 
of є . A high percentage of mesh points in the boundary layer 


1 


is obtained. 
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REZIME 


JEDNA EKSPONENCIJALNO FITOVANA ЗЕМА NA 
NERAVNOMERNOJ MREZI 

ne? 

U radu se posmatra diskretizacija problema (1) P? | 

nomernoj mreži. Koristi se eksponencijalno fitovana šema 


(6) | 
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les 
yer dokazuje linearna konvergencija uniformna po malom paramet 
we ; М | р rug. 
u slučaju kada je mreža ekvidistantna posmatrana šema svodi se 
na poznatu šemu iz |1| sa konstantnim faktorom fitovanja 
Numerički rezultati dobijeni su na specijalno konstrui- 
sanoj mreži, koja je formirana slično kao u 13| 
ods 
Ole 
| 
For 
Joni 
rlik; 
No 
dan | 
k 
ng | 
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ABSTRACT 

In the paper are defined the following concepts: syntax-directed 
translation scheme (SDTS), form of SDTS, rule of SDTS, syntax-directed tra- 
nslation (SDT), input grammar of SDTS, input language of SDTS, output gra- 
mar of SDTS, output language of SDTS, bi-unique SDT, conditions of compo- 
sition of SDTs, conditions of equality of SDTs, identical SDT, inverse SOT, 
Simple SDTS, simple SDT and compound SDT, and are proved 13 theorems about 
some properties (equivalence, composition, commutation, association and 


unity) of SDTs. 


—— 


INTRODUCTION 


Syntax-directed translation has been known for quite 
a long time. One of the first who has advocated its use was 
| Irons |1|,|2|. There exists a great variety of definition mo- 
| dels for once: directed translations. Two of them are: 
| - the syntax-directed translation scheme [3! and 
- the pushdown transducer 141. 
i Syntax-directed translation 
Compiler generators and compiler writing systems 


l8], lo]. 


THE BASIC DEFINITIONS AND THEOREMS 
z-directed translation scheme 
(N,Z,A,R,S), where: 


forms the basis for many 
151,16! , 171, 


DEFINITION 1. А synta 
(abbreviation used: SDTS) is a S-tuple Т= 
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(1) N їз a finite set of nontermtnal symbols. 
(2) У is a finite set of terminal symbols (Znput alpha- 
bet). 
(3) A is a finite set of output symbols (output alpha- 
bet), and МП (ZUA) = 9 
(4) R is a finite set of rules of the form: 
А-а, В, т 
vhere: 
AEN, 
a e (МИХ) *, 
8e(NUA)* , | 
strings а and B contain the same number of nonterminal sym- | 
bols m, Q «m «min(lo!, |8!) , 

(a) if m»1 m ts a permutation of indices of the 
nonterminal symbols of strings a and B,so that the i-th nonterminal sy- | 
bol of string а is equal to the m(i)-th nonterminal symbol of string В, | 
кше; if т=@ т is [ 1 and usually is omitted. | 
(5) S ts the start symbol, | 

SEN. | 


DEFINITION 2. Let T- (N,Z,A,R,S) be а 5078. А form 


| 
A 
of the SDTS T is a triple F= (а,В,т), where “,В and т sati- 4 
sfy condition (4) of definition 1. } 
i 
DEFINITION 3. Let | 
= (N, E,A,R,S) be a SDTS, T | 
Py = (0B, rm) and | 
F2 (a, 85,75) be the forms of SDTS Т, 


А be i-th nonterminal symbol of string a, and п, GJ -£h Or 
terminal symbol оў string 81 and 


А-о,В,т be a rule of the SDTS T s 


ў 5 
Let the string а апа 6 contain m nonterminal symbol 
A binary relation of direct derivation of the forms 
in is defined on the set (NUZ)* x (NUA)* x п, where nis ү: 
the set of all the permutations of indices of nontermina lass = 
mbols, in the following way: 
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- the string 2, is derived directly by the substitütion 


of i-th nonterminal symbol of i i 
the string ат with the string 


o, 


= UO girang Вә is derived directly by the substitution 


of 7, (3)-th nonterminal symbol of the string 8, with the stri- 
ng В, 


eu z Е F 
the permutation T, is obtained by the permutation т 
and т in the following way: - 


(а) if m»1 then 


(1) for every j <i 


if т, (j) sm (i), then Talj) = т, (3) 


if т, (3) >т) (i) then 74(3) = TG) +ш-1 


; 


(2) for every j >i 


if т. (3) «m, (i) then т (3 *m - 1) т, (3) з 


if ту (3) >т, (i) then malj +m- 1) т, (3) +1-1; 
(3) T, (i +а-т) = 7, (i) +т(а) -1 
for every d, 1 «d «m. 


(b) if м =0 then 


m= [ ] but T, is obtained by the permutation т), 
applying the rules (1) and (2). 


THEOREM 1. The relation of direct derivation is: 
- reflextve, 
— transitive and 


- nonsymmetric. 


2 15 ©) © Ес ву definition, a binary relation В on 
à set S is reflexive if and only if (abbreviation used: iff) 
= every зе S valid sRs. 

From here the binary relation => т 
*(NUA)* xm is reflexive iff for every form (a,8,7) e (NUZ)* x 
* QUa)* хп valid (a,8,T) — (9,8,1). 

Let us suppose the opposite, i.e. that there exists 
= form (a,b,p) e (NUZ)*x (NUA)* x П for which the binary 


on the set (NUZ)* 
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relation =? , is not valid. As follows from rule A +A,A, 
[1] applied on the form (a,b,p) gives the form (a^,b*, р.) 
thus the minimum one of the following three inequalities. 
ата” 
b #Ь7 
pgp pt ep 
must be valid, but it is impossible. 
In a similar way we can prove two other properties, 
The transitive closure of the relation =? 
ted by ilr. 
The reflexive and transitive closure of the relation 


т 13 deno- | 


=>,, is denoted by => 


T m 


The k-th product of the relation => „ is denoted by | 


m 
In the cases when a mistake can not be made, it is | 
possibletoamit the symbol T of SDTS. | 


DEFINITION 4. Syntaz-directed translation (abbre- 
viation used: SDI) is the translation defined by SDTS. 


Let T=(N,2,A,R,S) be a SDTS. 
SDT т(Т) = {(х,у) | (5,5) =>, (x,y); x ED, yet?) 


DEFINITION 5. Det  T-(N,Z,A,R,S)be а SDTS. 

The grammar 6; = (N,E,Pi,S) , where Pa ={A+a|A?% и 
п, Е В}, ts the input grammar Of SDIS Th . The Language 
Li -L(G, ) defined by the grammar б,» that ts, Li n, ={х|5=?® | 
= OR ts the input Language of SDTS T , that is, а ОШ 
from which ts translated. 


The grammar С ое (№ A,P 0'5), where Р Ue 
€R), 75 the output grammar ap SDTS T. The ey T i eae 
defined by the grammarG s that is, L, ={y!s Ey, У D 
the output language of SDTS T,- namely a Language into им 
ts translated. 

The derivation rules of the grammar G; are in the. 
form: 
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А-а; AEN, ae(NUZI)* 


, 
о the grammar С; is contex-free. Consequently, the language 
eis contex-free. 
The derivation rules of the grammar G аге in the 
о 
form: 
А-В; AEN, e(NUA)* , 


so the grammar G, is contex-free. Consequently, the language 
L is the contex-free. 
o 


THEOREM 2. The domain of defining XSI* and the 
set of value Ү<А* of the SDT т(Т) are equal, respectively, 
to the input and the output Language of the SDTS Т. 


роо Е Let Т = (N,Z,A,R,S) be an SDTS. The SDTD 
T defines the SDT т(Т): 
т(т) = {(x,y) 105,5). => Guy), хех, year}. 
The domain of defining the SDT т(Т) is the set X: 
X - (xls gen хеу*) . 


і 
The set of values of the SDT т(Т) is the set Y: 


= {y|s gy уед*} . 
о 
It follows directly that: 
X = Li and 


Y = Le 


as we wanted to prove. 


Let X and Y be some Languages If 


COROLLARY. 3 
е, there extst 


min(tip(x), tip(Y)) >2 then, in a general cas 


pede ТІ =т(т,) and а SD? 17 1(75), so it is valid: 


EE CST NE 
T5 : Y-X, 
besides, there exist т. and T3 je 

Speaking differently хе theory i =; 
Ч general case for contex-free and regular languag 


but only in special cases. 
DT is valid in 
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i 
IMPORTANT PROPERTIES OF SDT | 


THEOREM 3. Let t, =t(T,) and т. =т(Т,) be the SD», | 


respectively defined by the SDTS Ti and T,: 


Fi 
1 


(N, ,Z,A, R84) 
T = (N,Z, А,ВО,$,) 


If: 


a = (DE A and 
тү(х) = т) (x) | 


for every word x from the domain Li, then it ts: 


(y а) 
E = Ly = Lo SAVE 


РИС (9) © 523 By definition, we have: 


* 
tT, 71) = { (x,y) | (5,,5,) T? (x,y), x el, y enl) 
and 


=. Ex * 
T3 =т(Т.) ={(x,y)|(8,,S,) т? (х,2), x еш, 2 его 
Let us have: 
= (1) 
T(x) Y eL САЖ 


zer? 
о 


15 (x) =А* 
я Since: 
T, (x) = To (x) 


it follows: 


tely: 


* 
4 
Га 
| 
| 
| 
ү = 2. 
As, it is valid for every word х є Li , and it follows immedia 
(QU) (29. 
Lo, = Lo о 


THEOREM 4. In a general case, the problem of equ 
valence of tuo SDT is undectdable. 


Proo tf. Let ү (т) апа SS. be two 507 
respectively, defined by the SDTS T and n 
l 
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Ti = (Ny2,A,R,,S)) 
and 

T, E (N,,Z,A (R85) 
Purther, let: 


(1) 


(1) 2) 
Li, DO 


r Lí and L12) + 

aL о is 
be input and output language, 
ges of SDT т 


that are the domains and the ran- 
1 апа тд. 

The mentioned languages are contex-free. The problem 
of equivalence of two SDT can be reduced to the problem of equ- 


ivalence: 


(1) 1310) 

Li - Li 
and 

(1) 5559202) 

Lo = І, 


of two pairs of contex-free languages, which are undecidable 
in a general case, as it is well-known. 


DEFINITION 6. Let т be a SDT. т is a bi-untque tran- 
slation iff the following relation of equivalence ts valid: 


V(x) (x5) (x, - Li, X» -L;)T(x)) = T (x5) <=> x) =X - 


THEOREM 5. Let т=т(Т) be a SDT defined by the SDTS 


T = (N,Z,A,R,S) 


Tisa bi-unigue translation iff for every rules of the SDTS 
Т of the form: 
Ara, „Вит, 
and 
А >a: Вт, 
18 valid in the following equivalence relation: 


эл т CG e B = В. 


T 


1 Can be equal to тә but it is not necessary. 


Proof. Let т be a bi-unigue translation. Let: 


r= Е 
(5,5, [1] ) =Е => Fi Ey 50 => Fp = (xy ty). 1) 
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also be the derivation and translation of the word Xi 


Let us suppose, that by using the rule Аа ВИ 
ig directly derived from the form Fi, namely; 


CUT, n 


the form Fig 


Fa = (a, b_/P;) => (ai,1:P4447P441 itl 


the form Fi is directly 


and by using the rule A r0, 85:7» 
derived from the form F,, namely: 


+1 


Fi = (а Буур) => (afi iar Ру) x: Fa 


If a, = Op and By # Bor it follows that bi zb, ip’ 50 
as the result of the ich and translation, u ху,т(ху)^ 
Г ]) is obtained, where 1(x,) # т(ху)^. And that is impossi- 


ble, since t is a bi-unique translation. So it results that 
if a) 705 then 84 7 B5. 


Analogously, for the assumption Oy 705, 81 В, we ob- 
tain the contradictton too, hence we exclude this assumption. 


DEFINITION 7. Let T, =т(Т,), i-1,...,n be an DT 
defined by the SDTS Ti = (М,,®,,А,,В,,5,), Е оо opio 


The conditions: 


= Ny = Мр = N, i=l,...,n-l 


= By = Ори 


— Ed 


izl1,...,n-1 


e : the rule 
for every rule ТЕТО ER; there exists 


A эВ "В 417" +1 ЕК, фу, i=2,...,n-1 | 


> 87 = Sana = S, lgo pisci 


are called the conditions of composition SDT ar 0050009 " 


j 
THEOREM 6. The composition т 2000508, of the ВЦ 
А D B E ви 
тү, i=l,...,n, which satisfies the conditions of the comp? 


tion ts SDT. 


onm 

Proof. First of all, let us prove that the г 
position т =T)'T, of SDT Ti and E is SDT satisfying the 
ditions of the composition. 
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In fact, by using the definition of SDTS, SDT and the 
conditions of the composition of SDT, we obtain: 


Ti = (N,Z ,A,R,,S) 
T, — (N,A,^5,R5,S) 
= -2 * 
Ti = Tj) = { (x,y) | (S,S) => (х,у), x ert, y €A*) 
т) = T(T,) = ((y,z) | (5,5) mn, уед, z eA) . 
Let be: 
T = (N,Z,55,R,S), 
where 
В = (A »a,Y,T|A +0, В,ту €R,, А +В,ү,т. Б, 20,175] 
and 


т=т(т) ={(х,2) ss) P x elt, z ea^). 


T is the SDTS of т. The SDT t is the composition of 


SD Š 
T Ti and т, 


In fact, let: 


* 
x e LF 


* 
y tT, (x) ед? апа 


2 = т,(у) e45 - 
(х,у) et, is obtained by y =т; (х), that means that 


there exists the derivation: 
(S,S) = Е => Е => OD = Fy = (ВР ЕЕЕ Za 


Analogously, (y,2) 61, is obtained by 2 =т. (у) ‚ апа 


that also means that there exists the derivation: 


= m „„..==>б = ( A 
(5,5) =с = G, => ...=>G, = (8,:Y,:78,) Б n У, 


So, it follows from here that exists the following de- 
, 


rivation: 
= = (X,Z 
m. cH, E =... ? Ha (x ,z) 


(5,5) =H, =>H 
2, апа that 2 =т(х) =1,(r, (x))= 


1 
which signify that (х,2) ет=т, "т 
= сз) (x) and T is SDT. 
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According to the mathematical induction there follows 
directly the proof of the theorem for n SDT. 


DEFINITION 8. Let т, =т(Т,), i-1,...,n be am Spp de. 
fined by the SDTS T, = (N,I,,A,,R,,S) , i-1,...,n. 


The eonditions: 


n - EM = 51 =... = ^n 


are called the conditions of equality of SDT Tis icr PEN 


The SDTSs which satisfy the conditions of equality 


are of the form: 


Ti = (N,Z,A,Ri,S), izl1,...,n. 


THEOREM 7. Let Ta =т(Т,) апа To 2) be the SDTs 
whteh satisfy the conditions of composition and equality. 


=T(T 


In a general case the lav of commutation is not valted 
or SD Bs Bo С . 
for Ts, i.e TiTa # Totty 


P r oo f. Let, us suppose the opposite and then 
prove the claim of the theorem by guoting the contra-example. | 


Let: 


FH 
ll 


1 ({<bb>, <be>}, {0,1}, {0,1},R, <bb>) 


ps] 
u 


{<bb> > «bc», «bc» 

«bb» + «bb»«bc», «bb» «bc» 
«bb» +0,0 

«bc» +1,0} 

be an SDTS. 


tT, = т(Т,) -CGoy) [хе (0,1)*, y eto)*, Ix | 


is the SDT defined by the SDTS T.. 
Also, let: | } 
| T) = СБУ Боо (05130 а eps) 
| where: 
i R, = {<bb> +<bc>, <bc> 
<bb> > <bb><be>,<bb><be> 
«bc» +0,1 
<be> +1,1} 


be another SDTS. 
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т)=т(Т„) = {(xry)|xe{0,1}", уе{1}*, |х| = [ур 


is the SDT defined by the SDTS т.. 


" For every x, x e(0,1)* 


(1,*15) (x) = Ta (т, G0) = т,(ұ) =z 
у e (0)*, |x| =ly| ana 
ze{i}*, ly| = |2]. 


| 
i 
| 
Р 


Ж = т} 0560) = т, (2) = у 
2е{1}°, |х|=|2| and 


у е{0}*, |z| = |у! 


Since z £y, it follows that Tet, ТТ, б 


THEOREM 8. Let tT, TO), T) 
| the SDTs which satisfy the conditions of the composition. 


=T(T,) and ту=т(Ту) be 


In general case the law of association is validated 


d 
for the SDT, i.e. (1,*15)*14 - 1, 7(75*14). 
728 (e| (sy зк Let: 
Ti = (N,Z, ^A, ,R,,9) 7 
T) - (N,A, /A5, R519) and 
) T3 = (N,A_ Ag R3/S) 
be the corresponding SDTSs. 
For every derivation and translation rule. 
| А *a,B,T, ER 
| there are-derivation and translation rules: 
| А >В, У, т. ER, and 
| A >y, ô, T3 ER, 5 
Furthermore, let: 
(1) т. (x) = у 
І 
(2) т (у) = 2 
2 
(3) т. (2) =u. 
Е vation: 


From (1) it follows that there is the зас (х,у) 
(1 -) (5,5) =F = m (а,в) =F, => ... => (x,y), 


Analogously, from (2) and (3) it follows: 
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(2) * (5,5) =G, oe АО) 
апа 
(37) (SiS) = Hin а= (5) =н, =>..„.=—> (Zaye 


From (1^) and (2^) .it follows: 


(12) (5,5) => ...=> (ауу) =>... => (x,z) 


and from (2^) апа (3^) it follows: 


(23) (SoS) = ТО а (y,u) . 


Further that means that 


(тут) (x) = 2 
апа 

(15*14) (у) = ц 
50: 


C60, 03) *14) (x) =T (т. *т2) (x)) = T3 (2) =u 
(ту (15*14)) (x) = (15*14) (т, (x)) = (15* 13) (y) =u 
and finally: 
((1,*15) от) (x) - (ту (15*14)) (x) 


and this is the claim of the theorem. 


DEFINITION 9. 507 t, which is defined by the 8018 | 
| 
| 
| 


ЕС 
ТІ = (N,Z,E,R.,S) 
where: | 
| 

| ЕТ = (Аза, а, т. }, | 
| 
| AEN, | 
| а € (NUZ)* | 
Í = o B m= 
| Шр = Dire Mls where m is the number of the nonterminal S} 


bols of the string a is an identical translation. 


| DEFINITION 10. Let т and ө be the SDTs. If: 
| т.0 = TI and ( oq ex 


tra 


| then the translation 0 is the inverse translation of th? 
B station т . 
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НИ 


The inverse translation is denoted by the same letter 
and upper index -1, i.e. б=т? 


=] 1 ; л 
т.т is the identical translation of the language у* 


ca л ; 4 
т *1 is the identical translation of the language д*. 
THEOREM 9. Теё T-(N,Z,A^,R,S)be an SDTS of a bi- 
unique translation 
T = 2 (т) 
* 
т = { (x,y) | (6,5) "т? (х,у), xex*, y eA*) A 


zm 5 cal A 
T ^-(N,A,E,R ,S) ts the SDIS of the SDT 


с} = geni 
= ; * 
т 7 {(y,x)|(S,S) =)>(y,x), yea*, хе^} 
T 
where: 
=n -1 =! _ 
R ={А-+8,@,П |А-а,В,П ев, П.П = пу) . 
РЕ (oy ©) 955 The translation qa is the inverse tran- 
Slation of the translation т, if the following cases are sati- 
Sfied: 
URS = T and 
1 I 
) lcm 
| m Mc UC 
| Since: 
T -(N,E,A,R,S) and 
* 
| т(Т) = {(х,у)!(5,5) о, x єў*, у €A*} 
апа 
= -1 
To += (NP Aya RI nS meen 
А 5 * * * 
| trl) <{(у,х)|(8,8) => (ухх), y edt, x ert) 
H Я T 
| it follows that: 
и | > -1 
p.p | = (N,£,Z,R-R ,S) and 


-1 
т(Тт).т(т ty) = (x, x) | (5,5) ES ыз з ad 


апа х 
T l.p = (N,A,A,R 8,5) and 


> guy), y eat) ex 7m. 


at v0 15 (0) = Cory) | (5,5) 


TS 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


О у шетте отит а 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 


jislav Stojković 
DM e ee м 


Since: 


R2(A»-a,B,TlA€N, a € (NU Z)*, Ве (NUA)*} and 


= -1 
R | ={A>+6,a,11 [А +а,В,Пев, MM” = Ny} 

it follows that: 

R-R | = {A ra,a,11,} = Ri 
and 

gn = (A +8,В,Пу} = Rr 
then: 

TT) = (N, 2,2, RS) = Ty 
and 

Tm = (NAARS) = Ту 
then 

cil -1 =] = 

ToT ^-T(T)e*xv(T ) =т(Т.Т ) = т (тг) = Ti 

and 


v Ї.т=т(т eT) =т(т lom) «бий ео 


and that is the claim of the theorem. 
. THEOREM 10. Let т be a bt-untque SDT. The inverse 
translation 171 78 unique. 


Proof. If we suppose the opposite, i.e. let 1 
and т, be two mutually different inverse translations of the 
translation т. 


тү°т and т.т are identical translations of the lang 
age A*, i.e. T,"T(y) =17(y) =y, for every y € A* 
t5* ty) =тт(/) = У, for every үєл* 
then 42206) = Т2°т(У) , for every y e ^* 


——(—A^A——— 


| t (y)) = т(т,(у)), for every y €A*- 
| Since т is a bi-unique SDT, it follows, that: 
т} (У) = т,(у), for every y €A* 
then T. = т 
| - and that is the opposite to the initial assumption. 
| It follows, that: 
ет 
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THEOREM 11. Let X not be a bi-unique SDT; The SDT 
Fl is not unique. 


PIT О (е) BE We shall prove the theorem by quotation 
of a contra-example. 
Let: 
T = ({<bb>,<be>},{0,1},{0,1},R,<bb>) 
be an SDTS, where: 


| 
| 
| 


В = {<bb> + <Ьс>,<Ьс> 
«bb»? + «bb»«bc»,«bb»«bc» 
«bc» +0,0 
«bc» +1,0} . 
т =т(Т) ={(x,y) |x e{0,1}*, уе{0}*, |х] = |у|}, 
is the SDT, which is defined by the SDTS T. 
q^! = ({<bb>,<be>}, (0,1), {0,1}, R 1, bb») 
is the inverse SDTS, where: 
R | ={<bb> +<be>,<be> 
«bb» > «bb»«bc» , «bb» «bc? 
«bc» +0,0 
| «bc» +0,1} . 
1 The following rules: 
le | «bc» +0,0 and 
| «bc» +0,1 


| are the elements of the set В 
ness. 


: and they cause the inunique- 


i For example: 
т(01) = 00 , but 


i 

Í = 0 
| 49 1 (99) == 10 
| 


(N, £, 4, R S) is a simple SDTS 


DEFINITION 11. SDTS T= 
ES onterminal symbols 


в of the set R, the n 


^f in every rule А +0, 
in the same order. 


Of the strings а and В follov 
sp? т is simple iff it i 


s defined by 


DEFINITION 12. 
4 simple 5075 T(t). 
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THEOREM 12. The composition of: 


- a simple and compound, 
- a compound and simple 
SDT is a compound SDI. 
The composition of a finite number simple SDT ts 450 
mple SDT. 
The composition of a compound and compound SDT {is а 
compound SDT if the given translations are not mutually inver- 


se. In the opposite case the composition is a simple SDT, 


ргоо fi Let T=(N,2,A,R,S) bean SDTS, апа т=т(1) 
the corresponding SDT. 
If every rule of SDTS T has the form: 
А +0,841 
then SDTS T and SDT т are simple. 
Let: 
А xa, В,П; апа 


А +BY 


be, in that order, the rules оғ SDTS T, and SDTS T. 
The composition of the first and second rule is the 


following rule: 
A xa,y,Hl = ПП, 


(ө) = LI 
f the SDTS T TQ Т, 


е 


7 І 
| Wes Den 
| T AN 10 Wh zr, nj zn 
| Ng =N= N -n D zn, П, пт, n, Einar n, =n" 


| which follows the truth of the claim of the theorem. 


op 
THEOREM 13. Let т be a simple SDT. The inverse zu 
sLatzon of a simple SDT is a simple SDT. 


w 
Proof. Let T-(N,Z,A,R,S) be the scheme of 2° 
ple SDT т =т(Т). The rules of the SDTS T have the following 
form: 
А за, B, Пт . 
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The scheme T ` of the inverse spr i^ 


1 zh 
=T(T 

following form: (T `) has the 
-1 м; 
T = = (N,A,Z,R 1,5) 

where is: 

s - (A»8,a T А-а B,N eR Si 
me I П Neon = nj. 


Since: 
n =n en for every permutation П, it follows, that: 
c -1 


f И m e 


The rules of the set rt have the following form: 
А-В ‚а, Пт 


then the scheme T^! апа the translation т! are simple. 
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NEKE OSOBINE SINTAKSNO-VODJENIH 
PREVODJENJA 


U radu su definisani sledeći pojmovi: šema Svp (sin- 


taksno-vodjenog prevodjenja), forma, SVP, obostrano-jednozn. 
no SVP, indentióko SVP, inverzno SVP, prosto SVP, složeno сү 
kao i uslovi kompozicije i jednakosti SVP. 


Dokazano je više teorema u vezi esobina SVP: 

Oblast definisanosti i skup vrednosti SVP su KS-jezici, 
Problem ekvivalentnosti dva SVP je nereSiv. 
Kompozicija SVP, Коза zadovoljavaju uslove kompozicije 
je SVP. | 

Ne važi zakon komutacije za SVP. 

Važi zakon asocijacije za SVP, koja zadovoljavaju us- 
love kompozicije. j 
Inverzno prevodjenje, obostrano-jednoznačnog SVP je xj 
dinstveno. | 
Inverzno prevodjenje SVP je u opštem slučaju vifeznatm. 
Kompozicija prostog i složenog (odnosno složenog i P. 
stog) SVP je složeno SVP. 

Kompozicija konačno mnogo prostih SVP je prosto SVE. | 
Kompozicija složenog i složenog SVP je slozena, SVP а | 
prevodjenja nisu medjusobno inverzna - u suprotnom jè | 
prosto SVP. 


Inverzno prevodjenje prostog SVP je prosto SVP. 


{ 
| 
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| ABSTRACT 
Lje In the paper, the sets Q and w are defined inthe following way: 

a) Q is the set of the lists of the form: 
[21,6 59, 1, n — c 

F Each element of the list can be: 

| an atom, a finite list, an element of the set Q and an element of 
je | the set w . 

b)w is the set of lists which satisfy one of the following conditions: 

ШШ - they are the elements of the set 2 
MG - some of its sublist is the element of the set Я 

) - they contain an infinite number of sublist. 
“Ж | The functions length and len are defined in the following way: 
Hn | length [1 = 0 
je | length (a:x) = 1 + length x 

| len [] = 0 

| lena = 0; atom a 

| ih len (a:x) = 1 + len a + len x . 

| € main results are: 


length x > о <=> xeQ and 
len x o <=> 
=> хЄш. 
tion: the value of 


The functions lenght(len) is used for the examina 


у is the ele- 
the function, whose arguments are the elements of the set 2(w), is t 


m 
Ent of the set Q(w) . 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


a 


аа... ый 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 
Ivan Stojuenovió and Vojislav Stojković 


236 | 
eee S 


LISTS i 
Lists are ordered collection of arbitrary many eleneny| 


which can be accessed by position. The elements of lists may be 


of any type including numbers, strings (atoms) or other lists | 
(sublists). Mixed type of elements and duplicating are Permitte 


too. 
The finite lists is a list which contains a finite ny. 
ber of elements. The finite list is written in this way: | 
[е,,е, те] , Where n is the number of elements. | 
The Q-list is a lists which contains an infinite number of ele 


ments. The 9-115% is written in this way: 


le е, е] ‚ n-9. 
The set of all Q-lists is denoted by Q (|2,3,4|). № | 
"w-list is a list which contains an infinite number of atoms a 
or an infinite number of sublists. | 
The set of all w-lists is denote Бу ш . | 
The list which contains по elements(an empty lists) В 


written in this way: 
DM o | 


SOME ELEMENTARY FUNCTIONS ON LISTS | 
| 


Lists may be the arguments and results of functions: 
The basic construction operator on lists is ":". It makes am 
one unit longer by prefixing an element to it. For example: 
1: [2,3] | 
has the value [1,2,3] | 
The "cons" function may be defined as follows: | 
cons ах = a:x 


| 
where: | 
| 
{ 


a is an atom or a list, 
eat а 115%. E 


The formal parameters need not be simple variable" 
also the expressions built out of the variables and const 
using the ":" operator. je 

This use of expressions reduces the need for exp te 
quards, and makes the definitions of functions, bY the * р 


equations, more readable. 
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А way for decomposing a list is by using functions that 
yield the head or the tail of a given list. 

The selector functions on the lists are the "hd" 
"1" functions. 


and 


The "hd" function yield the first element of the list. 
It may be defined as follows: 
hd(a:x) = а 
For example: 
hd([1,2,3]) = tia(1:[2,3]) » 1. 
The "tl" function yields the list which remains when the head 
element of the argument list is removed. It may be defined аз 
follows: 

tl(a:x) = x 
For example: 

t1([,2,3]) = exa Pr = [2,3] - 

Notice the :differences between the results of the fun- 
ctions: "hd" yeilds an element of the same type as the first ele- 
ment of the list whereas "tl" yields a list. 

Both functions have a restricted domain in that they may 
be only applied to non-empty lists. Thus: 

nap and 

MES 
are both undefined. 

Let us consider some basic functions. 

The "lenght" function yields the number of elements in 
a list. The "length" function may be defined as follows: 

length[ | = 0 ... length.l 
length (a:x)=l+tlength х = ---** 
For example: 

length ([1,2,3]) = 3 . 

The length of a list js the number of elements 
ding duplicates) in the list to which the function is о 

An (infix) cocnatenation operator сап Беле jo 
3 list which contains all the elements of its first operand, fo- 
lowed by all the elements of the second operand. The concatenat - 
s follows: 


(inclu- 


on Operator "++" may be defined a 
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Г] ++у = у el. ++.1 | 
(а:х)++ у = а: (х++у) ... ++.2 | 
For example: 
1,2 ++ [3,4] = 0,2,3,4 . | 
The "reverse" function yields the list whose elements f 
llow the reverse order in respect to the argument list, The "y 
verse" function may be defined as follows: 
reverse [| = Г | ... геуегѕе.1 
reverse a:x = (reverse x)++ [a] ... reverse.2 
For example: 
reverse [1,2,3,4] = [4,3,2,1] . 
The "sort" function, on lists whose elements are пше 


ric atoms, yields the list whose elements do not follow in de 


reasing order. 


The "sort" function may be defined as follows: 


sore [Г] e IE J9 sort 
Sort(a:x) = insert a (sort x) ele. BS OG tere 
insert a Г |= [а] ... inserto] 
insert a (b:x) = if a «b then a:b:x | 


else b: insert a x ... insert! 


In |6| a wrong definition of the "sort" function is given. AP 
algorithm used is a particular method of sorting, usually cali 
"insert-sort". | 
STRUCTURAL INDUCTION | 


yan On 
To make formal proofs about list-like objects, Wo jl 
be described by abstract rules, reguires the use of sta 
" A s . j | 
induction. This is a technique proposed by R.M. Burstall m 


for dealing with trees of unbounded size. ; 


ч 1 TES n 
The principle of structural induction for lists < i 

t 

Stated as follows. To prove that all lists have the proper? 


we show: 
(a) P([]1) ana 
(b) P(a:x) under the assumption P(x). 


To say it differently, 


{5 
(a) Prove the required property for the basic elemen 
(empty list) 
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| (bl) assume the required Property as an induction hypothe- 


sis for elements of the non-basic elements (the non empty list) 


(b2) prove the required Property for objects which contain 
previous elements. 


ts f Of course, this can be explained Бу ап induction to the 
e a length of the list. 
Let us prove by the structural induction the following 
lemma: 
LEMMA 1. A function length x is defined for every li- 
st x 
nune- 12) se О Xe) АЕ by induction on x 
dec ce 
case Г] 


length { | = 0 by length.1 
gase (a:x) 
length (a:x) =1+length x Бу length.2 . 
Since length x isex hypothesi defined, then length (а:х) 
is defined too, and the lemma is proved. 
Analogously, we can prove, by induction on x, that the 


ert! 
| functions cons a x, reverse x, insert a x ага sort x are defi- 
AP ned for every list x. 
са} 
| SOME PROPERTIES OF THE FUNCTION LENGTH 
| LEMMA 2. length [aj,---,a,! =й (WEB). 
bí 1) 22 © ОЕ 
и БУ 
|! length [а|,. as ay] = length (а,:Га„/.--,& 2 
| | = 1+length Га„,...,а by length.2 
" 3 Р 
»l = 1+length (a5: [a4;-- ag.) PY s 
і | = 1+1+1ера в [a4; - - - гар by length.2 
у! 
= n-14length Га] 
= п-1+1епд®һ (а: 1) by : 
= n-1414length [2 by length.2 
= ро by length. 
| = Me 
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m 
LEMMA 3. length x 20. | 
| 
Proof by induction on x | 
case [ ] 
length [] = 0 by length.1 
case (a:x) | 
length(a:x) = l+length x by length.2 
> 1+0 ex hypothesi 
20 шы с... 


as required. 


THEOREM 1. length xo tff xe, | 


P roo f. Let x = ом be an Q-list. The. 


length x = length Га ази. „ад. ZEN 
= length (a): : [agr--- 18, ра Бу | 
E 1+length ([а„,...,а ,...]) by length.2 | 


=n+length [а у, Дзе. 


Let length x >= . By lemma 2 x сап not be a finite List 
| 
then хє Q. 
б 
Notice that, according to Theorem 1, the function len 


rf 
characterizes all the Q-lists, i.e. lists which contain an Ei 


nite number of elements. | 
1 
| 


LEMMA 4. length х++ү = length x + length У. | 


РИТ © ОКЕ by induction on x. i 
case | 
length (Г ]++y) = length y By ao! 

= 0+length y | 
= length[ ]+length y by length: 
сазе (а:х) 
length ((a:x)++y) = length (a: (х++у)) by ++.2 
= l*length (х++у) by reng 


esí 
-l-length x + length y ех hypo, 
= length(a:x) *length у БУ 18 
as required, 
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| LEMMA 5. length (х++у) > length x, 
length (х++у) > length у. 


Pr (е) (0) 32,5 Immediately follows from Lemma 3 and Lemma 4. | 


STRUCTURAL INDUCTION AND Q-LISTS 


We can formulate the following induction principle: to 
prove that a property P holds for all Q-lists it is enough to 


prove: 
(1) P(Q), and 
her: (2) P(a:x) under the assumption P(x). 
| This is an extension of the idea of structural inducti- 
on, originally suggested in |6|, and is calles the partial ob- 
ject induction. 
THEOREMA 2. х++у =x for any 2-ltet x (and arbitra- 
ту y ). 
Listy Proof by a partial object induction on x: 
| сазе 0 
ange Eko Qtty = 9 
шї Let us prove that the concatenation of an 9-list x and arbitrary 
} list y is ап Q -list. By Theorem 1, it suffices to prove that 
| length (Q++y) >% . 
| Let x = [ау,а„,...] be an $-list, i.e. хей. 
| length (х++у) = length ([2, ,25; - - -] у) 
| = length (ау: [857 D 93) Бу: 
| = length ( a : (a5; 100) by ++.2 
| | = 1+length ( [a5, -J +) Бу епз? 
| = ntlength (Гат: НИ) эш 
) сазе (a:x) 
3 (а:х)++у = а: (х++у) by duo : 
: - a:x ex hypothesi 


S required. 
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адаа ~ 


COROLLARY 1. The concatenatton of the two Lists Ja 
: а 
finite list iff both lists are finite lists. | 


РОО. Follows from Lemma 5 and Theorem 2. 


SOME PROPERTIES OF Q-LISTS 


By applying the function length it is possible to find 
out whether the value: а function, one of whose arguments is 
an Q-list, is an Q$-list itself. 


THEOREM 3. length (reverse x) - length x. 
! 
Proof by induction on x: 
case [ | 
length (reverse! |) = length [ by reverse.1 


case (a:x) 
length (reverse (a:x))=length(reverse х++[а]) by reverse! 
=length (reverse x)-*length[a] by Lemi! 
=lengthx+length (а:Г |!) ex hypothesi. 

-lengthx-l-length [ ] by length.? 


—— QA" 


=lengthx+1+0 by length.1 
=lengthx+1 ) 
-length (a:x) by length? 


as required. 


| 
COROLLARY 2. reverse 0 = 0. | 


Let xe . If reverse x is a finite list then the val | 


of the length (reverse x) is a finite number, which is про 
sible by Theorem 3. | 


LEMMA 6. length (insert ах) = 1 + length x 3 


1) ae © (о) = by induction on x 
case [ ] 


length(insert a [ ]) 


u 


length [a] by insert.1 
length (a:[ ]) by: 
l*length [ |] by length.) 
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length (insert a(b:x)) = length (a:b:x) bv Кал: 


= lHlength(b:x) by length.2 
II Let a>b 


length(insert a(b:x)) - length(b:insert a x) by insert.2 
= l+length (insert ax) Бу length.2 


= l*l*length x ex hypothesi 
= 1+length (b:x) by length.2 
as required. 
THEOREM 4. length(sort'x) = length x . 
РҮ ЛО ОРЕ by induction on x 
өе |7 
length (sort! |) = length {| by sort.1 


сазе (а:х) 
length(sort(a:x)) = length (insert a(sort x)) by sort.2 


= l+length (sort x) by Lemma 6 
= l+length x ex hypothesi 
= length (a:x) by length.2 


as required. 


COROLLARY 3. Sort 9 = . 
The list obtained by sorting an A-list is also an A - 


list. 


TESTS 


А sublist is a non-empty tail of a non-empty 


a) start list or 
b) sublist. 
For example: 
the list [1 [2[3[4]]]] has theree sublists: 
PB [т] 
E [4] and 
[4] 
The start list and empty list are not sublists. 
The number of sublists of a list is equal to the num- 
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о ë —— 
ber of [, in the notation of the list, minus one. | 

Ап g-list is the list whose notation is infinito m 
the list itself or some of its sublists has an infinite number 
of elements, or the number of sublists is infinite. 

Obvious, Q is a subset of w. 

For example: 
ua аи 1, 
ve vs[a] =[[[ ... ааа] 
are w-lists, i.e. they are elements of the set y . у is а oir 
cular list and satisfies the following equations: 
hd v -v and tl v - [a]. 


Lists v is an example ofw -lists , which can be implemented, 
In the general case the infinite lists can not be impleemented, | 
For lists и and v holds: | 
l, and 

length v = 2. 


length u 


This shows that the function "length"can not characterize u-li- 
sts. 


Let us define the function len x in the following ori | 
ginal way: 


len [] =0 
len a = 0; atom a соо ЗАО 
1еп (а:х)=1+1еп а + len x ooo. 59 | 


The function atom x is a basic function. The value of the ЁШ 
tion atom x is "true" iff x is not a list, otherwise it 15 | 
"false". | 


LEMMA 7. len[a,...,a.] -nifa are atoms: 


prey 


Proof by induction on n 
case n = 0 
len LI = 0 
case n 20 


ев Бу: 
-ltlen ау+1еп[а„,...‚а 7] by len.3 


к отеп ар т ау by len.2 


=1+0+п-1 ex hypothesi 
-n Ed 


\ 
1еп.1 | 


| 
| 


by 1еп.1 


as required. 
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l 
= 


т LEMMA 8. The value of the function len x Тв equal to 
Mber the sum of the number of atoms of the List x and the number of 
sublists of the list x. 
Proof by induction on the number of sublists of 
list x 
case n=0 
Since there is no sublist, the proof immediately follo- 
sir- ws by Lemma 7. 
case n 30 
Тех = [а,,...,ар] 
|, 1еп х = 1еп [а,,...,ау| 
Led. = len (ау: [a5;- - ;ay]) by: 
= 1+1еп a,*len[a,,...,ay] by 1еп.3 
= (1+1еп ау) +(1+1еп а>)+...+(1+1еп ay? : 
li- If aj (1<1<К) is an atom then the value of the expression l+len а, 


is equal to 1. 
ri- | If а; (1<1<К) is а sublist then a unity in the expression 


1+1епа, corresponds the sublist а; (1 <i<k). The number of sub- 


lists of the list а, (1 <i<k) is less than n, so len а, is equ- 
al to the total number of atoms and sublists of a; (ex hypothesi), 


Since a, was an arbitrary sublist, Lemma 8 holds. 


Um MEM, | gm 


Unt | 
THEOREM 5. len x>% iff xew. 
If the number of sublists 


PET © © о Let len x >® - 
finition of ш. If the num- 


Of list x is infinite then x €w by de 
ber of sublists or a list is finite chem byi remm арш зы 


30 


Sublist which is an Q-list, so x €9- 
i £ 
Let хеш. Then the number of sublists or the number o£ 
: ini Lemma = 
elements of some sublist is infinite. In both cases by 


len X >с 


v alites T. 


i a simple 
Between functions length and len there exists = 


relation. 


THEOREM 6. length x {len х. 


«x 
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ии NN 


Proof b у inđuction on х 


case [ ] 
length[ ]-1en [] = 0 by length.l and lem 
case (a:x) 
length(a:x) = l+length x by length.2 
< l*len x ex hypothesi 
g l+len x + len a 
= len (a:x) by 1еп.3 
as required. 
THEOREM 7. ХЕЯЙЯ => Xew. 
ргоо £ directly follows by Theorem 6, 5 andl, | 


SOME PROPERTIES OF w-LISTS 


Let us see for example function hd x. Let x = ary . 


LEMMA 9. len x >len(hd x) 


Р т О О ё. len x = len (a:y) 


= ltlen a + len у by len.3 
> lena \ 
= len(hd x), | 
LEMMA 10. hd хеш —»x ew. | 
| 
Proof is obvious. What can we conclude about ^. 


Let a, #0 and u = Шар, ...,а,.. 2] . Then: 


hd и = ва [а-а ,.. 2] 
= Гар. say...) ей 


| 
| 
| 
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Consequently, all four cases, depending on whether the 
argument and the value of the function belong to 9 


sible. 


, are pos- 


Let us see the fünction cons x Y. It makes it easier 
to prove the following: 


LEMMA 11. length (cons x y) = ltlength у; 
len(cons x y) = 1+1еп x + len Vie 


Consequently, function cons x y is an element of 2(w) iff the 


least one of the arguments x and у is an element 2(w). 


LEMMA 12. len (х++у) = len x + len y. 
БР (©) © GF by induction on x 
case [ ] 


len y by ++.1 
len[ | + len y by 1еп.1 


^ len ([]++у) 


case (a:x) 


len((a:x)++y) = len(a: (х++у)) by ++.2 
= 1+1еп a +1еп (х++у) by len.3 
= 1+1еп а +1еп x +1еп y by Lemma 12 
= len(a:x) + len y by len.3 


as required. 
apr сеч: 


THEOREM 8. ш tty = ш 


PINO (о) ого Let хеш. If x €Q then х++у EQ and х++уєш. 


Otherwise x = Гар, -- 12,1 and len x te 
By Lemma 12 follows: 
Іеп(х++у) = len x + len y 22 


then х++у ew. 


Remark that from x eu, 1t 1e non possible о ы суын by 


Structural induction that х++у = х. 


LEMMA 13. len(reverse x ) = len x 


Proof by induction on x 


E 
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case [ ] 


len(reverse[ ]) = len [ ] by reverse.1 | 
сазе (а:х) | 
len(reverse а:х) = len(reverse x [a]) by reverse; 

= len(reverse х)+ len[a] by Lemma ib 
= len x + len[a] ех hypothesi 

- len(a:x) _ — 


as required« 


THEOREM 9. reverse w = ш . 

РБ (oy о: immediately follows from Lemma 13 and The- 
orema 5. | 
LEMMA 15. len(insert а x) = 1 +len а +1еп х 

Proof by induction on x 
case [ ] 
len (insert а[ ]) = lenfa] by іпѕегё.1 
= len(a:[ ]) by: 
= 1+1еп а + len! | by len.3 


case (b:x) 
I a «b 


len(insert a b:x) 


len(a:b:x) by insert.2 | 


1+1еп a + len(b:x) by len.3 | 
NS аср | 


len(insert a b:x) 


len(b:insert a x) Бу insert 
1+1еп b +len(insert ax) by len.) 
1+1еп btl+lena + len x ex hypothe 
1+1еп а + len(b:x) by len. 


Tl 


u 


LEMMA 15. len(sort x) = len x 
| Proof by induction on x 
case [] 
len(sort[ ]) = len by sort.1 


case (a:x) 


len (sort a:x) 


len (insert а (sort x)) by sort.2 : 
1+1еп a + len(sort х) by Lemme : 
1+1еп a + len x ex hypothesi 


& 
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= len(a:x) 
as required. 

e THEOREM 10. sort(w) = ш 

1 } : 

2 Pr ОО immediately follows from Lemma 15 and 

C Theorem 5. 
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REZIME 


DOKAZIVANJE RAZNIH OSOBINA LISTI POMOĆU 


STRUKTURNE INDUKCIJE 


U radu su definisani skupovi f$ i - 
а) Q je skup listi oblika ' 


le rezso. -e re 
Svak 1 n 5 
aki element е„ može biti: 


= 


zl З 
qv со 


= atom 
7 konaéna lista 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ge аии оо с су о 
Digitized by Агуа Samaj Foundation Chennai and eGangotri 
250 Ivan Stojmenovié and Vojislav Stojković 


| 
- element skupa 9 | 
- element skupa w | 

| 


b) w je skup listi koje ispunjavaju jedan od Sledećih 
us lova: 
- pripadaju skupu 9 
- neka njena podlista pripada skupu 9 
- sadrže beskonačno mnogo podlista. 
Definisane su funkcije length i len na sledeći način: 
length [] = 0 


len (a:x) = l+ length x 
Теп [81 =0 | 
len а = atom а | 


, 
len (a:x) = 1 + len a + len x 
Dokazano je da važi: 
length x>% -—»xeQ i 
len x>% <=> x eu. 


Funkcije length i len se koriste za ispitivanje da li je vred- 


nost funkcije čiji su elementi argumenti skupa 2 odnosno | 
ш , element skupa 9 odnosno ш . | 


| 
\ 
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SOME ALGEBRAIC PROPERTIES OF REGULAR 
MATROIDS 


Dănuț Marcu 


Faculty of Mathematics, University of Bucharest 


Academtet 14, 70109 Bucharest, Romania 


ABSTRACT 


The regular matroids mark an interesting half-way stage between 
the matroids corresponding to graphs on the one hand, and the binary ma- 
troids, that is matroids which are representable over GF(2), on the other. 
Perhaps the most famous result to date in all of matroid theory is Tutte^s 
characterization of regular matroids by means of forbidden minors [2!. Ап 
interesting feature of regular matroids is their close relationship with 
an important class of matrices, the unimodular matrices |L! (note that the 
entries of a unimodular matrix are all 0 or #1). 

Our aim in this paper is to give some algebraic properties of the 


Standard representatives matrices of regular matroids. 


INTRODUCTION 


c terminology and results used in 
see !2, 


The matroid theoreti 
this paper are according to standard literature (e.g., 


4,5] ini nd r a function D BUM 
). Let E be a finite set a 


GU is the power set of E and м the set of non-negative in- 
)isa matroid M : = M(E,r) on E, and 


сег). Then the pair (E,r 
if the following conditions hold: 


F(S) ig the rank of SSE, 


(а) r(s)«]|s| , for each SEE, 
(b af SES S Е, then г(5)< r(S) ; à 
(с) risusa +r(SA S) < (8) +2650. foa cade E 


Haridwar 
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A subset SCE is called independent if r(S) =|S! where Is} ae! 


notes the cardinality of S; a basis of M is a maximal indepe,, 
dent subset of E. 

If B is a basis of M, then B* -E -B is called а coba 
sis of M. The dual matroid of M is the matroid M* on Е whose 
Bises are the cobases of M. If r* is the rank function of Mt, 
then r*(S) =|S|-r{(E) +r (E-S) for every S SE. Let F(M) beg 
family of independent sets of M, and IF a field. M is repress. 
table |1| over F if there exists a vector space V over F а 
an injection о :E >V such that a subset S of E belongs to FW 
if and only if the corresponding vectors of o(S) are linearly, 
independent over IF. A matroid is regular |4| if it is гере! 


sentable over any field. | 

Throughout, we shall denote r :- r(E); it is well-km 
that for any basis B of M we have r(B) =r(E). Let then B be: 
basis of M and m = |E-B|. If M is representable over a field? 
it will have a standard matrix representation |2,4| with res 
pect to the basis B of the form R(M,B) = (I; [А] where I. is m 
rxr identity matrix and A is an r xm matrix with the entries | 


belonging to F. | 


\ 


ted by Tutte in |2|) says that if M has a standard representi, 
tion R(M,B) = E [А], then the анат M* has a standard repress) 
tation R*(M,B*) = САТ |r] m Where AT is the transposed of asi] 
B* =E -B. The following hold: | 


A well-known property of matroid representation (SW, 


(1) [RGt,5)] [в*(м,в*)] = о, 
T 
(2) [R* (M,B*) ] [R(M,B)]~ = Ог” ў 
мһеге om denotes the null matrix with p rows and @ ч 
! 
ide 
The main results. In the sequel we shall consi Ju 
to be a regular matroid on the finite set E = {е1 е 
n ma 


If S is any subset of E and R a standard representati? 
of M we define R(S) as the submatrix of R consisting of 


columns that correspond to members of S. 
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THEOREM 1. (W.T.Tutte,|3|). The matrices R(M,B) and 


R(M,B*) аге unimodular. 


THEOREM 2. (W.T.Tutte,|3|). Let S be a subset ор E. 
The determinant of R(S) has one of the values 1 or -1 if S 18 


a basis of M and 0 othervise. 


THEOREM 3. (W.T.Tutte,|31). Let S be a subset of E. 
The determinant of R*(S) has one of the values 1 or -1 if S 


is a cobasis of M and 0 otherwise. 


COROLLARY  (W.T.Tutte,|3|). The following hold: 
(3) det ((R(M,B)) [к(м,в)] 1) = ban , 


(4) det ([R* (M,B*)] [R* (м,в*)] T) = Ь(м) 


PIT е) Cy ог. It follows from Theorem 1 and 2 by apply- 


ing the Binet-Cauchy theorem: 


= b(M) 2 bn 
det([R(M,B)][R(M,5))] ) = ) [йе&в®(в,)}^= ] 1=b(M), 
pur Е i=l i=1 


where Bi; i-1,2,...,b(M) are the bases of M. Similarly we can 


prove (4). (Q.E.D) 
LEMMA 1. For any r xm matriz А the following hold: 
ar 
det(I, *AA ) » 0. 


12) 12) ©) Eo Let X be an arbitrary r x1 vector. Thus 


TNT, 2 
xs +ААТух = xix ex lAR X = ХХ ADU и 


"DU iti ini matrix 
* || АТХ || 2 SO tes I, +AA is a positive definite 


Since Ir +ААТ is symmetrical ДЕ 


(||x|| denotes the norm of Х). 
., see 16]) that аее(т_ + 


follows by Sylvester ^s criterion (e.g 
m 
TAA’) »0. (Q.E.D-) 


LEMMA 2 le] If Y is a square matriz of the form 


Y= LHe | where A and D are square matrices, then the fol- 
C|D 


lowing ОГО = 
det Y = det Adet(D-CA в), 


fa) я detA #0, then = 
A dety = det Ddet (A-BD Gy 


(b) if detD = 0. hen 
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LEMMA 3. The following hold: 
(c) det RAMB) 20, 
R* (M,B*)| ` 
R* (M,B*) Wr К (M,B) 
(d) det | — = (-1) det * * 
R(M,B) eee | 
ов ©} © ть According to Lemma 2 we have 
R (M,B) I| A т 
det | ————— |= det| 4 = det(I *A' A) = det(I +a) 
R* (M,B*) -A is T. ! 
and (c) follows from Lemma 1. On the other hand, by Lemma 2, 
we have 
ED I 
ВА (М, вх) | _ m e 
det СВУ I det т A = 
d r 
T 
I -A 
m 
= (-1)'"fget = det m AAT) = 
A || п E | 
r | 
я mr R(M 
= (1) де | ROB). ОЕ. о.) 
К (М,В*) 

THEOREM 4. The following hold: | 
| | 
| { 
l (5) det | RM,B) | _ b (M) 
| R* (M, B*) 

| 
(6) det | Ё*(М,Вв*) | _ 
Е к(м,в) | = - Р(М) 
jov (© (e ig From (1) - (4) we obtain: 


(det | —R(M,B) _ eS В (M,B) дес E 3 
R* (M,B*) R* (M,B*) в* (M,B*) 


det Pu | act| [ss] 


Ш 
u 


[R* ese]? 


R* (M,B*) 


R (M,B) 


= det( | -ROGB) y T 
OS 
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MUR ee 
a ИНИНИ 


zi dr = 
aet | LEGGE) R m,e | [R M,B)] [R*(M,p*)]7 g 
|= 

J 


Ш 


| (R* mBo] Гам, ву]? | Гаж mB] [Re m,e 


Г 3 JT 
dec BB] [Rer 5)] Ол К 
p [Re (M,B*)] [R* (m, B+] 


r 
r(rt1) 
_ 2 


(-1) det ([в(м,в)] [в(м,в)]7)ае&([в* (4,54) fre mB] 2) = 


1 


= Бы? 


Thus, (5) follows according to (c) and (6) follows by (5) and 
(d). (Q.E.D.) Let B be a fixed basis of M,B* -E- B and Buy 
Be 


Bt = Е -В;, i-1,2,...,b(M). For every By we denote by s (Bi) the 
sum of the columns indices of R(M,B) that correspond to mem- 
bers of В.. Similarly for s(B*). By expansion of det -R(M,B) | 
m i 
R* (M,B*) 
according to Laplace 's rule considering all major square subma- 
trices of order r contained in the rows of R(M,B), and using 
Theorem 2 and 3 we obtain from (5): 
b (M) s (B1) * 
$ = ) (7-1) detR(B, )detR* (B1) = b(M) . 
і=1 
Similarly, using R*(M,B*), by (6) we have: 
b (M) s (BŽ) = 
=) LO). detR(B, )detR* (Bj) == Би 
і=1 


s(B,) > 
Obviously, S = Ь(м) if and only if (-1) ~ detR(B,)detR*(Bi) =1 


for every i=1,2,...,b(M) , i.e. if and only if detR(B,) 
S(B,) 2:3. А 
= (-1)  * detR+(BŽ) for every i-21,2,...,b (M) - Similarly S*-b(M)if and 
= * 
Во for every i-1,2,...,b(M). 
1 


onl + = = 
Y if detR(B,) = (-1) (BÍ) 
detR(B,) 


S 
-b(M) if and only if (-1) 
b(M), i.e., if and only if 


9n the other hand, S* - 
Зек (Bt) =-1 for every 1=1,2,..., 


s(BŽ)+1 


SetR(B,) = (-1) {Г  detR*(B,) for every i-1,2,...,b(M). Thus 


we have the following theorems: 
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THEOREM 5. The following holde: 
Ü 
S (B,) | 
i 


detR(B,) = (-1) detR*(B;), i-1,2,...,b(M). 


THEOREM 6. Only one of the following holds: 
* 
p eu 
detR* (Bi), i-1,2,...,b(M), 
5 (В*) +1 
і 


Ш 
= 
1 
= 
— 


either detR (Bi) 


detR* (Bj), 321,25 юм 


u 
~ 
1 
= 
— 


or detR(B;) 


Let В“ be a basis of M such that В ZB^, B-B^- (em 
1 


e. ,...,0, ) and в^-В={е. ‚е. ,...,е. ) (obviously |B-B'|s | 
ip ite ja da Jt pe | 


= |B^-B| ). We shall denote by R(B-B^, В^-В) the square sub- 


matrix of R(M,B) consisting of elements in the crossing of 


the rows i i with the columns јуја: 


21r. 


THEOREM 7. The following holds: 


detR(B-B^, B^-B) = detR(B^) 


P roo f. Obviously, the columns t*1, Ё+2,.. 11 of | 
R(M,B) have only one non-null entry, i.e., 


"m (вив) 1. 


(7) (R(M,B)) = (R(M,B)) г 


t+l1,t+1 ^ t+2,t+2 °° 


Let Л. уу denote the subdeterminant of detR(B~) obtained by @ 


leting the row ++1 and the column t+1: A, 2 the subdete | 
+ 


А ; е 
minant of Aaa obtained by deleting the row +2 and th 


mU 
column t+2 and so on up to Л. From (7) and the definiti? 
r 


R(M,B) it follows that d 5 = = = ы = A 
n etR (B ) D - 5612 o r 


= detR(B-B^, B~-B) . (@ ЖЕ БЕ): 


Similarly, if В*^ is a cobasis of M such tha 
we then have: 


t pi^ f 


THEOREM 8. The following holds: 


detR*(B* -B*^, p*--px) = detR*(B*^"). 
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OO АИ 


Let Ва, Bp be two distinct bases of M, B 
sponding cobases 
corresp 9 eum Ra! Bp: Ка, RÉ 


ae Bs their 
the respectively 


standard representative matrices. Let d(B.,B,) = ESC) = 
= |By-B,| - According to the form of В and R* and since B-B = 
* * 
= BE Be, Bp Вы Ва -В, we then have 
d(B,,B,) 
(8)  detR4(B.-B,, BeBe) = detR? (B*-Bf ,B&-B*) 3 
а (B. ,By) 
(9) detR, (B,-B.,B.-By) = (-1) detR? (BE-B*,B*-Bf 
From (8) and (9), using Theorems 7 and 8 we obtain: 
dB) * 
= - * 
(10) detR, (B) (-1) detR? (Bp) ‚ 
(11) detR, (В_) = о. х (B^) 
езг Bp Baa 
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REZIME 
NEKE ALGEBARSKE OSOBINE REGULARNIH MATROIDA 


U ovom radu dokazane su neke algebarske osobine stan- ' 


dardnih reprezentativnih matrica regularnih matroida. | 


| 
f 
| 
| 
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ANOTHER CONSTRUCTION OF RANK 4 PAVING MATROIDS ON 8 
ELEMENTS (1) 
Dragan M. Acketa 
Prirodno-matemati8ki fakultet. Institut za matematiku 


21000 Novi Sad, vl. dr Ilije Djuričića br. 4, Jugoslavija 


ABSTRACT 


All 950 non-isomorphic simple matroids on 8 elements were 
constructed in !2! by the use of a computer programme. By using elemen- 
tary methods, without computer aid,we give another construction for 
probably the most interesting (when non-isomorphisms are considered) 
subclass P of 322 rank paving matroids on 8 elements. The class P is 
partitioned into three disjoint subclasses. The construction of the first 
two is given in this paper, while the construction of the third subclass 
of P is given in a sequel paper 11| (these two papers make a whole). We 
Study in greater detail the ways in which the non-isomorphic possibilities 
arise. Our main tool in the construction of P are three auxiliary classes 
of graphs (these graphs can be bijected to some of the paving matroids) 


and some properties of the Steiner system  $(3,5,8). 


PRELIMINARIES 


We emphasize that the whole understanding of the 
Construction itself can be gained without knowing what a 
Matroid is, although some familiarity with elements of 
matroid theory is desirable. A few basic graph-theoretical 
definitions are necessary; all can be found in any general 
text оп graphs (e.g., Ie» Non-defined notions on matroids 
(which appear only in several commentaries of the construction; 
can be found in | 4 |. 


We shall mainly consider t 
he set 5 -(1,2.3,4,5,6, 18 


he sets which are subsets of 
If there is no possibility of 
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u——————————— — CoU TORT -—— ———— 
confusion, then the fixed subsets of S are denoted Without 
brackets and commas (e.g., "1234" instead of "{1,2,3,4}"), j 
We shall often speak about, e.g., "1234" instead of “the se 
1234". An n-set (n-intersection, etc,) is a set (intersectig 
etc.) of cardinality n. In particular, an n-path of a graph iş 
a path of n (distinct) edges. The cardinality of a set x 15 
denoted by |X|. 

By a "graph" we shall always mean a non-oriented graph 
without loops and multiple edges. к 
А ground-set of a family of sets is the union of all its 
sets. 


| 
Two families of sets F] and Fj, with the ground-sets 6 | 


and Сә respectively, are isomorphic if there is a bijection 
а : бу-бу such that j 


хе Fy <=>a(X)€ Fo 


The addition of a set X to a family F, where X does not | 
belong to F, is the operation which gives the family FU(X. 
The set X is said to be added to F. 

If the addition of several different sets to the same 
family F gives the isomorphic families with one set more, the 
we choose one of these sets. Its addition to F gives a represi 


tative of a class of isomorphic larger families. 


| 


А P-family is a family Е of distinct subsets of 5 
satisfying: 


(a) Хек => | X| 24 
(b) ( X ,ePAX fx) => Ix; Nx | < 2 
(c) sfr 


" s je 
An A-family is a P-family F which additionally satisf 


(d) (9х) K eF A Ix| >5) 


A B-family is a family F of distinct 4-subsets of 5 
satisfying: 


(e) (Ky X, EF AX, £X.) => Ix, ПХ. | e (0,2) 
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| A C-family is a P-family, 


which is neither an A-family 
! пог a B-family. 


Bet 

tion, INTRODUCTION 

bh is 

ls There is an obvious bijection between non-isomorphic 
p-families and non-isomorphic rank 4 paving matroids on 8 

iph elements (P-families correspond exactly to the families of 


non-trivial hyperplanes of such matroids). On the other hand, 

1 its it is clear that non-isomorphic P-families may be partitioned 

into non-isomorphic A-, B- and C-families. 

56 | In this paper we shall give separate constructions for 

n all non-isomorphic A- and B-families. There are, respectively, 
52 and 86 families in these classes. The construction of all 
non-isomorphic C-families is given in !1]. 

Our main tool for dealing with the Ііоп^ѕ share of non- 
isomorphic A- and C-families are three classes of auxiliary 
graphs. We establish the theorems which provide the necessary 

1 Correspodence in each case. On the other hand, the construction 
of all non-isomorphic subfamilies of the Steiner system 5(3, 
4,8) yields all the non-isomorphic B-families. 

The non-isomorphism of any two constructed matroids 

(1.е., of any two constructed P-families) should be obvious 
| from our construction. This is not so in catalogue |2!. For 
| example, there are 63 non-isomorphic rank 4 paving matroids 
Оп 8 elements, which are given in |2| by families of seven 
1-hyperplanes. 
\ The exhaustion of all non-isom 
e immediately follows from |2|. We have made efforts, however, 
| to Provide a self-consistent proof of this exhaustion, ; 
| although a full understanding of such a proof sometimes still 


orphic possibilities 


reguires small case analyses. 
ns recommend our construction 


We would by no mea 
3 our construction could be 


instead of that of 12 1:, in fact, 
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х | 
hardly completed without the help of the first one. We Sinpy 


hope that this construction could help a better under standin, 
of the ways in which non-isomorphic matroids arise and, 
perhaps, be used for some further research. 


FURTHER DEFINITIONS AND DENOTATIONS 


Given an A-family F, which has exactly one 5-set, 
denoted by X, we define the A-graph G of F as follows: 

(i) vertices of G are elements of X 

(ii) there is an edge {a,b} in С if and only if there 


is a 4-set containing (a,b) in F. 


Two (non-incident) edges of the just defined A-graph 
G are said to be similar if the corresponding two 4-sets of 
F contain the same 2-subset of 5\Х. 

A denoted A-graph is a graph G on five vertices, with 
at most six edges, such that 

(i) some disjoint pairs of non-incident edges may be 
distinguished l 

(ii) if G has k edges (4<k<6), then there are at least | 
k-3 pairs of distinguished edges. | 

REMARK: (ii) implies that G has not a vertex of degree ^i 


ion 
The pairs of distinguished edges determine a denotal | 
of G. 


Б; 
graphs are A-graphs of some A-families. In fact, the defini 


We stress that it should be proved that denoted А" | 
E 
of denoted A-graphs includes the characterization of thos ’ | 


A B jie I 
graphs, which can be represented as A-graphs of some AES ; 


| 
is 
The family of blocks of the Steiner system (з ШАШ 
the family ф, where: i | 


s 1256, 1278, 1357, 1368, 1458, 1467); 
| 15678, 3478, 3456, 2468, 2457, 2367, 2358) 


(The blocks are for convenience written in two lines): 
The complement of а block X of p is the block 5\Х. 


————— 
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The complementary subfamily of а subfamily F of 6 is 
the family F such that FUF =o; FNF = 9. 
The family $1 is the family of those blocks of ¢, 


which contain the element 1 (the first row in the entry above). 
The blocks of ф without 8 are called heptahedron hyperplanes. 
A complement of a subfamily F of ¢ is a block, which 


is not іп Р, but the complement of which is in F. In some 
cases we say only "the complement", when F is clear from the 
context. 
We shall sometimes speak about some elements or some 
1959 subsets of S sharing the isomorphic position in (with respect 
to) a subfamily Е of ó . We found it difficult, and perhaps 
unnecessary in this context, to make this rather vague notion 
quite precise. It means that the corresponding subsets of S 
should be equally treated when constructing non-isomorphic 
vith subfamilies of 6, which contain F. Such subsets are easily 
recognized in each particular case, For example, a necessary 
be condition for two elements of S to share the isomorphic 
| position in Е is for them to appear the same number of times 
least in the blocks of F. In most cases this condition appears to 
be sufficient. A similar conclusion holds for 2-subsets of S. 


I 
agree ^ .A subset of S has a special position in a subfamily 
i SPCC? Gane) са 
taU?! of ó if it does not share the isomorphic position (with 


respect to that subfamily) with another subset of S. 


$ 

и 
ini] CONSTRUCTION OF NON-ISOMORPHIC A-FAMILIES 

i 


Se 
milf | We differentiate four cases for an A-family F: 
mu Case 1: F has a 7-set X. 
| The rules (a) and (b) give Е = {X}. 
Case 2; 


It is easily seen that all the other sets of F can be 
Just the 4-sets which contain S\X and no two have a common 


{ 

1 

| c F has a 6-set X. 

| ; 
element in x. There are therefore just four non-isomorphic 
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A-families with a 6-set, having from none up to three т. | 
Case 3: F has two 5-sets Ху and X2. E 
We have |Xin Хә = 2. An easy argument shows that al) 
the other sets of F can be just the 4-sets having two element, 
in Ху\Х2 and the other two in Х№Х\. At most three such cu 


may appear simultaneously and each two of them have one сото; 
element іп XX, and another one in XX]. So again we have 
four non-isomorphic possibilities depending on the number of 
4-sets. 
Case 4: F has exactly one 5-set X. 
If Е has a 4-set containing S\X, then we denote this 
4-set by Y. | 
ы) 5 dx í у 
THEOREM 1. There is a bijection between non-isomorphic: 
a) denoted A-graphs and A-familtes which have | 


exactly one 5-set X 
and have not Y 


b) denoted A-graphs and A-families which have 
whitch have at least exactly one 5-ве% Y 
one isolated vertex and which have Y . 


These bijections are realized by establishing such 
isomorphisms between the denoted A-graphs and the A-graphs 
of the A-families, which map pairs of distinguished edges 


pairs of similar edges and conversely. 


Proof. (Sketch) An A-family Е of Case 4.has the 
unique A-graph С with fixed pairs of similar edges. It 15 
easily shown that С satisfies all the conditions to be 2 
denoted A-graph, when the similar edges are interpreted sa 
distinguished. On the other hand, a denoted A-graph uniquel/ 
determines, up to an obvious isomorphism, the corresponds 
A-family. As for b), we observe that the element ХПУ cannot 
appear in another 4-set of F. 

We give the table of all non-isomorphic denoted BS 
graphs. The graphs are given without isolated vertices’ Í 


" 
* 2 Е t „is 
) Two denot el A-graphs 61 and.G, are isomorphic if there is а дгар? 


phism which ma ps бу onto G, and preserves the denotation. 
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SS 
ets | there are any. Two distinguished edges in the same pair are 
| always crossed by the some number of short lines. The order 
| 
11 of this denotation is unimportant. 
mente 
Sets THE TABLE OF NON-ISOMORPHIC DENOTED A-GRAPHS 
"Оттор 
ve 


п. It is well-known (see,e.g., the Appendix of 121) that 
ind) | the above list includes (when the isolated vertices are 

A | returned) all non-isomorphic graphs on five vertices, which 
= | have at most six edges and which have not a vertex of degree 


4. The exhaustion of non-isomorphic possibilities for 


denotation, however, should be checked by case analysis. Thus 
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y 
for example, the last denoted A-graph in the table hag two 
vertices of degree 3 connected by three disjoint paths of 
length 2. Any edge has just two non-incident edges and it ig 
easy to see that there are only two isomorphic possibilitie, 
for denotation. 

As there are 29 non-isomorphic denoted A-graphs, 14 
of which have isolated vertices, Theorem 1 gives that there 
are 43 non-isomorphic A-families arising in Case 4. We point 
out, however, that the Table above does not give only the 
number of these A-families, but an immediate construction of 

) any of them as well. 

REMARK: We can immediately construct 47 non-paving  , 

rank 4 simple matroids on 8 elements by taking duals of the 


paving matroids determined by A-families of Cases 3. and 4. 
(2) CONSTRUCTION OF NON ISOMORPHIC B-FAMILIES 


We shall primarily give three theorems, which will be 
used in the construction. 


THEOREM 2, Each B-family Е can be embedded into 9. 


m—ÀÀ— 


Proof. As the assertion obviously holds for the | 
empty family, the family with exactly one 4-set and the family | 
with exactly two complementary 4-sets, we may assume that the | 
family F contains two intersecting 4-sets Xj 7(a,b,c,d) and | 
Xj-7(a,b,e,f). It is easy to check that the only remaining 
4-subsets of S={a,b,c,d,e,f,g,h}, which have not l- or 3- 


intersections with either of Xj, X5,are the sets of ТИК, 
where 


I-((a,b,gyh), (c,d,e,£), (c,d,g,h), {e,£,g,h}} 
= @,С,е,3}, (a,c,f,h), {a,d,e,h}, (a,d,£,9) 
{b,d,f,h}, {b,d,e,g}, {b,c,£,g }, (b,c,e;h) 
{a,c,e,h}, {a,c,f,g}, {a,d,e,g}, (a,d,£,h)) 
(b,d,f,g), {b,d,e,h}, (b,c,£,h), {b,0,e,9} | 
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There are no "forbidden" intersections among the sets 


of IUJ or IUK, while each set of J has either 1- or 3-inter- 


i section with each set of K. Thus the only two maximal B-fami- 
les lies containing X-(X,,X,) are Х+І+Ј = Ф, and X+I+K = $4. We 
have, however, that Ф, = Фф and $4 = ф. The isomorphisms are 
established by the permutations, which map (a,b,c,d,e,£,g,h) 
Y to (1,2,3,4,5,6,7,8) and (1,2,3,4,5,6,8,7) respectively. 
int 
THEOREM 3. If two subfamilies of Ф are tsomorphic, 
of then thetr complementary subfamiltes are also tsomorphiec. In 
other words, there always exists such an tsomorphism between 
J |! two isomorphic subfamilies of ©, which сап be extended to ап 
he automorphism of 69. 
4, 

LEMMA 1. If a permutation a of S satisfies the 
condition: "а($)ПФ contains some three blocks with eractly 
one common element", then a(6) =% 

be 
Proof. As a(b) is isomorphic to Ф, it suffices 
to prove that a(¢) is uniquely determined by the given three 
| blocks ХХХ. . Denote X NX NX, = {z}. The other four blocks 
не } Of a(S), which contain z, must be: 
ami | 0X») +(5N(x Ux) ) ; (X, X4) +(SN\(X UX.) ) 
the 
(ХХ) - (SN(X X 
S 2 *3)+(5\(хух.)) , {2}+(Х N (ХХ) ) + (XN (Хх UK) ) (CN (X ,UX^) ) 


| 
| 


where "+" denotes the union of disjoint sets. 


Namely, the first three blocks are due to the fact 
that each of the 2-sets X,flX,, ХЛХ., X,NX, appears in exactly 
three blocks Of 0(Ф). A similar argument applied to the 2-sets 
[GN cux. o {z}+(X,\(X,UX,)), {z}+(X,\(K,UX,)) yields 
the fourth block. 
ee The remaining seven blocks of «(¢) must be the comple- 

Of the first seven. 


LEMMA 2. If a is an isomorphism betueen two subfami- 
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lies Е, and Р, of 9, each of which contains (at least) three 
blocks with as one common element, then a can be extende; | 


to an automorphism of $. 


Р г о о t. As the cardinality c of the ground-set 
of Fi is at least 7, the bijection o between the ground-sets 
of Fi and Е, сап be extended to a unique permutation a of S 


(if c=8, then A4=0), The proof is completed by applying Lemma L 


Proof of Theorem 3. Due to Lemma 2., we have to 
consider only the case when none of two isomorphic subfamilies | 
Е, and Е. of Ф has three blocks with exactly one common element,! 


1 
We differentiate three cases: 


Case 1. Е, has two intersecting blocks 


Xi = (a,b,c,d) , X, = (а, Беле 


The 3-set (a,c,e) is included in a block X47(a,c,e,g) | 
of Ф, for some ge SN(X, UX.) . Let а denote any isomorphism of | 
F, onto F,. Similarly there exists a block X,7l ala), а (с) „с ey | 
of $, for some уе5\(а (X, )Ua(X,)). Obviously X4 f FX fE We | 
define a permutation ay of S as follows: \ 

у(х) =a(x) for хех1 (Хо, aj(g) = v | 
a (SN ((g) UX, UX,)) = SN (у) U a(X})U a (X5)). п 

The Pe аып a, estabilishes an isomorphism betwee | 
the subfamilies (x; X5,X.) and {a ( ху) 9 л} of Ф. Thus бу | 
is an automorphism of éby Lemma 2. 

The only blocks, which may arise in Е, (by reason of | 


the assumption), apart from Xi and хо, аге: 


(X1U X)) N(X, Хх), (x, nx 2)” (SN (xU X,)), SNX, ‚ S\%o* 


Since a, (X) S and o E Tet у, the image 


of each of Mice lad = a ae a 


jes 
i Cop i qe This imp) 
that a, is an extension of а. 


ot 
Case 2. Fi has a block xi = (a,b,c,d), but has 2 
two intersecting blocks. 


\ 
а = {ай 
There exist two blocks X, = (a,b,e,f) and X3 = 
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ее 
nded of Ф for some e,f,geSNX,. SU AG Ф|. 
Е Let a denote an arbitrary isomorphism of Fi onto F5. 
similarly, there exist blocks X, = {@(a) ,%(b), h,i} and 
х. = {a(a),a(c) ,h,j} of Ф for some h,i,jeSNO(X)). Obviously 
u ХХР" We define the following permutation d^ of S: 
g a (x) =0(х) for хех, 
ma |, а, (е) =h ; а, (Е) =i ЕО 2 (9) = 3 
3n Oy (SN(X UXAUX .) ) - SN(o (ху) Охх), 
lies | The permutation D establishes an isomorphism between 
E the subfamilies (X, ,X5,X 4 and (а(х) ,X,, Xo] of Ф. a, is an 
automorphism of Ф by Lemma 2. 
The only block, which may arise in Fi; apart from Xi, 
is SNX, and 
a, (SNX4) = S\N% (X1) = SNa(Xi) = a(SNX) . 
ug) proves that (a is an extension of a. | 
f | Case 3. F, has no blocks 
Lu ФХР = ONF, = $, which completes the proof of Theorem 
е | So 
| Consequence: Non-isomorphic subfamilies of 4, which . 
) have more than seven blocks, are uniquely determined (up to 
E an isomorphism) as the complementary subfamilies of those 
aa non-isomorphic subfamilies of Ф, which have at most six blocks. 
| 
e | THEOREM 4, The assertion of Theorem 3 still holds, 
| when à is replaced by $.. 
2 | Р г о о f. Omitted as similar to and easier than the 
A Previous one. (Deleting 1 from all sets of Фу, we have the 
1165 lines оғ the Fano plane, and we should use the families of 
three non-concurrent lines as the "key"). 
Theorem 2 and the Consequence of Theorem 3 reduce the 
5 Construction of all non-isomorphic B-families to the construc- 
cel оп of атт non-isomorphic subfamilies of 9 whidh have at most 
е! 
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seven blocks. This last construction will be done step- by. 
step, beginning with the smaller subfamilies. Given a j 
subfamily of k blocks, we should naturally look for its non. | 
isomorphic superfamilies of К+1 blocks and choose one 
representative from each class of isomorphic families for 
the next step of generation. A great defect of this Procedure, 
however, is that non-isomorphic families may have isomorphic 
superfamilies. In order to lessen its effect as much as 
possible, we develop the following approach: 

We shall favorize the element 1 of S in our cons гие 
in the following sense: 

No element of {2,3,4,5,6,7,8} appears in more blocks | 
than 1 does and no 2-subset of S appears in three blocks of | 
Ф if а 2-subset containing 1 does not, 

in any subfamily of $ which we construct (to be the 
representative of a class of isomorphic subfamilies). 

This condition still preserves the generality, 
because all the elements, respectively 2-subsets, of S are 
in isomorphic positions in 6. What is more, we may assume 
that the 4-sets containing 1, of any subfamily of Ф that we 
construct, necessarily form one of the fixed (representatives 
of) non-isomorphic subfamilies of 91 ME ) 

We primarily construct Е pic subfamilies of { 
Ф and add thereafter some 4-sets from $N6, to them in ordet | 
to obtain other subfamilies of $. For each ард» of blocks | 
we primarily list the representatives of the corresponding 


3 ; is 
non-isomorphic subfamilies ( separated by commas Jo f 
list is, except for the trivial cases, followed by short | 
explanations of the construction. 

NON-ISOMORPHIC SUBFAMILIES OF un 
0 blocks: 9 

1 block: А = (1234) 

2 blocks: B = 


(1234,1256). Each two blocks of $1 have а 
2-intersection. 
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5 


\ 3 blocks: C = (1234,1256,1278) and D = (1234,1256,1357). 
| The three blocks have 1 as a common element. They may 
have one more common element, but need not. 

Theorem 4 provides that there are just two non-isomor- 
phic subfamilies of $1 having four blocks and just one for 
each number of blocks between five and seven. We prefer to 
choose lexicographically the first representatives than to 
take the complementary subfamilies. 


Ш 


{1234,1256,1357,1467} and 
(1234,1256,1278,1357) 


чс 4 blocks:.E 


Il 


sks | The common intersection of the three missing 4-sets 
f of $, may be of cardinality 2 or 1 


5 blocks: С = {1234,1256,1278,1357,1368} 
6 blocks: Н = {1234,1256,1278,1357,1368, 1458} 
7 blocks: $1 


е 


NON-ISOMORPHIC SUBFAMILIES OF à WHICH 
HAVE AT MOST SEVEN BLOCKS 


\ 0 blocks: 9 
о lblock: A 
der 2 blocks: B, AU(5678). The two blocks may be disjoint. 
И 3 blocks: C, р, BU(3456), BU(3478). None of the blocks 
| containing 2 may be added to B, otherwise 2 would appear more 
Ji | frequently than 1. For a similar reason it is impossible to 


| choose the subfamily A from Фу. The block from $N6, may either 
| "htersect both blocks of В or just one of them. 


| “blocks: Е, F, CU(3456), DU(2358), DU(2367) 

| DU(2468), BU(3478,5678). None of the blocks with 2 

| "Y be added to C. Each of the remaining blocks (in aNg) is 

ше Complement of a block of C. Similarly none of the blocks 

‚ны 2, or 3456, may be added to B. Each of 2367,2457, 
$, Constitutes with D up to an isomorphism unique subfamily 

of four heptahedron hyperplanes, without an element common for 
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eK ————— 


all the four (i.e.,which is not isomorphic to E). The Set jy, 
is the only one from 9N9,, which satisfies the following wl 
conditions: it is not included in the ground-set of D and ha 
a non-empty intersection with all sets of D. All complements | 
(of sets) of D share the isomorphic position with respect 


to D. 


5 blocks: G, EU{2358}, EU(2367), FU(2358), FU(2468], 
FU(3456), CU(3456,3478), DU{2468,3456}, DU{2468, 3479) 


The elements 2,3,4,5,6,7 share the isomorphic positio 
in Е and the same conclusion holds for the sets of E. Addin 
one of the complements to E we obtain therefore four 
isomorphic families, while by the adding of one of 2367,2451, 
3456 we obtain the (up to an isomorphism unique) family of 
five heptahedron hyperplanes. Note that the set 1357 has à 
special position in F (with respect to the other three blocks), 
The additions of 2468 and one of the remaining three | 
complements to F give rise consequently to two non-isomorphi 
families. The blocks 2358,2367 and 2457 share the isomorphic | 
position with respect to F. As for C, two of the blocks 3456; 
3478,5678 must be chosen, which gives three isomorphic 
possibilities. When D is considered, notice that none of the 
elements 2,3,5 may appear twice in the blocks of ONO) + we 
must therefore choose at least one block from each of the 
families {3456,3478,5678}, {2457,2468,5678} and {2367 , 2468: 
3478). Obviously one of the "intersection blocks" 2468/3478 
and 5678 must be chosen, but the third family may be 
represented by the block, which does not exist in the oth’ 
two. Since (5:4):8»2, some elements of S must occur thric? 
in five blocks and the subfamily B of $, must not be chosen 


6 blocks: Н, GU(2358), G U{2457), GU(5678), EU(2367, 2457): 
EU(2358,2468), FU(2358,3456), FU{2367,3456}, Ец{2468,345% 
FU(3456,3478), CU(3456,3478,5678), DU(2468,3478,5678) 


hi 


cial 


thre? 


ФМС = {1458,1467}, so the element 4 has a $Р® 
position in G (besides 1). This implies that there аге 
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m О 


[23 non-isomorphic possibilities to add the sixth block to G; it 
tw | either is the complement (of a block of G) or is not; in the 
| hag first case we must make a difference between 5678 and the 
nts complements containing 4. There is, up to an isomorphism, 


just one family of six blocks with the ground-set of 
cardinality 7. It arises from E. The elements 2,3,4,5,6,7 
share the isomorphic position in E and we still have two non- 
isomorphic possibilities; to add one or two complements to E. 
We ignore the first one, for it necessarily includes a 
tim 2-subset of S, which does not contain 1 and which appears in 
Adding three blocks (such a situation would contradict our 
favorizing 1) and is isomorphic to the case FU{2367,3456}. 


2451, The family F contains 1 four times and 2 three times; one 
f of the added blocks must be therefore any of 3456,3478,5678. 
a Notice that the elements 4,6,8 share the isomorphic position 
locks) ^ in Е and so do 3,5,7. If the sixth block is not a complement 

of F, then there are two possibilities; its intersection with 
ори the only complement may be included in {3,5,7} or not. If 
hic | both the blocks added to Е are the complements of Е, then we 
3456, | have two non-isomorphic cases depending on whether the 

|, "special" 2468 is included or not. 

the | None of the blocks with 2 may be added to C; this 
„ | leaves just one possibility. As 1 appears in three blocks of 
o | D, we have (because of (6-4):8 -3) that each element of S 
8, | ‘Must occur in three blocks of the corresponding family of 
478 | Six blocks. Thus three blocks containing 8 should be added 


| toD, but it is easy to see that 2358 must not be added. 


| 7 blocks: 9,, HU(2358], HU(2367), GU{2358, 2367} 

|  80(2358,2457), GU(2358,5678), GU{2457, 2468}, GU(2457,3456), 

sen $U(2457,5678), EU(2367,2457,3456), ЕШ2358,2468,3478}, 
FU(2468,3456,3478), FU(3456,3478,5678), FU(2358,3478,5678). 


There are two non-isomorphic possibilities to add the 


Seventh block to H; it may be either 2358 or one of the 
complements . We have already noticed that the element 4 
Plays a special role in G. The block 5678 is the only 


\ 
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complement of G without 4. We may have none, one or two 
complements among the two blocks added to G, but in the last | 
two cases the possibilities which include 5678 are not 
isomorphic to those which do not. What is more, 2 and 3 are 
the only elements of S which appear in exactly three blocks 
of G. On account of that fact, in the case when two 
complements with 4 are chosen, we make a difference between 
the case when the same one and the different two of the 
elements 2,3 appear in these two complements. Since the 
element l appears only four times in E, (when adding three 
blocks to E) at least one block must be chosen from each of 
the families (3456,3478,5678),(2457,2468,5678],(2358,2367, _ 
5678),(2367,2468,3478),(2358,2457,3478],(2358,2468,3456]. If 
the chosen three sets do not contain 8, then we have the 
family of heptahedron hyperplanes. The element 1 does not 
occur in the same 2-subset in three blocks of E. Any block 
from (2367,2457,3456) has a 2-intersection contained in a 
block of E, with any block from (2358,2468,3478,5678). Thus 
the only possibility left is to add to E three of the four 
blocks containing 8. 

As for the family F, it is obvious that at most one 
of the blocks containing 2 can be added. If all the three 
blocks added to F are the complements, then we differential? 
the cases when the "special" 2468 is among them and when is 
not. If just two of the added blocks are the complements 
(none of them may be 2468), then there are two non-isomorphié | 
cases depending on whether there exist two added hyperplane 
with the intersection included in the "special" set {3191 p 


or not. The first of these cases, however, is isomorphic z 
the case GU{2457,5678}. 


None of the subfamilies C,D of © тау Бе possiblY z 
ce 
used for the production of subfamilies of $ with seven р10 


en 
The average number of appearances of elements of S in 5% 


A 8 
blocks is 28:8>3, so there exists an element which appe" 


in more than three blocks. 
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We conclude that there are 


2 " (lot Lk 2 4 4 FI ВОТ ОТИС 


non-isomorphic B-families. 


There is a very simple routine to check that all the 
constructed B-families are really pairwise non-isomorphic. 
In fact, each two of the constructed subfamilies of ф (with 
the same number of blocks) differ in at least one of the 
following: 


a)) the deck of incidence numbers of elements 1,2,...,8, 
without regard to order 

b)) the number of 2-subsets of S appearing in three 
blocks : 

Since each element (respectively 2-subset) of S appears 
in exactly seven (respectively three) blocks of 6, these 
differences are preserved with the complementary subfamilies. 
This immediately gives, without the use of Theorem 3, the 
number of non-isomorphic subfamilies of $ with more than seven 
blócks, which is the same to the number of those with less then 
‘seven blocks. We cannot prove in this way, however, that some new 
non-isomorphic possibilities do not arise with laraer numbers of 
blocks or, equivalently, that a)) and b)) completely determine 


(up to an isomorphism) a subfamily of ф. 
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REZIME 


VL 


NOVA KONSTRUKCIJA PEJVING MATROIDA RANGA 4 NA SKUPU OD 
8 ELEMENATA (I) 


U radu |2| je pomoću kompjutera konstruisano svih 95 
neizomorfnih prostih matroiđa na skupu od 8 elemenata. 

Koristeći elementarne metođe, bez pomoći kompjutera, 
mi izvodimo novu konstrukciju potklase P od 322 pejving mat- 
roida ranga 4 na skupu od 8 elemenata. (Pot)klasa P je po 
svojoj prilici najkomplikovanija, kad je u pitanju (ne)izo- 
morfnost matroida, kod matroida na skupovima od najviše 8 
elemenata. 3 

Klasa P se razbija u tri disjunktne potklase. Konstruk- 
cija prve dve je data u ovom radu, a konstrukcija treće pot- 
klase od P je data u narednom radu |1| (ova dva rada čine 
celinu). 

Prilikom konstrukcije detaljno íspitujemo mogućnosti | 
za javljanje neizomorfnih matroida. Pritom se u značajnoj | 
meri služimo sa tri pomoćne klase grafova (koje su u obostra | 
no jednoznaénoj korespodenciji sa odredjenim potklasama od Pi 
kao i nekim osobinama Stajnerovog sistema $(3,4,8). 
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ANOTHER CONSTRUCTION OF RANK 4 PAVING MATROIDS ON 8 
ELEMENTS (11) 


Dragan M. Acketa 
Prirodno-matemattékt fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuridica 4, Jugoslavija 


ABSTRACT 

In this paper, which is a sequel to |1|, we give the 
construction of all non-isomorphic C-families. This completes 
the construction of all non-isomorphic rank 4 paving matroids 


on 8 elements. 
PRELIMINARIES 


The reader should primarily read the preliminaries and 
the introduction to paper |1|; these will be used without 
reference. 

A C-family is a family F of distinct 4-subsets of 
$ = (1,2,3,4,5,6,7,8) satisfying: 


(а) (X,,X,eF A X, Я X9) 2 |XnX?|«2 


2 1 
(b) (ях) (8X9) (Ху € F A X5€F A |хүйХ,]= 1) 
A D-family is a C-family Е in which the condition (b) 
Бар Бе replaced by the stronger 
(c) (WX) (же =>(3X,) (X5eF A|x,nx;] = №) 


We shall give the construction of all 184 non-isomorphic 
C-families. we shall primarily construct 36 non-isomoprhic D- 
families, after which the construction of the remaining non- 


*SOMorphic C-families is considerably simplified. 
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FURTHER DEFINITIONS | 


А C-family F arises from a D-family F^ if Е” 15 Ве 
(unique) maximal D-subfamily of F. 

A 4-set X is permitted for a C-family Е, which does ng 
contain X, if FU(X) is a C-family. | 

A 4-set X is 2-permitted for a D-family Е, which does 
not contain X, if X is permitted for F, but FU{X} is Мота 
D-family. 

A D-graph of a D-family F is a graph G such that 

(i) the vertices of G are 4-sets of F 

(ii) there is an edge {X,Y} in G if and only if |xny| a: 

We define a binary relation, denoted by ">", on the se | 
of edges of a D-graph G, as follows: | 
If a = {A,,Aj} and b = {B},B,} are two edges of c, ther 


q 
arb «=9@ А ПА» = S\(B,UBy) 
А marked D-graph is a graph G with а given binary 
relation $ on its edges, such that there existsa p-family V 


the D-graph G,, which satisfies the following condition: 


"There is an isomorphism of б onto бу, which maps 9019 


>". The relation 6 determines a markation of С. 


Let F be a C-family, which satisfies the following 
condition: "The D-graph of the (unique) maximal p-subfam 
1 и ` al 

F is a star". Let the central vertex of the star (if the st 


is just an edge, then an arbitrary vertex) be the 4-set 
denoted as {a,b,c,d}. 


ily? 


We define the C-graph G of F as follows: 

(i) the vertices of G are a,b,c,d ў 
(ii) there is an edge {x,y} іп G if and only if "a 
a 4-set in Е, which contains {x,y} and which is aifferent 
{a,b,c,d}. 

We define a 2-colouring of the defined c-graph G 
follows: A vertex x of G is black if and only if thet? 
a 4-set X in Е such that Xflía,b,c,d) = {x}. The vert 
white otherwise. 
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р A coloured C-graph is а graph С on four vertices, each 
of which is coloured either white or black, satisfying the 
у condition that there exists at least one black vertex. The 
colours of the vertices determine a colouring of G. 
d In is easy to prove that the coloured C-graphs are actually 
C-graphs of some C-families. 


CONSTRUCTION OF NON-ISOMORPHIC D-FAMILIES 


We begin with a number of easy lemmas describing some 
properties of D-graphs and marked D-graphs. Some of them will 
ME be used in our construction of D-families. They may offer a 
better insight into the D-graphs which we construct and may 
be used for another approach to the construction as well. 
tha | These lemmas are denoted by apostrophes, for they do not 
| relate to any particular theorem by this time. 


| LEMMA 1°. Each element of S corresponds to at most one 


edge of a D-graph, in the sense that it is the intersection 


y vie | 
| of the two end-vertices of that edge. 
6 to | REMARK: In the figures of D-graphs the edges will be 
denoted by the corresponding intersection elements. 
| РЕ о ов: Suppose that the same element of S 
iy Corresponds to two edges of a D-graph. It is easy to check 
star) that at least 9 different elements are needed for their 
vertices, regardless of whether these two edges have a common 
vertex or not. 
LEMMA 2^. д4 D-graph cannot have more than 8 edges. 
Proof. Immediate consequence of Lemma l^. 
ert LEMMA 3^. The maximal degree of a vertexofaD-graph їв 4. 
c£ Proof. Immediate consequence of Lemma l^. 


LEMMA h^. Each element of S corresponde to аё most one 
ed EAE 
ge of a D-graph, in the sense that it is the complement 


wt : 
tth respect to 8) of the unton of the two end-vertices of 
that edge. 
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Proof. Seven elements are not sufficient for the 
end-vertices of two edges in any case. 

LEMMA 5^. For each edge х of а D-graph there existg a 
most one edge y such that x+y and at most one edge x such tal 
590. у 

Proof. The two statements follow immediately fed | 
Lemmas 4 and 1 respectively. | 

LEMMA 6°. If A44 9A 34 4 ts a $-path of a D-graph, then ў | 
holds that at least one of 4749 74544 and А.А >А1А» is iru, | 

Proof. Suppose that A,A, *A4,A, is not true, that | 
15, SN(A4UA,) Ф А)ПА. - Ajfl A5 Аз by Lemma l'and so we have 
AjflAj7A,. This implies that S\N (A; UA») SA, (otherwise A, | 
would have a 3-intersection with some of A,,Aj5). Since [Ahn 
= 1 and |4,04,|* 2, we have also S\(A,UA,)A3, which gives 


АА АЈА, 


LEMMA 7^.No two vertices of a D-graph may have the E 
intersection. 


| 
Proof. Otherwise one of them would have а 3-17 | 
section with any vertex incident to the other. | 


LEMMA 8^. If К and L are tuo incident vertices of aD- | 
graph and КЇЇ = {р}, S\(KUL) = {q}, then L = (p) + См 

а (ө) © зо Tnivial. { 

LEMMA 9^. If т=А 49 апа y=B_ By are two edges of а 00% 
such that x*y, then there exists an edge adjacent to both ® 
and y. 


р 
1) Se © © 20 В. NB, does not belong to both Ау and A» у 


Lemma 1^. Suppose that By B ZA) (similarly if B,BgZA2) - m 
: №22 

B, UB27A NA, by the assumption. Lemma 7^ combined with |А] gi! 

gives that either |A,NB,|= 1 ог. [A,0B5| = 1 , 1.е., шо 


ЕЕ 
one of the edges A,B) and A,B). zn 8р 


LEMMA 10^. If a D-graph contains the edges 4742 i 


dge’ 
such that Aj,45*B4,B», and does not contain any of а © 
A,B, and А189» then A 2B IlB,. Eu 
Proof. Immediately follows from the =. 
LEMMA 117, There are по odd eyeles in any Ше" 


oot _ 
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Proof. We have to exclude just the 3-, 5- and 7- 
cycles, by Lemma 2^.3-cycles: А 3-cycle А|А Аз of a D-graph 
yields 

А;П(А;ПА,) = Ø and |A,0 (ANA) | = [A5 (ANA) | = 1, 
which implies |A3|<3, a contradiction. 


5-cycles: Suppose that there exists a 5-cycle A,AjA3AqAc (with 


edges АА; ұу; 14145, Ag,, = Ау) in a D-graph. We may assume by 
Lemmas 6/and 5^, without a loss of generality, that AjA2*A3AÀ, 
and АдА5>А:А_- The first assumption gives APAINA, while the 
second, combined with Lemma 10° and the non-existence of edges 
AjA4, and A5A, gives АА. ПА), a contradiction. 

7-сус1ез: Let A,A5A3A4AS5AgA; (edges A;Aj41, 1<1<7, A741 = Ау) 
be a 7-cycle in a D-graph. Similarly as in the previous case, 
assume that А} А_>АзАд and AgA;7A,A5. Then APA "Ag, while 


‘Lemma 10^ gives APA] A}. Now A;PA NA; contradicts Lemma 1^, 


while AgtA, A, contradicts Lemma 4 ^. 


LEMMA 12°. If ААА Ад is а 3-path of a D-graph б and 
both АЈА g*4 ЗА 1 апа АзАд>А1А% are satisfied, then б contains 
the edge A144 and both A,Aqg*AoAz and А,Аз»А 14 also hold. 

Proof. We have а = АЙА) = SN(AgUA4) and b=A;NA, = 
SN(A,UA,) by the assumption. Lemmas 7^ and 117 provide that 
АПАЗ | = [А2ПАд) |= 2. As a #A}UA4 and bfa,UA,, we have that 
none of the sets АП A3, АПА, contains a or b. The assumption 
Combined with Lemma 1^ gives that the sets А,ПАз, АЛАД, 
AjlA; and АЙА, are mutually disjoint. It follows that 


AilA, = S\({a,b} + (АПАЗ) + (AgMA,) + (A51A3)), which 
Sives АЛА; |= 1. Since the sum in the brackets coincides 
with AjUA3, we have AjA,*A5A3. The relation A2A34*AjA4 follows 
from АЦА, = (АЙА,) + {a,b} + (Ajla3) + (AgMA,) 


Our construction of non-isomorphic D-families will be 
Somewhat similar to that of B-families(|1|).We shall start 
with examples of "small" D-families and in each case look for 
the non-isomorphic possibilities for the addition of the 
Permitted, but not 2-permitted 4-sets (that is, those 4-sets, 
the addition of which gives а new D-family). We must, however, 
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also take care about 2-permitted 4-sets for a D-family, pec] 
they may be vertices of a new connected component of ап | 
augmented D-graph. These 4-sets necessarily appear in the 
complementary pairs, which are denoted by a short line betwee | 
their two 4-sets. 

The main novelty in the construction of non-isomorphic | 
D-families will be in that we shall mostly look for non- 
isomorphic possibilities for augmentation of the Corresponding 
marked D-graphs, instead of the D-families themselves. Such a 
approach will be justified by the later Theorem 2. 

The constructed non-isomorphic D-families will be given 
by means of their marked D-graphs in the table which follows | 
the construction. The types of marked D-graphs given in the 
table will be denoted by the numbers in brackets. (We shall 
mention all these numbers during the construction). The same 
denotation will be often used for the types of non-isomorphic | 
D-families, which correspond to the examples of the marked 


D-graphs given in the table. 


CONSTRUCTION OF ALL THE NON-ISOMOPRHIC MARKED D-GRAPHS 
AND ONE MORE 


We start with an example of the simplest D-graph: 
1234 * 1567 


We may assume, without any loss of generality: that ё 
example (-representative), of the non-isomorphic marked D- 
graphs that we construct, contains this edge. 

There are (with respect to this edge) 36 permitted 
4-sets: 9 contain {1,8},9 are contained in (2,3,4,5, 6/1209 


n - "e 
have l-intersections with (1,2,3,4) and 9 with {1,5,6:7) 


ot 
REMARK: An alternative proof that D-graphs have 2 


„еей 
3-cycles follows from the fact that попе of the permitt? 
4-sets has l-intersections with both of 1234 and 1567. 
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К А НИИ 
Cau Adding any of the last 18 permitted 4-sets we obtain a 
p-graph of type (2). Adding any two 4-sets, such that they 
have exactly one element in common, we obtain a D-graph of 
"WE type (3). 
The following theorem refers to the remaining (types of) 
ic D-graphs: 
THEOREM 1. Each D-graph with at least three edges belongs 
dim £o exactly one of the following four classes: 
h an a) graphs with at least one 4-eyele 
b) graphs with at least one pertes of degree 2 3 
ven | c) graphs with at least one 3-path , which do not 
WS | belong to any of the classes a) and b) 
е d) disconnected graphs without 3-paths 
il | Proof. Will be implicit in what follows. 
me | We give separate constructions for each of these four 
hic classes of D-graphs: (all the here mentioned graphs are D- 
| | graphs, even if it is not explicitly stated) 
| Class a) A 4-cycle contains a subgraph of type (2). Starting 
with the family Ро = {1234,1567,2568}, it is easy to check 
| that the only 4-set, which gives rise to a 4-cycle (type (4)),is 
| 3478. The only permitted 4-sets for the family F, = (1234, 
| 1567,2568,3478) are 1278,1358,1368,1458,1468 and their 
| Complements. None of them has a l-intersection with any set 
| ОЁ Fi,i.e., a 4-cycle in a D-graph is always a connected 
| component. However, some pairs of the permitted 4-sets have 
| l-intersections. We choose 1358,2457 and so obtain (a D-graph 
eH) of) type (5) with the permitted 4-sets just 1278-3456,1468, 
- 2367. 


Adding further one (respectively both) of 1468,2367 we 
Obtain type (6) (respectively tvpe (7)). 
Class b) adding any of the 4-sets 3578,3678,4578,4678 to the 
) family; Fo = {1234,1567,2568}, we obtain a star (type (8)), wita 
| the centre 1234. Suppose that 3578 is chosen. The permitted 
\-зеЕ5 of the family P = {1234,1567,2568,3578} are 
1678 ‚1468, 1478,2467,2478,3467,3468,1278-3456,1368-2457,1458-23 7. 
As there are no l-intersections among the last six permitted 
fs 2-permitted) 4-sets, we conclude that all the graphs in 
Class b) are connected. 
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The only possibility to obtain a star with four leg, \ 
(type (9)) is to add 4678 to F. It is a maximal D-graph, red 
none of its permitted 4-sets (the last six of the list aboye 
has l-intersections with any of 1234,1567,2568,3578, 4678, 
Adding any of 1468,1478,2467,2478,3467,3468 to Р, ye 
obtain a D-graph of type (10). If 1468 is chosen, then the 
remaining permitted 4-sets are 2367 ,2457,2467 , 2478 ,3467,1278. 
3456. If we add 2467 to the family С = {1234,1567,2568 3578, 
1468}, then we obtain a D-graph of type (11), which is easily 
seen to be a maximal one. If we add 2478 or 3467 to С, Тен 
obtain two isomorphic (marked) D-graphs of type (12). However) 
if we add 2367, respectively 2457, to G, then we obtain two 
isomoprhic graphs, which have a different markation (types 
(13) and (14)). 
In the next step we explore the possibilities for the 
augmentation of D-graphs corresponding to the families 
бу = GU{2478}, G5 = GI'(2367), G4 = GU(2457), with the Бата в) 
of the permitted 4-sets {2367,3456,3467}, {2457 , 2478, 1278-34 
and {2367,3467,1278-3456} respectively. | 
Adding 3467 to бу we obtain a maximal D-graph of type 
(15). Adding 2457 to G5 (identically, 2367 to G3), ve obtain 


a maximal D-graph of type (16). Adding 2367 to G, or 2478 9. 
По 
| 


G5, we obtain two isomorphic marked D-graphs of type ( 
Adding 3456 to G, or 3467 to G3, we obtain two isomorphic | 
marked D-graphs of type (18) (isomorphic to the graphs of Uf 
(17), but with a different markation). Finally, adding (e 
only possible) 3456 to G,II{2367} (identically, 2367 to 
G1U(3456)), we obtain a maximal D-graph of type (19). 
Class c) We start for the third time from the family E 
Ро = (1234,1567,2568). This time we add some of the о 
permitted 4-sets having l-intersections with 1567 ОЁ e. 
some of 1378,1478,2378,2478,3457,3458,3467,3468 and opta 
D-graph of type (20). If we choose the family 

Н = {1234,1567,2568,1378}, then the permitted 4-set? © 
2457,2467,2478,3456,3457,3458,3467,3468,4578,4678,1458 „| 


to 
1468-2357. The addition of any of 3457,3467,4578,4678 
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S } gives rise to a D-graph of type (10). The addition of 2478, 


for respectively 3456, (to H) yields marked D-graphs of types (21), 
Ove] respectively (22), while the addition of any of 2457,2467,3458, 
3468 gives a 4-path marked in a third style (type (23)). We 

a have here also one (up to an isomoprhism) possibility to obtain 

e an edge of another component of a D-graph, by the addition of 

278. both of, for example, 1458,2357 to Н. Thus we obtain the type 

78, (24). 

sil We denote the families HU{2478}, HU(3456), HU{2457} by 

ante Hy „Но, НЗ respectively. Their families of permitted 4-sets are 

even | {3456,3457,3458,3467,3468,1458-2367,1468-2357}, 

чо {2457,2467,2478,4578,4678,1458-2367,1468-2357} апа 

5 {1468,3456,3458,3467,3468,4678,1458-2367} respectively. 
We omit all those possibilities for the augmentation of 

he 


the D-graphs of types (21)-(23), in which a vertex of degree 

3 is produced. 

nilis If we add 3456 to H, (identically, 2478 to Hj), then we 
-34i obtain the marked D-graph of type (25). Note, however, that 

we can here also obtain three types of disconnected marked 


p D-graphs (types (26), (27) and (28)) by adding, for example, 
ain P 1458 and 2357 to H,,H, and нуу {3456} respectively. If we add 
| to { 3468 to НЗ, then we obtain a maximal marked D-graph of type 


| (29), which differs only by markation from the D-graph of 
| | type (25). If we add 1468 or 3458 to Нз, then we obtain а 
(uf D-graph of type (30). The only permitted 4-sets for the family 
he | — H3U(1468) are 2367,3458,3456,3467. We neglect the last two, 

| because they yield a vertex of degree 3. If any of 2367,3458 

| is added to H3 {1468}, then we obtain а D-graph of type (31); 
if both are added, then we have a maximal D-graph of type (32). 


у 


лій Class d). If we start again with Е, then we should add only 
ye Some of those permitted 4-sets, which have no l-intersections 
in^ With any of the first three, that is, some of 


1278-3456, 1358-2467, 1368-2457, 1458-2367, 1468-2357 
Note that 1278 and 3456 have not l-intersections with 
апу of these 4-sets, so they cannot be the vertices of a 
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D-graph. Adding any of (1358,2367), {1368,2357}, (1458, 2455 | 
(1468,2457), respectively any of {1358,2457},{1368,2467}, р 

(458,2357), {1468,2367}, to the family Fo, we obtain D-grapk | 
of types (33), respectively (34). The D-graphs of these ty 
types are isomorphic and without markation, but observe the 


following difference between them; The intersection element, 
which corresponds to the one-edge component, is contained in | 
the vertex of degree 2 with the type (33), which is not the | 
case with the type (34). 

The only permitted 4-sets, apart from 1278-3456, for 
Ро U(1358,2367), respectively F,U{1358,2457}, which do not 
augment the component of Fp, are 1468,2457, respectively 
1468,2367. By adding any, but just one, of these 4-sets, we | 
obtain a D-graph of type (35), while the addition of both 
permitted 4-sets in both cases yields a 4-cycle (type (6)). 

The only remaining case is when each component of a 
D-graph has just one edge. We start with the D-family 
J = (1234,1567,1258,2367) (corresponding to the D-graph of 
type (3)). The only permitted 4-sets, which do not give rise 
to a component with (at least) two edges, are 1368-2457 and 
1378-2456. We obtain a D-graph of type (36) by the adding of 
any of {1368,2456}, {1378,2457} to д. | 

We give (on the next two pages) the table of (example | 
of) D-graphs corresponding to non-isomorphic D-families. UA. 
last notion coincides with "non-isomorphic marked p-graphs'! 
except for the types (33) and (34), where two isomorphic 


(marked) D-graphs correspond to non-isomorphic о. 
pesi 


; Apart from the explained designations, ме give, 


the number of the type, for each D-graph of the table; 
number of non-isomorphic C-families having the maximal 
D-subfamily of the corresponding type. The production of 
numbers will be explained in the last section. 

The markation (the edges related by >) will be 
only in the cases when it is necessary for distinguishing i 


ge? 


denote! 


isomorphic graphs corresponding to two non-isomorphi ps 


ED 

graph | 
which maps 61 onto G3 and prêserves the markation. E 
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THE TABLE OF (EXAMPLES OF) D-GRAPHS CORRESPONDING TO NON- 
ISOMORPHIC D-FAMILIES 


о 
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THE TABLE OF D-GRAPHS (CONTINUED) 


2568 


1567 3456 
(22)-3 


1567 1378 2 | 2357 | 
2078 1378 
(26)-1 


1567 6 


1258 1368 


2367 2456 


(30)-1 
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It might be interesting to mention that the unique (up to an 
isomorphism) matroid with the corresponding D-graph of type 
(32) (8-cycle) is, in fact, Piff^s cyclic (- with a cyclic 
automorphism group) matroid on 8 elements (ЕЗ ip. 330). те is 
quite natural that such a matroid has the marked D-graph with 
the cyclic automorphism group Cg. 

We observe that five pairs of non-isomoprhic D-families, 
which have isomoprhic D-graphs, give isomorphic D-families in 
the next step of augmentation. Thus (13) and (14) give (16), 
(17) and (18) give (19), (22) and (23) give (25) (although 
they could also give non-isomorphic (26) and (27)), (26) and 
(27) give (28), and (33) and (34) give (35). This process 
looks like some kind of symmetrization. 

It is obvious that two isomorphic D-families must have 
isomorphic marked D-graphs (family isomorphisms preserve 
l-intersections). However, we shall prove that the converse 
is also true, with one single exception, This justifies our 
construction of all non-isomorphic D-families by the 
exhaustion of possibilities for non-isomorphic marked D-graphs, 
because this does not allow some new non-isomorphic D-families 


to appear, in addition to the constructed. 


THEOREM 2. Any two D-families (having the marked D- 
graphs) of the same type ((1)-(36)) are isomorphic. 

This theorem may be reformulated as follows: 

THEOREM 2°. If two marked D-graphs are isomorphiec and 
have not exactly three edges in two connected componente each, 
then their corresponding D-families are also isomorphic. Іп 
other words, the types (38) and (34) are the only exception 
to the rule that non-isomorphie marked D-graphs correspond 
exactly to non-isomorphic D-families. Each of the types (33) 
and (34) of D-graphs uniquely (up to an isomorphism) determines 
с corresponding D-family. 

LEMMA 1. If two marked D-graphs G, and G, are isomorphiec 
sad G1 contains a 3-path, which is not ineluded in a 4-cyele, 


then thein corresponding D-families (Ё, and Fo respectively) 
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are also isomorphic. 
Proof of Lemma l. Let y:G,?G4, be the given | 
isomorphism and let XjY;2,T; be a 3-path in Су, such that уу 
is not an edge of бу. The image of XjY4,2,T; under ү (in n 
dencted by X2Y222T2. Lemmas 6° and 12^ give that either 
X1Yj22,T; or Z,T;7Xj;Y;. We suppose the first, the other case 
is treated quite similarly. We have Х2У2>72Тр and denote for 
ie{1,2}: 
XjflYj = ay, Y,llZ; = by, 2307 = ci, S\(KUY;) = d 
SN(Y4UZ4) = eq, (X,Z,)NT, = £3, Ү,ПТ, = (g,,h,) 


i' 


We claim that at least one of the permutations | 
a1b1c)djejyfyg)h; а1Ь1с19}е1 {19111 
a2b32d262£292h3! В = (a bacodaeotg 29? 
induces an isomorphism of Е] onto F5, which would complete the 
proof. 

For i€(1,2) we have: 
Xi7(a4,051,04, fy}; Yi7(a,,bi,9,, hi); Z,47(b4, C404, £4:) i 
Tj={cj,ej,g1,h;} 


Namely, X, obviously contains а; and fi, Xi contains 
ej by Lemma 4^, and contains c,, for we have not 2Z,T,?XiYi: 
The other three pairs of sets are easily deduced by applying 
Lemma 8^. 

Thus both @ and 8 map the sets Xj1,Yj,2yT, to the sets 
X5,Y5525, T» respectively. 

The only 4-sets, which are permitted for xa 20 
are (i=1,2): 


И 3 : 
Ai7(24,04,d1,9,); Aj 7055,61, £1,9,); Аа, by dare 


6 
А, -(;, 21,9; В, } 


iof 


1 


2= SUAM 
Ат (a4,04,d4 hi); A,71b;,e;,£,.h;} 


5 


l= я АЭА > 
А; (a4,d1,£1,9,); Ai-(bi,01,e1,91)]; Ayala, dy еу F4F 
A 1-03, ие: ,£1,9,) 
А8={а Ale tb А al 12 h-}i 
i Husum i і, 472, 7h}; A ; (аз 4;/€%" I 
A зале £;,h;} 
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| Let W, belong to {АТ pire e ARTE We shall primarily 
prove that either 0 (W)eF, or В (W,)eF, or both (equivalently, 
BU that holds at о оде of a (Wy )=y(W,), (|) = 7 (W,)). 
) is If WjelAQ , Aj }, then there exists the edge УИ, in бу, 
which implies the existence of the edge Y, Y(W,) in G) and 
Se gives y(W,)e{A3°, rep providing that either Y(W) = a(W,) or 
Or Y (Wy) = B (W1). We similarly derive, by keeping the incidence 
: with Z2;,%,,T4 respectively, that 
We (А11, Ат es ҮЙ) е (АШ, А12) 
м, е(Аб,А?, А10} => y (WIRE {дё ЗАР 000 


И] є(А?,А7,А8) = ү(иу) є{АЗ,А7,Аб} 
11 Е 252/102 
As the inverse argument also holds, we have 
2,3 КА 
F > A A 
However, since y preserves the markation, we cannot 
have, for example, ү (АЁ) = 290 otherwise the subgraph of Gi 


with vertices ДҮ ОХ, Y1,2;,T; would not have the same 


the noue 4 
(0A Е (ATuATAT,A,) 


markation as its image under Y . By a similar argument we 
S | derive: 


| EE NL i Eg c = дб 

\ W = Ay => y (Wy) = AD а Wy = Ар=>ү (Wy) A^ 
E { Sav дб AeA 

| Wi € ЧАЈ Ау} => y (W,) € (A5,A5) 

| м) Цо) 
в | м, € (ay A10} => y(W,) є {A2,A3 } 

q 

| Thus y(W,), which is a set if F5, equals at least one 
MI 95 ат), B(W,) for w) е (Aj ccm 


| es If ү set W) е {ai,a?,a3,at}, then the vertex Яу is not 
| сш (in бу) to any of the vertices X,,Y,,2;,T;. Since бу 
S not contain isolated vertices, W, is joined to another 
З= Vi of бу. It is easy to check that ordered pair (Wj,Vj) 
pus be one of the following twelve 
(А 14) 


3 T та PE 
1/1), (АЗ, АЛ, (AS A) AAZ c зл (ААЙ (АА; 


2 29 12 4 7 4 „11 
(АТ, 1), (A2, A15) , (АЗ, АЗ), (a, А) , (Ay ,Ау) © (Ay 7A, ) 
Y(W,,Vi4) must be one of the ordered pairs obtained from 


th 
° above pairs by replacing the lower indices 1 by 2. 


While 
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In the first four cases, we use that ү preserves the edges an \ 
MADE АВА) to (nns SAM. This gives, for example, thy} 
TE 1 
either y (ad AP} = (Al,a2)- a ({Aq A3) 
or y({ad,a33) = (ag ,agy= BATA 


Since у(а20)е (22, 25^), we have that | 


Y О 1 10 | 

either y (ad , A10) = {a$,a}0} = a({ay,Ay Y) | 

10 or IA LO | 

| ог yaala D = (22,5) = gta, TA. №) | 
The remaining seven cases are treated similarly. 


Now we know that each set of Fi is mapped by at least 
one of a,8 to a set of F5. The only kind of counterexample to 
our claim, which could possibly arise, should be of the 
following form: 

There exist two sets P,Q) in Tj satisfying 


(Ру) EF, ; (Ру) ÉF5 ; 9 (0. ) ÉF, + B(0,)€F; 


2 
Since P, and Q, have different images under o and В, 
it follows that 


[P 9{g, ,hg| = |о,П (9,111 = 1 
In any of the four possible cases we have 
||P 90, | - le (eon во) || = 1 


1 
which ай | 
ism Y' 


The sets ®(Р,) and В(01) are vertices of Gor 
images of Pj,Qj respectively under the D-graph isomorph 
So we must have 


| РПО: | = 1<=>|о (P1) N Blo) = 1 л 
Since both |P,00,| and | a(P,) N B(o,)| belong to (0,1: 
we have a contradiction, which proves Lemma 1. 0 
st have" 


Р г о о Ё of Theorem 6. Due to Lemma 1, we ju 
prove the unigueness (up to an isomorphism) of р-єапій ae 
corresponding to D-graphs of the types (1)-(9) and (332-8 
inclusive. We construct some of the possible isomorphis™ 


between any two D-families (having D-graphs) of these ar” 
When defining the corresponding permutations of $, We Eo 
use some of the Lemmas 1^,4^,9^,12^ to prove that t 
conditions are uncontradictory, but we shall not state 
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ec ae 0-302--0 


Е 


Mo explicitly in most of the particular cases. 


(arbitrarily chosen in case (1)) by Х1,Х2 respectively and 

other vertices of degree 1 by X respectively (je М; the 

upper bound for i varies from 1 to 4, depending on the type). 
Any permutation а of S, which satisfies the conditions: 

|^ aX) =X% ; aO NYÍ) xin Y) ; — a(S\(x,U v4) )=s\(xU yd) 

for each i 

| establishes an isomorphism between the D-families Fi; | 

0 | F2 corresponding to бу,б» respectively. Namely, a maps the sets 

of F, onto the sets of F5, because all non-central vertices are 

| uniquely determined by Lemma 8^, 


П 
l 
| 
1 
1 
| 
| 
| 
| 
| 
П 


disconnected edges of а D-graph has exactly one vertex 
"containing the intersection element of the other edge" 

| Let Хүүј and 2уТу be two (in the case of (36), arbitrary 
| two) disconnected edges of су and let X2Y2 and 2272 be the 
Corresponding two edges of G5, so that the vertices denoted by 


hy X and Z have the property described in the previous sentence. 
Any of the permutations 0,,4, of S satisfying (for i=1,2) 
в; (Х1)=Х2 р ој (2,)925 ; а; (ПУ) =ХоПУ, $ 94 (ZN T,)-2)f0T, 
а; (S\(XjUY,))=S\(SUY,) у а, (SN(Z,UT;)) -SN(22UT5) 
maps {X),¥)2,,T,} to (X,,Y5,25,7,), that is, it establishes an 
i lsomorphism between the corresponding D-families of type (3). 
As for the case (36), we denote the remaining pair of 
‚ {0 edges in С, and G5 by U,V), respectively U2V5. It is easy to 
Check that one of the permutations aj 02 maps {U,,V,} to 
(05v), that is, it establishes also an isomorphism between 
the Corresponding D-families of tipe (36). 
Let XiY2,T, and X2Y222T2 be the two (in the case of (7) 
MUT two) corresponding 4-cycles of the isomorphic 
"Sraphs Gi and Gp. Each of the permutations о of S, satisfying, 


Й 
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for example: 
а (Xll v4) 2x 4f v5 ; a (Y4012, ) -Y4fl2» (*) 


а (2, ПТ.) =2 T3 ; a (T, X4) -75flX5 Я а (502; ) X402, 
maps (Xj,Y,,2;,,T4 to (X5,Y5, 225,72) 


that is, it establishes an isomorphism between the corresponding 
D-families (in the case) of type (4). 

As for the type (7), we denote the other two 4-cycles 
of G, and G5 by P) 01 В: 51 and Р,0,К252 respectively. We require 
additionally 

a (PQI) = PNQ +  GcC(QjIR,) = OzNR, 
а (8115: ) = RIS, ; а (51011) = 5,172 

This is not а contradiction with the previous conditions 
on a. In particular, the following property is preserved with 
such а: 2-intersections of non-incident vertices of one 4-cycle 
exactly correspond to the (unordered) pairs of l-intersections 
corresponding to the non-incident edges of the other. 

The only permutation a, which satisfies all the above 
conditions, establishes an isomorphism between the correspon- 


ding D-families of type (7). 
are denoted Я 


БУ А апа U2V2 respectively, then we require, in addition 
to (*) 

o (Uu, NV, ) = 0,17, a(SN(U JU V1)) = SN(U4U V5) (**) 4 
Observe that it might be necessary to change the init 
mapping of the vertices of 4-cycles in order to make the Е. 
vertices contaiming UNV] map to the vertices containing Шы 


If none of the constructed two permutations о gives an E 
f 


isomorphism between the corresponding two D-families 9 d 


(5), then an isomorphism should be looked for among the 
permutations satisfing (**) and 


ххх) 
a (X ПУ, ) E Y5flz» В a (Y41l Zi ) = 20072 ( Р E 
a(Z,T,) = TAX, ; о(туйху) = XofüY2 ; ох По с 

and 92 


Type (6): We denote the additional edges of G1 
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a т ———————— 


ру U,V, 70, Wy and U5V5,U5W, respectively. 


An isomorphism between the corresponding D-families 


of type (6) should be realized by the permutation a of S 


satisfying 9 (01) = U, and either the conditions (*) or the vt 
conditions (***). 

This permutation maps Uj N(W;UU;) to U2N(W2UV23). The i 
elements of the last two sets correspond to two pairs of pairs 
of opposite edges of the 4-cycles. 


Types (33) and (34): We denote (in both cases) the edges of 


D-graphs ©; (1=1,2) by X,Y;,X,2,,U4Vi. à 
An isomorphism between the corresponding D-families E 
can be realized by а permutation а of S satisfying the following 


conditions: 
a (X, ПУ, ) = X2 Y3 $ о (SN(X1UY31))7 $\(Х И Y5) 
a (X102,)-7 Х>П2> ; а (SN(XU2,))- SN(XAU Z3) 
a (U,flV)-7 ОПУ, A a (SN(U4UV1))7 SN(U, UV) 


Type (35): We notice that each vertex of degree 2 contains 
exactly one intersection element, which corresponds to an edge | 
of the other connected component. 

We denote the edges of D-graphs б, (i-1,2) by e 


XiYi,Xi2,,U;V;,U,W, so that U,2X,üY, , XPUNV; 


The only permutation а of S, which satisfies the six El 
Conditions from the previous case, and, in addition, i 
a(U,NW,) = UZNW, у  e(SNU,UM)) = 50205) 
induces an isomorphism between the corresponding D- 5 
families, 
This completes the proof of Theorem 2. b 
Theorem 2 ensures that all non-isomorphic D-families 
аге covered by our "example construction". It gives that each 
атре Fo represents опе class Р of isomorphic D-families. The 
Permittea 4-sets for F, represent the permitted 4-sets for an 
arbitrary family of E . The non-isomorphic possibilities for 
the augmentation of ғо represent the non-isomorphic possibilities 
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for the augmentation of Го, that is, all the non-isomorphig 
D-families, which contain a subfamily from pt. 


CONSTRUCTION OF THE REMAINING 
NON-ISOMORPHIC C-FAMILIES 


Given a D-family, we construct all the non-isomorphic 
C-families having it as the (unique) maximal D-subfamily. We 
shall apply this construction to the already constructed 
examples ((1)-(36)) of D-families and so obtain all the non- 
isomorphic C-families, because these examples represent all 
the non-isomorphic D-families. 

We shall primarily find the 2-permitted 4-sets for all 
36 examples of D-families, The 2-permitted sets necessarily 
arise in complementary pairs (because the complement of a 
2-permitted set is 2-permitted). 

The D-families of types 
(12), (15), (17), (18) (19), (24) , (26), (27) , (28), (30) , (32) , G2, (38 
have no 2-permitted 4-sets and they coincide with the only 
corresponding C-families. 


We denote the complementary pairs 


1258-3467,1268-3457,1278-3456 e 
1358-2467,1368-2457,1378-2456 by a,e,£ respective 
1458-2367,1468-2357,1478-2356 g,h;i 


e 
The complementary pairs of 2-permitted 4-sets for th 


: iven 
given examples of the remaining types of D-families аге giv a 
ом): 

in the following list (the types are denoted in the upper F 
(5) (6) (D 


(8) 


(1) (2) (3) (4) 


a,b,c,d,e,f,g,h,i c,d,e,g,h e,f c,d,e,g,h e 


(9) (10) (11) (13) (4) (16) (20) (21) (22) 


с,е,а с c с с © чм Gr Cos © gu 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


< 


pU 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Another construction of rank 4 


297 | 


THEOREM 3. ALL the non-tsomorphic C-families, which are 


4 coe Р 
A not D-families, can be constructed from the given examples of 


p-familtes by the addition of some 2-permitted 4-sete from the 
pairs C,@ and д. 

proof. Due to the above list, it suffices to give 
proof for the types (1), (2), (3), (4), (20), (21) , (22), (25). 

We observe that no two 4-sets, which belong to two 
different complementary pairs, appearing in any of the 
following 3-sets of complementary pairs 

{a,b,c},{d,e,f},{g,h,i},{a,d,g},{b,e,h},{c,£,i} 
may be added to a D-family, otherwise either 3-intersections | 
Í or new l-intersections appear. 


Equivalently, the only maximal sets of complementary 


Bm 
RAE 
ТЕ у р 


pairs of 4-sets, the 4-sets from which may be added simultaneously iu 
to a D-family are 
(a,e,i),[a,£,h) ,(b, d, i), (b,£,g) , (c, d,h) , (c, e,g) 

Each of these six may appear with the D-family (1). Note, 
however, that the following permutations of S, denoted just by 
their non-trivial cycles 

(570599 (ap), (S76), (6), 55 
in this order, map the 4-sets appearing in tereg! to the 4- 

P sets in the corresponding one of the first five 3-sets of pairs. 
| The elements 5,6,7 are in the equal position with respect to 
the given example of type (1) (all the three appear in the same 
Set, 1567). Thus the addition of the 4-sets, contained in 
anyone of the first five 3-sets of pairs to 1234,1567 gives the 
isomorphic C-families with those obtained by addition to 
1234,1567 just some of the 4-sets contained in c,e or 9. 

The transposition (56) maps {e,g} to (d,h) and {9} to 
The elements 5 and 6 always appear together in the sets 
9f the given examples of D-families of types (22,(4), (20), (21), 
(22), (25). Consequently, the 2-permitted 4-sets from the families 
(8,5), respectively {в}, can be always (when these six D-families 


(h). 


are considered and when only non-isomorphic C-families are looked 
| for) replaced by the 2-permitted 4-sets from the families {e,g}, 
respectively {g}. 
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Similarly, the 2-permitted 4-sets from {f}, with respect 
to the given example of D-family of type (3), can be always 
replaced by 2-permitted 4-sets from {е}, due to the transposi. 
tion (67).Q.E.D. 

The given examples of D-families of types (3), (5), (6), 
(7), (10), (11), (13), (14), (16), (20), (21) , (22) , (23), (25), (29), 
(33),(34),(35) have 2-permitted 4-sets in just one of the pairs 
c,e,g. There are at least three non-isomorphic C-families, 
corresponding to each of these D-families; the families obtained 
by addition of none, one and two 2-permitted 4-sets. 

The only question which should be answered here is: 

"In which of these 18 cases does there exist the fourth non- 
isomorphic C-family?", or, equivalently 

"In which of these 18 cases are the two 2-permitted 4-sets not 
in the equal position with respect to the D-family?" 

It is not hard to check that the answer is: 

"With D-families of types (5), (6), (10), (11), (13), (14), (20), (23), 
(33), (34) ". 

For example, we show that the 4-sets 1458 and 2367 are 
in the equal position with respect to the given example H, of 
the D-family of type (22), but not with respect to the given 
example H4 of the D-family of type (23). 


The permutation (2 СИ 8, maps нй (1458) to 


38176542 
H3U(2367). 

The elements 1 and 7 have special, but different 
positions in the family H4, Both are the intersection elements 
corresponding to the outer edges of the D-graph (4-path) - 
However, 7 is missing in two 4-sets, which determine an edge: 


but 1 is not (equivalently, the elements 1 and 7 are in 
Conse 
re not 


+ 1 +, цеп}! 
different positions with respect to the markation). d 


the 4-sets 1458 (containing 1) and 2367 (containing TES 
in the equal position with respect to the family Нз: 


THEOREM 4. There is a bijection between the "0 
an 


,_isomof" 


е p geh p; of 
phie C-families, arising from the given examples Fo 411 


the D-families of types (2) and (4) respectively. 
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‘sp 
jus бе BS 3478 = (1234\(1567U2568))+ | 
4 + (((156792568)\ (156712568) )\1234) ps 


and any isomorphism between two C-families arising from Ро 
preserves both 1234 and {1567,2568}, we conclude that it 


also preserves 3478, that is, it is also an isomorphism between 
the two C-families arising from Еу and having the same 
2-permitted 4-sets as the first two C-families (Note that the Pan 
existence of the later two C-families is guaranteed). g 
Conversely, any isomorphism between two C-families аа 
arising from Fy induces (as a restriction) an isomorphism | 


between their C-subfamilies, obtained by deleting the same 


d 


4-set of Еу, from each of the first two C-families. These 
C-subfamilies have the maximal D-subfamilies of type (2) and 


hence each of them is isomorphic to a C-family arising from Fo- 

The only non-isomorphic C-families, which are not 
covered by the discussion above, are those C-families, the 
maximal D-subfamilies of which have stars as the corresponding 
D-graphs (types (1), (2), (8), (9)). B 

The 4-set 1234 is the centre of the given examples of id 
stars corresponding to D-families of types (2),(8),(9) and we 
adopt the convention that it is also the centre in the case of Ht 
type (1). Each of the 4-sets from the pairs 1278-3456,1368-2457, : 
1458-2367 (that is, from the pairs of c,e,g ) has a 2-intersec- H 
tion with 1234 and no two of them have the same 2-intersection A 
With 1234. 

THEOREM 5, There is a bijection betueen the non-isomorphic 
families arising from the given examples of D-families of E 
types (1), (2), (8),(9) and the non-isomorphic coloured C-graphs' | 
having one, two, three, four black vertices: respectively. 

Р к о о f. We adjoin C-graphs to these C-families as 
follows; 


The four vertices of the C-graphs are denoted by 1,2,3,4. 


The З j 
Vertex 1 (resp.2,resp.3,resp.4) is black if and only if the 


Cor 
] ы ponding C-family contains the set 1567 (resp.2568,resp. 
» 

| re $,resp. 4678). The edge 12 (resp.13,resp.14,resp.23,resp.34, 
$ 5 

| а exists if and only if the corresponding C-family 


| © =8 
| Tw AC : 
d 9 coloured C-qraphs G, and G, are isomorphic: 
] if the Ы 2 — 


th onto 6) and preserves 
Р е colour; 


- 1 3 Я 
ге i E [d hich maps б 
na. &c?o JA Б ИН ul Kangri Co lectioh, Haridwar 
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contains the 4-set 1278 (resp.1368,resp.1458,resp. 2367 resp, 
2457,resp. 3456) 3 

Conversely, given а coloured C-graph, the vertices " 
which are denoted by 1,2,3,4 so that the black vertices are 
denoted by smaller numbers, we simply read all the 4-setg of 
the corresponding C-family (except for 1234, the existence of 
which is assumed in advance), just by the use of the above 
mentioned correspondence. 

(I) Suppose that two C-graphs G, and G2 are isomorphic, 
that is, there exists a colour and incidence-preserving 


bijection between their vertices (which are denoted by 1,2,3,4), 


Кр 


We extend the corresponding permutation В of 1125410 
to а permutation a of S by postulating: 
a (1) = Bli) В а (9-1) = 9-8(1) , fori POM 


We claim that the permutation o estabilishes an 


isomorphism between the C-families Е] and Fo, corresponding to 
the graphs Су and G} respectively. 

Both of the families F, and F3 have 1234 and the same 
sets from (1567,2568,3578,4678), by the above given construc 


of the C-families, corresponding to C-graphs. The permutation 


tion | 


a preserves 1234 and also preserves the later 4-sets (not 


à s ) ices: 3; 
necessarily identically), since it preserves the black verti у 


ists 
There is an edge {k,f} іп бү if and only if there exis 


the edge (a(k),o(f)) in G5. The edges (sae Jg respectively | 
{a(k),a(f)}, imply the existence of the 4-sets (к, £9 10 

respectively (o(k),o(f),9-o(£),9-o(k)) in the families Fy 

respectively F5. amm 
(II) Conversely, suppose that two C-families Ky angel 
which arise from the same one of the given examples of 
D-families of types (1), (2), (8), (9), are isomorphic: 


pP UU с ос» хис, maps the вее 92 Ky 


rved under us 0 
posit? 


sets of Ко. The set 1234 is necessarily prese 
the case of types (2),(8),(9), because of its special 


in the D-graph. ) 
9 
We claim that, in the case of types (2), Qua 25200 
restriction of the permutation ү to the set (1,2,374 (with 


hs 
: ; -gra 
shes an isomorphism between the corresponding сс 
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yertices denoted by 1,2,3,4) 


proof of the claim: 
yertex i is black in G} >K] contains {1}1({5,6,7,8}\{9-1})<=ЖКо 


contains ((1)JU(65,6,7,8)N(9- y (i) })capvertex y(i) is black in 


G2 
vertices i,j are incident in Су<=> 


«=> Ку contains [1,])U(15,6,7,8]-(9-1,9- j} <=> 
«2»K9 contains iyli), Y()320(065,6,7,8) -C9—Y (i) ,9-Y (j) })<=> 
<=> vertices y(i), y(j) are incident in 62 

REMARK: We used the fact that all the sets of (1567, 
2568,3578,4678}, respectively of {1278,3456,1368,2457,1458, 


wa 


2367}, can be represented in the first, respectively in the ў 


When the D-family {1234,1567} (of type (1) is considered, 


it may happen that the given isomorphism y between two i; 
к maps 1234 to 1567 and conversely. 


7 
J 
second, of the two forms above. | 


corresponding C-families Kj, 
It necessarily has 1 and 8 as fixed points. 
In this case we define another permutation $ of S by 


sQ) =2 ; s(8)-28 5 60) = ои 


It is easy to check that E 
6(X) = Y(X) for each xe (1278,3456,1368,2457,1458,2367] 
and 6(1234) = 1234 6 (1567) = 1567 


ween Kj 
the 


It follows that there exists an isomorphism bet 
and K2, which preserves 1234 and we may proceed as in 
Previous three cases. 

This completes the proof of Theorem 5. 


CONSEQUENCE 1, There is a bijection between non-isomonp- 


Phie C-families arising from (the given examples of ) D-famiites 
9f types (1) and (8). 

Proof. Follows immediately by interchanging the 
black and white colour in the vertices of the corresponding 
Coloured C-graphs. 


CONSEQUENCE 2. There are 11 non-isomorphic C-families 


SE] °"teing from the given example of) B famitu ori E 


Proof. All the vertices in the corresponding 


5 = CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Dragan Acketa 
302 eo 


нар I 


coloured C-graphs are black. We simply use the well-known 11 
non-isomorphic simple graphs on 4 vertices (e.g., in the 4 
Appendix of |2|) 

In order to finish the construction of non-isomorphic 
C-families, we have just to find all the non-isomorphic 2- 
colouring of vertices of the above-mentioned 11 graphs, for 
the cases when exactly one and exactly two vertices are black, 

We give the table of non-isomorphic coloured C-graphs 
with one or two black vertices, by stating their l-sets and 
2-sets of black vertices under the corresponding non-isomorphic 


graphs on four vertices. If several non-isomorphic colourings 
correspond to the same graph, then their denotations are 


separated by commas. 


THE TABLE OF NON-ISOMORPHIC COLOURED C-GRAPHS 
WITH 1 OR 2 BLACK VERTICES 


| One black 
„ vertex is 
two black 
vertices a 


one black 
vertex is 
“two black 
‘vertices аге 


| | - . 

Eo 
= 
УСУ 12,13 a GE E 
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We stress (somewhat similar as with the denoted А- 
graphs ({1!)) that the coloured C-graphs provide immediate 
constructions of the corresponding, up to isomorphisms 
determined, C-families with the maximal D-subfamilies of types 
0), (02 , (4) ‚ (8) and (9) 

Summing up the numbers of non-isomorphic C-families, 
arising from all distrinct types of D-families, we obtain that 
there are 184 non-isomorphic C-families. 
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REZIME 


NOVA KONSTRUKCIJA PEJVING MATROIDA RANGA 4 
NA SKUPU OD 8 elemenata (II) 


U ovom radu, koji je nastavak rada {1}, dajemo konstruk- 
ciju svih neizomorfnih C-familija (familija 4-podskupova 8-sku- 
Pà, kod kojih ne postoje 3-preseci, a postoje l-preseci). Time 
Зе kompletira konstrukcija svih neizomorfnih Безе зя matroida 
ranga 4 па skupu od 8 elemenata. 
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А SEQUENTIAL WEIGHING PROCEDURE 
Ratko uL 
Prirodno-matematidki fakultet. Institu 
21000 Novi Sad, ul iy te unt atc 
ABSTRACT 


The paper is concerned with a sequential search on a finite set 
,n; and Е. ПЕ, n 


D 


X=F UF, U... UF, of coins, such that |F; | =5; i=1,2,.-. 


for i#j. There is exactly one counterfeit (heavier) coin in each Р, апа 


weighing procedure is constructed for an 


we want to identify all of them. A 


implies an upper bound close enough to the theoretical 


arbitrary n, which 


lower bound. 


Let X =F, ШЕ, Ш сос Wy (p, ПЕ, = р if ifj) bea set 


4 T MENTI 1 К 
% of 5n coins, where Fi (6176519593195) is a set containing o 
e indistinguishable except 


coins (i=1,2,...,n). All coins ar 
eavier than the rest and 


that exactly n of them are slightly h 
v one heavier coin. Given 


ach of the sets Е; contains exactl 
veighing procedure 


à balance scale, we want to find an optimal 
izes the maximum number of steps 


т.е. a procedure which minim 
o identify all the heavier co- 


(weighings) which are required t 


ins. 
ns are of equal vei- 


We suppose that all the heavier coi 
the weight of a 
4. 


Sht, and so are all the light coins. If № 345 i 
light coin, then the weight of a heavy coin is less than o м, 


4 s | 
| 9 that the larger of the two numerically unequal subsets of 
at no information is gai- 


X H 
is always the heavier. This means th 
ts. We also suppose 


1 ne 
( d by balancing two numerically unequal se 


E. 
z CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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that the scale reveals which, if either, of the subsets к. 
is heavier but not by how much. 
1 Some other problems of this type are discussed lm 
ater detail іп |1|,|2|.,|3|,14|,|5| ana |6|. 
Consider a pair (A,B) of numerically equal disjoint 
subsets of X. Step (A,B) will mean the balancing of A against 
B. If A={a} and B={b}, we write simply (a,b) 


gre~ 


+ The possible 
outcomes. are: 

(a) The sets balance, symbolized by A=B; 

(b) The sets.do not balance, in which case we use the 
notation A>B, В>А, where > between two sets means "is hea- 


vier than". 


We denote with 2 (п) the maximum number of weighings 
in an optimal weighing procedure for the set X. By information 
theoretical arguments, we have the following lower bound for 
5 (п) : 


(1) 95 (п) > [n 19935] 
where [x] denotes the smallest integer >X. 


Now, we are going to construct a weighing procedure 
S, for an arbitrary n, which implies an upper bound close d 
ugh to the theoretical lower bound, i.e. we are going to prove 
the following statement: 


THEOREM. — £5(n) < [32] (2) 


P roo f. We shall construct a weighing 


Sy for the set X, with the maximum number of weighing? v 
d£ subset’ 
igh- 


госейше 
E 3n | 


This procedure will be sequential i.e. the next pair 
л ге 
to be compared is dependent on the answers to previous * 


ings. t 
independ” 
For n=1, the procedure S, consists of two in 


weighings: 
1 1 1 1 
ke (ети е2 0 2. (сз, % ) dete 
ais 
It can be easily checked that the heavy CO?" 


Р to 
гаіла 
mined by the answers to the weighings 1. and 2. acco 
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the given TABLE. | 


TABLE | 
Answers to the Heavy coin à 
weighings F | 
14. 26 
L————M————— ÁÉÉÓÉÓM— 
< < outcomes impossible | 
: = c! 
< > outcomes impossible 
E < ci 
4 
= = c 
j 5 
= > сї 
1 
> < outcomes impossible 
> = (e) 7 
3 i 
E > outcomes impossible ў 
For n-2, we construct a sequential weighing procedure 
S, as follows: 
lor e e NAD kD 
4 STEP 1. (A,B), where А -(a,,a5,83), B-í(aj,a,,a85) . 


ү If A>B,this means that each of the sets A апа 
pes (а5,а2,а2) contains exactly one heavy coin E го iden- 
tify them we can use two independent weighings, (ata) and 
(аз,а2), respectively. 


(ii) If A-B, we go to Step 2. 
2.2 
STEP 2. (a1,a5) , and now 


2 
(1) If a >а2; the heavy coins are aj and one coin 


fr 
CER the set A, which can be determined by one weighing e.g. 


Е 1 
a seb, the heavy coins are a; and one coin 


2 the set B^, which can be determined by one weighing e.g. 


| 
q 
| 
| 
| 
| 
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2 2 : 2 
(3) If aj «85: the heavy coins are a5 and One coin 


from the set A, and we continue as in case (1). \ 
(111) ТЕ A«B, we also go to Step 2, and | 


2 2 ' 2 
(1) Ine eu ee the heavy coins are ау and опе of tk 
coins al and al. which can be determined bv the balancing of 
1 
a against as ; 
(2) If a? =. the heavy coins are al and one coin 
from the set B^, and we continue as in case (2) for A=B; 


(3) TE a2 «a2, the heavy coins are а? and one of the 


coins a, апа а, апа we continue as in case (92 


It follows from (1), that the constructed procedures 


$1 and S, are optimal. 


Let n»2. Now, if n is even, we partition the set Х 
n 

S s . If n is odd, 
Е); IUE $ i-1,2,..-.:; [5 | 


we partition the set X into the sets X; -F21-1UF2i! Е 


into the subsets Xi 


: re- 
1215 and the. set X =F. Here, |x] denotes the 9 


озор L5 E 
atest integer « x. We sort each subset X. (4=1,2,...' |2 


ing 
by applying the optimal procedure 5, and X 4 by apply 


[5] +1 
the procedure 5} - So, a poco Sa’ for which t 


foll 
number of s is [3 = a , is constructed. Hence 


(2). д 
0 

а east 

The constructed procedure S, is optimal at 1 


the 
; with 
those ns for which the upper bound | 3n | coincides 


information = theoretical lower bound. SO, а 


of the Theorem, we have: 


tf 
n + Leas 
COROLLARY. The procedure $, is optimal 4 
2 
24 26, 
See a Cors ро әр рр 
many 


We think that the procedure S, 18 optim 


e it- 
other п” s too, but we do not known Bos to prov 
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| 

REZIME ; 
P: 

JEDNA SEKVENCIJALNA PROCEDURA : 

MERENJA | 


U radu je konstruisana jedna sekvencijalna procedura za 


identifikaciju neispravnih (težih) elemenata u skupu X = 
SB, 02.0... ОР р [0р9 E Е ifj, 
Na taj način dobije- 


Sde je n proizvoljan ceo pozitivan broj. 
oraka optimalne 


па je jedna gornja granica za maksimalan broj k 
Procedure, koja je vrlo bliska teorijskoj donjoj granici. 
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COUNTING BINARY GRIDS 


Ratko Tošić and Vojislav Petrović 
Prirodno-matematički fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 


A binary (m,n)-grid is defined as an array of m rows and n columns 
formed from mn sguare cells each of which is crossed by a diagonal. Two 
(n,n)-grids are said to be eguivalent iff they can be transformed one into 
the other by rigid motion in the space. In this paper the number N(m,n) of 
non-equivalent (m,n)-grids are determined for arbitrary natural numbers m 
and n. The formula of N.Hoffman for N(1,n) appears as a special case of our 


| result. 
1. INTRODUCTION 


A binary (m,n)-grid is defined as an array of m rows 
and n columns formed from mn square cells each of which is 


Crossed by a diagonal. Thus, Fig. 1 is a (3,4)-grid. 


Fig. 1. 
Two (m,n)-grids are said to be equivalent iff they can 
4 © transformed one into the other by a rigid motion in space. 
| J.A. Dunn posed the problem of determining the number 
N(m,n)_o£ non-eguivalent (m,n)-grids. Clearly, N(m,n) =N(n,m). 
"Hoffman in |1! proved that 


i N(1,n) = 2 2+2 I^ 
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In this paper we shall determine the number N (m,n) 
L Li 


for arbitrary natural numbers m and n; the Hoffman 5 formul 
a 
e of our result. 


appears as a special cas 4 
i otations. Y 
Let us introduce some n о Ву UN we shan 


denote the set of all (m,n)-grids. Опсе m and п are Specified 
we shall write simply Y instead of SIS If A is a Set, then 
the cardinality of A is |A|. By |х] and [x] we shall denote the 
smallest integer >х and the greatest integer <x, respecti- 


vely. It is clear that 


I 
(2) ye 2 : 


2. RECTANGULAR (m,n)-GRIDS (m Ёп) 


Any rigid motion in space by which an (m,n)-grid can 
be transformed into some other (may be the same) (m,n)-grid - 
reduces to one of the transformations from the group of sym- 


metries of the rectangle (Fig. 2): 


— identical transformation, 

А 15 
- symmetry with respect to the vertical ах“?! 
horizontal axis! 


symmetry with respect to the 
Е the 


e center 0 9 


ОШ for fs) Е: 
U 


- symmetry with respect to th 


; rectangle (central symmetry). Mer ай 
Let t(X) denote the grid into which the grid дет HC 


: consi 
sformed by applying the transformation t. We shall 


following subset of X. 


A 
B 


(X/a (X) 
(X/b (X) 


Ka 
x}, 


= Da = 5 
СС-0. In Public Son Su Kandi collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Counting binary grids 313 


ади 
Using Burnside^s lemma, we obtain: 
LEMMA 2.1. If m#n, then 


@y Noun) = 4. (|| + [al + [Bl * Гере 


3. SQUARE GRIDS ((n,n)-GRIDS) 


In addition to i, a, b and c, the group of rigid moti- 
ons which transformsa square into itself, contains four addi - 
tional transformations (Fig. 3 

d - rotation about the center 0 of square through an- 


gle ф = 909, 


Fig. 3. 


e - symmetry with the respect to the diagonal BD, 
f - symmetry with the respect to the diagonal AC, 
g - rotation about the center 0 through angle + 2-908 


fi as in Sec- 
Let A,B,C be subsets of Y= Yu pg): defined 


tion 2. We shall consider also the following subsets of X: 


р = {х/4(Х) = X}; 
в = DECI = Хх; < 
G = (X/g(X) = X) 


Using Вогпѕіде s lemma, we obtain: 


LEMMA 3.1 


(|у|+|А!+|в|+!с|+!к!+!Е!). 
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4. THE THEOREM 


Before stating the theorem, we shall prove some lemma 
8, 


(КЕМ), an arbitrary grid 


LEMMA 4.1. For arbitrary natural m,n, and for Жу 
rresponding subsets А,В,С Of Yimny=¥ 
as og 
(5) (i) liseuerxc-D2^ , 
фы ld 
m 
(6) (ii) |в| = a + (-1)™) 2 2 : 
mn 
TAA 2 
(7) (iii) |c| =2 
Proof. (i) For n=2k 
х from Y m n) can be represented in the form 


where P and Q are (m,k)-grids. Now, 


XeA iff Q=a(P). It means 


that X €A is determined by its (m,k)-subgrid P (containing 


mk => cells), hence follows the statement. 


For п=2К +1 (k>0), an arbitrary grid X from Y m,n) 


can be represented in the form 


where P and Q are (m,k)-grids and I is a (m, 


1)-grid. NOW; 


ie .е. 
iff О =а (Р) and I-a(I). However, a(I) £I, hence As” 


|a| =0, and (5) is proved. 


(ii) (6) can be proved in the same мау. 
cally 


(iii) X eC iff any two cells sit 

Е 
with respect to the center 0 of X аге of the same se [2] 
ог М ). If mis even, X єС is determined БУ 72 


pairs of cells. If both m and n are odd, the се 
symmetrical to itself and it can be of an arb 
that case, X eC is determined by mont = [= 
cells (central cell included. Hence, follows ева 
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ntral cell 
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itrary 59” 
mn | pair? 
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ISS LL usse emen eM 
Digitized by Arya Samaj Foundation Chennai and eGangotri 1 
Counting binary grids 


315 
| REMARK . 
1 
If m=n, (5), (6) and (7) become: 
= 
lal = = =p) yon 
(8) [al = |B] = (1 + (2) 2 
2 
D 
2 
(9) [c] = 2 
LEMMA 4.2. For arbitrary n €N, and for corresponding 
subsets D, E, F of Mg mM og 
n *n 
А | = 2 
(10) (i) [Е| = Ir] = 2 ; 
“2 
пе 
iu 4 
(11) (ii) I = @ + (yy) 2 E 
E 
1 
| 
] 
| 
| 
| 
Fig. 4. 
Proo f. (i) ХЕЕ iff any two cells, situated sy- 


| metrycally with respect to the diagonal BD (Fig. 4), are GE 
° same sort (either Й or М ). Each cell situated on the 
lagona] BD may be of an arbitrary sort (either И ог М ). 

| s means that X єЕ is determined by its cells situated on the 


ud 
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diagonal BD and above it. The number of such cells ig ios 


2 1 
.+n = з . Hence it follows that |E| = 2 (п 0004 
2 
In the same мау we can prove that |F| = ? (n^ +n) /2 
(ii) If n is even (n=2k, k>1), then X e Y 


(n,n) сап 
be represented in the form 


where P, О, В and S are "(k,k)-grids. Now, Хер iff Q=d(P) , 
R=d(Q) = a? (р) and S -d(R) =a (E) This means that X€D is 
determined by its subgrids P containing n? /4 cells, hence fo- 
llows the statement. 

If n is odd (п = 2к+1, 20), then X €Y (oem can be 


, 


represented in the form 


where P, Q, R and S are (k,k)-grids, U and W - (1,k) - grids, 
V and T - (k,l)-grids and E - (1,1) -grid. Now X €D implies 
а (Е) =E, which is a contradiction, because d (Ø) = and 
d(N) = Й. This means that if n is odd, then р=9, ie 
|p| =0, and (11) is proved. 


Now, we can prove the theorem. 


THEOREM. @ )) If m#n , then 7 
mn-4  [mn-4 а 
aa ео” а 2 E 
2 д x 
2 [n -6] = E 
(it) Nias) озо `2 4 2 5 
ЖОЛ? n 
(13) sos qe) al eo? 
» 
and í 


y 
Pro o f: (i) Follows from (3), yen 
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(ii) Follows from (4),(2),(8),(9),(10) and (11). 


REMARK. 
For m-1, (12) reduces to Hoffman s formula (1). 
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PREBROJAVANJE BINARNIH RESETKI 


Binarna (m,n)-re&Setka definiše se kao pravougaonik po- 
deljen na mn podudarnih kvadrata, koji su rasporedjeni u m vr- 


sta 1 п kolona, pri ёети je svaki od njih preseéen jednom di- 


jagonalom. Dve binarne rešetke su ekvivalentne ako se kreta - 
njem и prostoru тоди dovesti do poklapanja. 
U radu je odredjen broj N(m,n) neekvivalentnih (m,n) - 


р: 
P- 
р 
‹ 
“rešetki, za proizvoljne prirodne brojeve m i n, čime je uopÉ- | 
tena formula М. Hoffmana za N(1,n). | 

| 

: 
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A COMBINATORIAL IDENTITY AND ITS APPLICATIONS 


Ratko Tošić 
Prirodno-matemattékt fakultet. Institut za matematiku 
21000 Novi Sad, ul.dr Ilije Djuričića br.4, Jugoslavija 
Rade Doroslovački 
Fakultet tehničkih nauka. Institut za primenjene osnovne 
discipline, 21000 Novi Sad, Veljka Vlahovića br.3, Jugoslavija 


ABSTRACT 


An identity which has some interesting combinatorial interpretati- 
ons is proved. A bijection is established between a set of strings over 
the alphabet B = {0,1,2,3} and the set of all symmetric monotone functions 
of n variables over the three-valued logic algebra. As a conseguence, a 
simple formula for the number of such functions is obtained. A different 


proof of this formula is given in |2|. 


1. DEFINITIONS AND NOTATION 


Let X denote a finite and nonempty set of symbols; X 
is called an alphabet. By X?" we shall denote the set of all 
RS of the length п over the alphabet X, i.e. x" = 

= (кухо... X [Xp Xr 0х ЕХ, the only element of X? being 
the empty string A, i.e. the string of length О. The set of 
all finite strings over the alphabet X is Х* = 398 X 


We shall also use some special notations: 


——— NOT 


mc qO51)y В 

B = (0,1,2,3) ; 

С = (1,2) ; 

3. (а) - the number of j/s in the string aeA* ,for jeA; 
O (tj = the number of j S in ле = 5158 ев*, for j €B; 
а - the number of }75 in the string c eC*, for ес? 

| UR = (ala вл", в, (a)-4, (a) = 2837 
= п-5} 5; 


{а|а epo. £4(a) =nts, i (a) 
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Kg (n,s) = U Kj (ns), where, for each i Such te 
5<1<п 
5 <1 <п апа 1—5 =0 (mod 2) 


п е 
Ki(n,s) = (b|beB", 43 (6) +000) = i, 23 (b)-2 (b) =s} = 
п w ДАГЫ _ i-s 
= falb ea 2. (>) = == £.(b) =}, 
od : 
н. (п) = U Hg (n), where, for each i such that 0 <і<п 
B i-o = 
it | п 
нр (n) = (bib, bib bs b eB, 2, (bib, b)+ 
+ (Бо. - bp) =1, Ra (bba. b) > | 
> 2 (b,b. bx) for each k<n} ; 
i 
l5] 5 | 
Ho(i) = Ü He(i), where, for each j such that 0 «3x |] 
j-o | 
aia = еее с rect fin (< вова) = Ja 
С i172 qup а; on Ead i 


h k<i}. 
&(c1€5. - cy) 22, (ey Ca++ + Sy) for eac © 


It is obvious, that for ii Zi, 


i, i, 
Кв (n,s) fl КЬ (n,s) = 0, 


"at 12 1 j 
H, (n) NH,*(n) = d, and for ју #32 
j j 
de PL it 
Не (i) Пнс (1) =9 
and 
If S is a set, then !S| is the cardinality of S. BY [x] MG 
| test in 


|x| we denote the smallest integer > х and the gre? 


ger «x, respectively. 


2. RESULTS AND DISCUSSION 


THEOREM 1. If 0 <5 <п , then 
i 
n : n-i 2n+1 
n i-s || 2 = ( ) 
(1) d Ci) =] \ n-s 
і=5 


First, we shall prove the following lemma: 
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LEMMA 1. If 0 <5 <n, then 
x | n-d 2n 
c n 1-5} 2 = 
s<i<n 

i-s=0 (mod 2) 

1] та (3) Outre It is ML that the sets n^ П ага p^ 
are of the same cardinality 22 D 24^. An obvious bijection be- 

2 З : 
tween the sets А П and B" is the function f dad +B" such that 
„2п п 
for а=ауа„...аеА and b -bjb,.. eb EB , Е(а) =b iff for 
\ each К=1,2,...,П, 9 (a4, арк) =b,’ where ф 15 the bijection 


oo ol lo 11 
Т ra oo 


on between the sets 
=|K,(n,s) | 

(3) |K, (n,s)] 
(4) 


[Kg (n,s) | 


Ре (бу (оу ЛЕ 


2 
that a ЕК, (n,s)c д^? 


means that the restriction of f to K, (n,s) CA 


On the other hand 


i-szo(mod 2) 


The last equality follows from the fact that for each i such 


that s<i<n and i- 
i 
|Kg (n,s) | 
which can be easily 


of Theorem 1. 


) between the sets a? апа В. It is easy to see 


iff beKy(,s)c BP, where b=f(a). It 


n isa bijecti- 
|K, (n,s) | 


Ky (n,s) and Ka (n,s), i.e. = 


= 


= 


NO | 


(тоа 2): 


a pes 
15s) 5 
2 ГА 


| 
proved. | 
l 
| 


s=0 


(BT 


1 


Now,(2) follows from (3) and (4). 


Substituting 5+1 instead of 


nyc | 
5 in (2), we obtain | 
a x ; | 
(n | (i=) оО ао | 
_ Sti<i<n 1а ngos 
| 1-S-1z0 (mod 2) 
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af 
Aol le dn 
(5) р Ce) 274 "E \п-5-1 
5+1<1<п T 


і-5=1 (моа 2) 


Summingup(2) and (5), we obtain (9 


A combinatorial interpretation of (1). The number of 
Strings of the length 2п+1 over the alphabet {х,у}, for which 
the difference between the number of х’5 and the number of ys 


is 25+1, equals the number of strings of the length n over the 
alphabet {x,y,z,u} for which the difference between the number 
of xB and the number of Y S is either s or $+1. 


For s-0, we have 


COROLLARY. 


n n i D = 2п+1 
m à (i) ; = 


1=0 


A combinatoral interpretation of (6). The number of 
strings of the length 2п+1, over the alphabet {х,у} with nu 
х s and n y'&, equals the number of strings of the length п 


р 1 ^ for 
over the alphabet íx,y,z,u) with Я x s and I2] y 5, 


some i-0,1,...,n. 


3. APPLICATIONS 


; in the 
First, we use (6) to count the number of string? 


set Hy (n). 
‘THEOREM 2. |H}(n)| = Ex 


First, we shall prove the following lemma: 
г. qoe [i 
LEMMA 2. н.(1) | = і : 
3 [z] 


Proof. It is known (see |1], РР: 


| ; i 
| at 1 H d а B 
| am 2) |н? (4) | = Га (sex f PAG) 
@ dies i-j+1 
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it follows that 


Hence; 
i ii 
[2] ne ыы | i ES 
ке) ЕСС! рс NES 
i =O 725 scm А Е], 
Proof of Theorem 2. It is easy to see that 
7 u п-1 а і ed 
jag (п) | = (igo (4) [2 = (ү ||? i 


Now, we have,by using Lemma 2 and Corollary: 


n г n yi 
i n a жи _ 2n+1 
с puer f Ча | р | 


Now, we are going to determine the number of symmetric monotone 
functions of n variables over the three - valued logic algebra 
i.e. the number of functions F JES PES, where Ез ={0,1,2} г 
and the following two conditions are satisfied ([3|): 


(1) (хри) < (Y4:Y27* * У) implies 


F(Xi;Xor..- XQ) <E (YY: ‘Yn? , 


under the assumption that 0 <1<2 and 


(x1,X5,.. . , X4) < (Y1:Y27* - (Y) iff xi SY; for all 


151752 4 L5 n 


4m M 
ч F(x; Xj ‚...,х, ) = F(x, Xgr+++1Xp) , for each perm 
io ta m 
tation | 
(x, (XQ, ness) of (Ga peer co opts) 
ir eee ona) 542 п 
ga i, а 


Since F is a symmetric function, the set of all n-tup- 


les with P 0-5, q 2 s and п-р-ч ls can be represented by 
= n-tuple (0 2504,20: I 220052) which we denote, shortly, 
Frühe , г ГА 


р a 

b = 
Y (P,q). So there is a bijection between the set of all sym 
"ессе monotone functions Е : EB *E4 and the set of all mono- 
) 


tone (2 
E i - (2) 
Unctions F^: Loti Ез, мһеге Dati 


is the set of all 
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ordered pairs (p,q) of integers such that p?0, o pig <n 
(ore) © (pra) iff p?p“ апа а <42. The set І SE partial, ae 


324 


der by the relation < бап be represented as a lattice On the 


Cartesian plane. 


Figure 1. is such a lattice for n=6. 


(0,5) j 
т>: 
EB EB 


я 
AGE apap 
l.i (GLAD) (4,1 


| 
c= 
ae (3,0) (4,0) 


Figure 1. 


(0,3) 


rmined 


te 
Any function F^: be XE. is completely de 


three sets 


= {(p,q) | (p,q) ez) ‚ F*(p,q) = i}, 
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We also consider the lattice of all points ( p -$ б 9-5), such 


that p Z0: а>0, ptq<ntl. An increasing path from (- 5, - 5 ) 


is a set of edges of this lattice which at each point increases * 


in p or increases in q. 
All increasing paths of п+1 edges which begin at (-5,- 5) 


must end somewhere оп the line ptg=n (indicated in Figure 1 
for n=6). Label each edge of such a path by 0 if it increases 
in p and by 1 if it increases in q. So, there is a bijection 


between the set of all increasing paths of n+l edges which begin 


1 
at (- io 


and Sor for n=6, are drawn and corresponding strings are 0101000 


+ 
- 3) and the set AD o In Figure 1, two such paths 51 


and 1100011, respectively. 
lant 31 


\л+1) 
tions of n variables over the three-vatued logic algebra. 


THEOREM 3. There are symmetric monotone fune- ] 


jd ва (©) ©) ЕС It is sufficient to determine the number 


и а Е.. However, the sets То, 


for such a monotone function are separated by two in- 
l 
5 ) 


of all monotone functions Е”: 


T and T3 


creasing paths s, а and 52 of ntl edges beginning at (- 5,- 


and such that none of the points of s, are below S}. On the 
other hand, such two paths always determine a monotone functi- 


| 
| 


опык: 02) TES by specifying corresponding sets То, Ti and T5. 
So, there is a bijection between the set of all symme- 
tric monotone functions F : E3 -Ез and the set of all pairs of 
strin ras = п! ы (аа. тада 
95 ауа„...а 1, a5- -a+ A such that 7; (ауаз kx! 5 
51 (ay 125. Er for Te. k-21,2,...,ntl. But, the number of 
Such pairs of strings equals the number | Hg (п+1)| of strings 


Бъ е BM! such that ? NUR: panes x т 2 (b152 -e +by ) for 


pour k=1,2,...,ntl; a corresponding bijection can be constructed 
by taki =2a / 2 it follows that this number s 

Para) aking b,=2ajtaj. From Theorem 

п] 
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REZIME 
JEDAN KOMBINATORNI IDENTITET I 
NJEGOVE PRIMENE 
2 д Я А Е ula (1)) koji 
U radu se dokazuje jedan identitet (form | 
Go jenja 
ima interesantne kombinatorne interpretacije. Uspostavlj * | 
zn x entno 
je bijekcija izmedju jednog skupa reci nad éetvoroelem i 


: :4a od n PIO 
azbukom i skupa svih simetriónih monotonih funkcija О 


i ijena је formula 
menljivih troznaéné logike. Kao posledica dobije 
2п+3 
za broj tih funkcija - dokazano je da ih ima (21 
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THEOREM FOR INFINITARY LOGICS 
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21000 Novi Sad,ul. dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


Our considerations are connected with the results of the first 
three chapters of |1|. The aim of this paper is to contrubute in some way 
to a better understanding of the purpose of introducing weak formulas while 
dealing with the forcing relation for infinitary logics(Theorem 1.23) as 
well as to correct, in our opinion, the proof of the weak form of the In- 


terpolation theorem for infinitary logics. 


INTRODUCTION 


It is already announced in |1| that the proofs of : for 
each р p||-4wPC,1 or of preserving E, "seems to involve some 
kind of saturation property for C" i.e. (*) for each p from 
р |H Any @ follows p | ^^ A? (we are always given the other 
inplication) „Ме have shown that all these statements are in 


fact equivalent (thus mutually equivalent) to: for each p 
(and à ) р лоф iff р“ (theorem 1.23). A sufficient 
Condition, merely conjectured in |1|, that these statements 
hold, is that any nondecreasing sequence of length a <k, when 
& fragment of some logic Ley is considered, has an upper bound 
(Lemma 1.11). But this is not a necessary condition too (exam- 
Ple 1.13). From (*) follows also: for each p р^ РС11 which 
Otherwise when the given logic is infinitary does not have to 
Be fulfilled (Example 1.15). 

As for the proof of the Weak Interpolation Theorem for 
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lI I ии. 
infinitary logics (semantical l- is replaced by syntactical | 
our main objection is that relation (||) applied in it mr 
have to be (and in cases of real interest, is not) a сИ 
relation, while on the other side the properties of о | 
Jations,in particular 1.22, are used. All the troubles are 
come successfully by the construction of a forcing relation 
which has a "nice" intersection with the given one (Lemmas 
208—952 729-7 Theorem 2.24). 


Some other corrections and a few ме hope, useful remarks 

are made. 
50. We shall assume а knowledge of the basic proper- | 
f 


ties of a forcing relation and in particular a familiarity with 


| 1] . However for the reader s convenience we shall cite some of 


the most relevant definitions and results, mostly from |1|, may- 
be with some slight, unessential reformulations but using the 
same terminology and notation. 

Through the whole article the language L in question, 
in all general discussions, will be a first-order language (fi- 


ymbol. The ba- 


nitary or not) containing at least one constant 5 
3(exi- 


sic logic symbols will be w (negation), & (conjunction); 


X ENS ics) 
stential quantifier ) and (in the case of infinitary logic 


d isjunction) je? 


A (infinite conjunction). The other like у ( 2m 
у (infinite 45 


(implication), V (universal quantifier) and 


мау. 
junction) are defined by the basic ones in the standard 


A® will replace Ao. 
p ARG 


We shall just recall that the system of 
into the 92 5 
d in (| basić 


substitution instances of propositional tautologies: al ах" 
ion 


for finitary logic used in |l|, is divide 


-quantificational axioms, (D) generalized quantificat 
oms and when the logic is with equality 
The only rule of inference is modus ponens- For 


of infinitary logics we shall redefine in the па 
tof ахі 
and one T 

U Edd © 


formu ge 


axioms of group (D) (and get D,), add a nev se 
РС1:АмъФ+Аф у PO 2: АФ-ф for all 9 Go 
rule of inference E, : if yj »$ for all $ eo then 
course, in the formulas of other axiom schemes: 
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uuum 7 aa MCI А ЖААШЫНАН 


ength can occur. One can easily see that there a 


of infinite № 
redundancy in the offered system of axioms. So, for instance 
A) of it can be rather restricted and it is obvious that 


j 


part ( 


> РС „2 а 
- the set of all these axioms and rules of inference will be de- 


noted by М. 


nd E, with the help of the axioms of part (A) give PC_ 1. 


gu ee Let «C, < 0> be apartially ordered set with the 
least element 0, AT(L) the set of atomic and SENT(L) the set 
of all sentences of a language L (we will often write only AT 
and SENT rather than AT(L) and SENT(L) on the condition that 


i». it is clear from the conteXt what is meant by it 


Е DEFINITION 1.1. А unary relation |— оп C xSENT(L) 


Me is a forcing relation if it satisfies the following conditions 
of 


> (instead of (р,ф) є | we shall use the more common р|!-% ; 
course р || 6 will stand for (рф) #1): 
(1) The compability condition (5): 
For each p,qeC , for any $ e Er 
p<q and р!|-ф imply alo 3 


ge with equality we demand also 


| If L is the langua 
(У Ge) For each pec and each closed term t there e 
чес, djs pl апаа е 

(tt) For all elosed terms tj, Е. , 

formula ф(у) with at most one variable free and fo 

there exists а eC such that а>р and either р |4 t, = 607 
р || $ (t) or q |H (ty); 

(2) Pll Ф; & $5 if and only if pl-6, and plH oz 3 


21868 1 


for any atomic 


p each p eC 


language ve introduce too 


If L is an infinitary 
for each 6 Eb ; 


(2) (2) pl|-^ © if and only tf pl- Ф 

(3) р^ $ if and only if for each д>р 9 |14 Ф 

(4) p||-3 ve (v) if and only if there exists а closed 
term t such that р ||— (t). 


The elements of C will be, as usual, called conditions. 


Ve read р||-ф аз p forces ф · When pll-^ve we say that са 
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condition) p weakly forces Фф. 
In defining some forcing relation we shall give en 
Y 


its intersection with C xAT which is obviously sufficient 


DEFINITION 1.2 A foretng system i8 a triple «C | 
и = 

where C ts а partially ordered set with the Least element e. 
' а 


given Language and || а foreing relation om C х ЗЕМТ (1). 
DEFINITION 1.3. Let «C,ll-,L» Ре a foretng system 
where L is a finttary Logic. For pec 
1С|р| = (Ф e SENT|pIL-~ Ф) 


Instead of то], where 0 is the least element of С ve uri- 


te just тС. тС is called the (forcing) companion. 


In any of the propositions. that follow , if it is not 
already written itgoes without saying that some forcing sys- 
tem «C,l|-,L» , fixed but without any special characteristics, 
is given. 

The following assertions are direct consequences of de- 


finition 1.1. 


THEOREM 1.4. (a) For any conditions p.d and for | 
any sentence $ if р||--ф and а >р then а | Ф; 3 
(b) For each p €C and for each sentence 9 either 


pli 4 or p IZ: 3 
(e) For each p eC and for each sentence ф there? 


a eondition q>p such that gll-9 or alrt.: 
LEA os a pe свел mole” a 
(b) pli-^ 6 if and only tf P E 
(e) pl irag if and only if Ри 


5 r all 
(ay ile ee eO fo 
closed terms t p|l-^ e(t) 
А tac 
: ye 
In |1 | is given a complete and very exhaust^ 
tic proof of yi 


5 8 gen 
THEOREM 1.6. Let <C,|}-,L> be а forcing 99 ; M 
р te а finitary language (of an arbitrary car 
for each p ЕС 
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(1) т©|р| is а consistent,deductively closed set 
; (© 
J (el ple ф implies ФЕТ [р|); 
(2) Т] (Vrese Ya is a logically valid formula (t.e. 


{ Ebo re n then for any closed terms tyres rt) 


С 
Ее ty) ет үр. 


In this place we would like to mention two things. First- 
ly, (any) condition p really forces, not merely weakly for- 


ces, each of the axians (for a finitary logic). This follows from 


Lemmas 1.5 and 

LEMMA 1.7. pluim аф) if and only if pll-^(6 aw) 
vhich give. 

LEMMA 1.8. pl-ov(o >y) £f and only pl-$-v, 

That is not a property of for instance the forcing rela- 


tion defined in |4| where both а and V аге taken for basic 
logic symbols and a part of the definition of a forcing relation 


is 


pll-é vu if and only if either pli-$ or р||—% 
while we have 


LEMMA 1.9. There exists q? p, g|r-óv V tf and only tf 


there exists а >р, а||-ф or ЧФ. 


15 


Secondly, the result of Theorem 1.6. cannot be genera- 
lized i.e. an analogous assertion for infinitary logics with 


quality does not hold even if we kept "the syntactic apparatus 


9f the finitary logic possible enriched by PC,2. Namely it is 


asy to prove 
5 je p vek- 
id LEMMA-1.10.. Вод alt p ec» р Ве GE GNU 


5 : - ) 
ly forces any sentence belonging ®0 the ахфот scheme PC,2 


= x eras 
but let us try to check pll-^wvVu(v =u и 


1 - 4 © Y 
"deg formula in which u is free for v, 9 25 the result 
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substituting some (not necessarily all) free occurences of 
by u and ф is of the form AY (infinite conjuction) , 


+ 


In ca 
of a finitary logic the proof, based on Definition 1.1 is ак 
д r Ven 
by induction on the complexity of 0. 
First of all let us note that (for any $) 
p|E-^ww vv u(v-u-($ -0^7)) if and only if for all Glace 


Let us suppose there exists a condition а>р such that 


gll- e =t, алт &wAY^. By inductive hypothesis, from че, st 


and g||l-v, фе? follows gl; ^v^. Непсеа || Алм у forin \ 
the opposite case for any г> q there would exist a formula 


$^eV^ such thatg||7 “vy. Let us fix such a pair r,U^. Then 


for some s >r s||-^y^ while also 51| +; = t, and s|I-v, contrary 
to the inductive assumption. Now the question is, whether 
а || v Avv Y^ is in contradiction with q|L-^ ЛУ“ . And the anser 
is that there is по a general answer, that is that the answer 
does not follow from the very definition of a forcing relation, 
as we shall soon see. 

In case we wish to get an analogy of Theorem 1.6. for 
any infinitary logic, two of the possible ways to accomplish 


con- 
this are either to add some new ebd cue to the set of 


ditions or to redefine the set T |p| in the suitable way- 


assume 
So if we have the L, logic (К >ш) it holds (we 


ky 
the axiom of choice) 
ndi tions 
LEMMA 1.11. If a partially ordered set oy 00 asit 
re 
«C, <> has the property that for each à <k any a 17 nd them | 
А ет | 
sequence р <р, < --- <р <...,а<А in С has an ирр Jel р 


5 $, 
for each condition p (and any set of sentence 
(*) р| Aw ё if and only if р\|-^%У ћ® T Ji 


5 tri 
р г о о f. We shall consider only the 1e% ф = Jet 
= па р + 
plication. Let Ф (e. ly <А\(< k)}, p,qec a ace 


ау con 
us suppose that for = a «A we have already hon EP 


quence @ “т Seno рр © соо <a so that Pal ? 
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| ғ a is a limit ordinal just the assumption on partially orde- 
" red set enables us to extend the sequence with a new condition 
3 P. (p, 2 Pg for В <a) which forces all formulas фу ;Y $a (іп oth- 
er words we can simply "bridge the gap " between successor and 
limit ordinals). The case that a is a successor ordinal is clear 
(compare with 1.5 (c)). 

In the end, let us note only that the other (more tri- 
vial) implication always holds. 
З From (*) follows directly p|l-^« чууџ(у =u + ($ +67)) 
(thus, in general, in the notation from |1! pla% РС 11) also 
for infinitary logics because of 


LEMMA 1.12. The conditions (*) and "for each р 


р||--^ ЛФ tf and only if р||—*% Ana Ф" are equivalent. 


РА о O f An immediate сопзеацепсе of Definition 1.1 
er However the condition on a partially ordered set from 
the previous lemma is not necessary in order that (*) holds. 
on, | The following example shows this. 
EXAMPLE 1.13. Let M be an infinitely countable model 


of a countable language and let A be tts diagram (the set of 
3 411 atomic and negations of atomic sentences of the language 
L(M) which hold in the model Му. Let ив enumerate the senten- 
WOO OP WS am Ue, where Ф) and $. 
atomic, thee js negations "e atomic sentences from А in such а 
My that 9. 716, |n ea) "and o> ={¢ кешнй еы на | 

2097 lo ici howe P. = (6g là <a}, be partially ordered by the 
inclusion relation ead let U determine a forcing relation оп 
CXSENT(L(M) ) by: 

шуш 


are, respectively, the set оў 


| for atomic ф Py lk $ tf and inly if ФЕР, 


For the forcing system «C,|l- , L(M)ojo? (one can easilv 


Pach x 
i, ^k that the given triple is really a forcing system) (*) holds 


lie 
` for any condition р =р, and any set 9 of sentences, 101 <w 


Pik wae if and only if pl- Aw? 
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зма 


Let us prove this. Since «C, => is linearly Ordereg 
(with the least element Po = UP OM) for any B,Y (<w +о) 


and each 
sentence ф of the language (М) ув 


Eee um $ if and only if Ecl ф 
Hence it is enough to check that 
ppl =a АФ aif and only if ЕЛ лл, ф 


Namely, on condition the assertion р А ашат B, Ам 
is true for at least one condition p, (*) follows easily. For 
let В žo and pgll- ^ avo . Then by the above pjll-^ мм whence 
p, ll- ^ A9 and therefore po icm A9 


But for any sentence $ 


Pall- $ if and only if p |v ф (then clearly p, I-A 
implies that p, ll-^ Фф and consequently р ШЕ A9 ). 
The proof is by induction on the complexity of 6$ 
If ф is atomic and 9, ^^ $ then $ € 94 and so p, li 
since ф,=р.. 
Г A ome net 
If ó is Jvu(v) and die wv 3 М (у) then for 5 | 
d 
and some closed term t pnl w(t). Thus Ph sd y(t) and 5f 
the inductive hypothesis p |= w(t) і.е. ies NO (у). 


Other cases are even more trivial. 


quio he enum 
EXAMPLE 1.14. Let all suppositions, except * ppost 
1 su 
ration of A , be as in the previous case. New we shal 


that 


ET V 
А = {o |n € 0) (thus c - (p, In еш}, р = Woy cm 
It is easy to verify that for all jew 
= A^ А d = ъъ AA 
p; || ап pI d m 
Thus in particular Pj [ м A ^ and we see that 1" 
of the forcing system (*) does not hold. Я (ie 
` G P tj 
We have only proved that (*) implies T ШЕТ ш 
1 
for any ф which belongs to the axiom scheme PC 1 уе 0 chem 
ha 
is ф et |p|) . Thus in case (*) does not hold we 


separately whether 1€ |p| | PC 11 holds or not. 
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The next example, however, confirms our second remark given 


after Tagi 


EXAMPLE 1.15. Let L be a language containing just equal- 

ity relation = and let M be an infinitely countable model for 
т in which = is interpreted as an equivalence relation such 
that at least one equivalence class contains infinitely many 
elements. Let А be such a class and let a, b be two elements of 
А. Let A=A, UA, be the postttve dtagram of M, where Ay is the 
set of atomic sentences in which constant C, appears, correspon- 
e ding to the element a (А. = АЎ hj) and let us enumerate the sen- 
tences of ^ so that Ay = (e, |n ew} and А ={6 k E ew} . Again 
we put py = (218 <a}, [o = ip, la <ш+ш} and define for the Language 

L (M) a forcing relation as before. 


ми шуш 
Now there is no one condition which would force weakly 


©. к; > (AA. >A AD where Ay is a result of the substitution 


of constant es by €, in the sentences of Ар» Ғор 


Polca = € 84 4, 8^ АА, 


5 In particular no condition forces weakly ¥v¥ulv =u (Ady (У) + 
2i *"Ahi(u)) where Ar(v) and Ar(u) are obtained from В} that ie 
Ay by substituting constants е 26 SD by, the variables v and u | 
respectively. | 
Е In |1| in order to obtain an analogous result to 1.6 
X for infinitary logicsthe notion of тС |p| is redefined. For that 
Purpose firstly, the concept of "weak" formulas is introduced. 
DEFINITION 1.16. _ For a formula $ of (infinitavy] 60282 
L we define a "weak" formula с as follows: 
@ ap a UO A bp Gus 
Р | (11) APO Ga ND М: is ay (this ease includes а fini- 
te conjuction); 
(pe lii) zf $ is 3vy (v) es is aw avy (v) 
раї су) tf ots ay "us is Ages 2 
ck 


From the aspect of a forcing relation, as long as fini- 


u n 
ry logics are considered, nothing new is obtained by "weak 
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М 


formulas because of 


LEMMA 1.17. If «C,ll- .L» is a forcing system vM 
is a finitary language then for any condition p and any ES 
$ of L 
plar 6 and only if plane 


But independent of whether a logic L is finite or not 


it always holds: 


LEMMA 1.18. plar duds if and only tf р||- $", 


and hence sj wk k \ 
Юл» ОЛ Ор О Ao” cfr plv nes 


So as we see "weak" formulas enable us to "draw out" 
the double negation in front of the infinite conjuction, more- 
over, to eliminate it. Now it follows directly from the conside- 


ration made after 1.10 and Lemma 1.12 
L wk 
LEMMA 1.19.  pl|l- (»c11)" —. 


This lemma also follows from parts (a) and (b) of 


4 


: hen 
LEMMA 1.20. Let «C,|l- ,L, > be a foreing system | 


AH 
(for any pec): 
: wk wk eee s 
(a) if pl (Ф +0) and р|!-ф then pl -p i 
(b) pile (o О ОК ОО шсш yt por 
(с) pP|l-C€A (4-5) > (A9) yos whence: pl (Y $ 
фЕФ 
each ġe implies р||— (V эф) Vis 5 | оа | 
(а) if OS DORON ur u<A ts a quantification? |. 


for any closed terms tpe rt ЮЙ e Ceo ee en |7 | 


1. 
Thus for the generalized notion of Я] се pi 
given by 
en. 
DEFINITION 1.21. Zet «C,|-,L» bea forcing 2 
For рес 2 
т©|р| = {$ € SENT{p||—4""} 
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С С 
(again for T [0 | we use only T- ) 


one obtains 


THEOREM 1.22. !1| Let <C, |1—,1> be a forcing system 
where L їв an infinitary Logic with the set of axioms and rules 


of inference Л. Then for any pec 


(1) T-|p| £s а consistent deductively closed set ; 
(2) if $ (vir ru) is formula of the Language L and 


Eur nm) then for any closed terms t SER 


1, 
g(tyreee ty) eT |p| 

The next theorem (together with example 1.14) shows that 
the introduction of "weak" formulas is necessary while dealing 
with infinitary logics even in they are not with equality when- 
ever we want to have at disposal either PC,l or E,. 


THEOREM 1.23. The following are equivalent: 
(a) CE) 
(b) for each condition p  p|l-*w$ if and only tf р|р—% 
(с) for each condition p  p|Ll-^PC,l 
and (d) for each condition p from p|L-^w( +6) for all 6 €9 
follows р ||-- му (ф + ЛФ). 


Wk. 
r 


Proof. (а) + (4) Since weak forcing preserves modus 
Ponens (this assertion is a part of Theorem 1.6) (d) is accord- 
ing to Lemma 1.7 equivalent to 
(d^) for each condition p dai +o) + (+19) ) 


P||l-^C A (b Arg) аф ave ) 
$e à 3 
We think it is simpler to prove (а) + (d). 


Let us suppose (a) holds but for some condition p there 


e 

"ists a condition а >р such that q||-Avy A^) ау 8 A9. By 1.12 
$ ed 

ЧИ ane whence for some 9, €? q ||~ $9. Hence for Some, cono 


dition r>q r|- up, but Gea r||-*( avo) and r| алф а 
"ntradiction. 

(a) > > (<) By 1.5 (c) from p|- „мү (Aand >an ) (for апу 
(Lemma 1.10) and pl||l-wv(^^é = ф) follows pli—^^ ((Аллф + му ф) 
& (лоф эф)) thus also pll-wv(Awvé +$) . Because of (d) 


Т.е. 


$ e$) 
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plar (Ane > ЛФ) that is p|} ~a (Arrë 8 УЛФ). 


(c) > (b) On the assumption (c) holds we prove (b) y 
induction on the complexity of formulas. ОЁ course (сес Wm 
the only ire dre case is when $ is of s form AY 

pl} í (Av) "* iff for each y € PETE iff (by the іа. 
tive hypothesis) for each фе? pl Harp iff ple awy iff 
р||-^^А% (in the last step we use: pli- Луу Y and (c) imply that 
for апу >р .а ||2 AY ; consequently pll-^^«A'). 

(b) > (а) We have just proved that always Pl (ao i 
and only if p||- Ans and (b) gives us also pl—- (A9)7 
only if p|l-^^"46$ 


S ag and 


After all this it seems natural to put the question of 
the appropriatness of defining a forcing relation taking for the 
basic symbol A rather than V. For with (see |2|) p!l_vo if and 
only if for some $ € p||l—.6é we would obtain the desired pl-^* 
if and only if p|l-A'w$ (where now ЛФ replaces we? ) and there 

fore also 


р || quis if and only if р|}—^%ф 


which would make the introduction of "weak" formulas unneces” 


of 
sary. Our justification could be that the presented system 


: : in vide 
axioms and rules of inferences for infinitary logic is 


use. 


e way we have 


Let us here also note that disregarding em Jan | 


# the 
defined the forcing relation in case L is a fragment 9 
guage Lu of power «k, where k isa regular car 


on 0 
(a set of new constants) of cardinality к а conditi Е ее 


e and P 


th 
like that we use in Lemma 1.11 is put in order that 
Model Theorem holds (|2|). 


82. The following example is taken from 11] 


Е xi 
Я set 9 
ЕХАМРІЕ 2.1. Let L be a logic with the b, № u 
in b: à 
and rules of inference Л, T a theory consistent F unco 
ne ай! 
А 


2 sets, respectively, of new constants that i5: 


ое И 


and relation symbols, where |А | < АЕ 
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FEL(A, UA,) a set with the followina properties: 


(1) ф € Е implies sub()) CF (sub(ó) is the set of all sub- 
formulas of $); 

(2 ФЕЕ implies ‘9 EF; 
e (3) if ФСЕ and |6| < Ky, where ко is the supremum of the 
length of proofs in L (thus A if L is a fragment of logic bu 
we recall the definition: THọ iff there is a subset A of T 
such that |A| <к, and LAA+o ) then A6 eF ; 
if (4) if ф(у) EF and c €A, then ф(с) eF; 
d and (5) for each formula ф from Е there exists a constant c eA, 
which does not appear in 9. 

Let C be a set partially ordered by inclusion whose ele- 

ments are all subsets (p) of SENT(F) = SENT (L(A, U A5)) ПЕ which 


the 
d satisfy: 
5 (1) if рес then |p| < Ko 
there (ii) for peC TU p is consistent theory in L(A, U A>) 
and (iii) formula belonging to peC is not a conjunction. 
We define a unary relation ||- on CxAT(L(A, UA,)) by 
- р||—ф if and only if фер 
f and assume that it is extended to a relation on C x SENT (L(A, UA) 


de | resembling the forcing relation. 


Our first remark would be that without additional assump- 


a tions about the set F the given relation does not have to be a 
|0 forcing relation Even the assertion: 
; if t rt, are closed terms occurring in formulas of Е 
ric | and ó(v) eF then 
(i) g | ^^ (Е, =t) 
AET for each p there exists q 2р such that either 


р||/ tst ок о: <= Ф (£5) 
does not have to hold always. 


It seems most natural to introduce the condition that 


F contains the complete corresponding finitary logic and then 

* s 
“в a singular cardinal necessarily to weaken the conditio: 
E Order that (5) be kept. The condition (3) is too strong 
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prc CUTT ~ 
anyhow. Let us also say that the sets Рф, Еф, and Р ме 
о use 
inthe proof of the weak interpolation theorem do not neces 
i : ar 
satisfy it. In addition to all that (3) is, together with E | 
without an extra, great restriction, in collision with (5) 1 


for 
A singular. 


The next results are interesting in themselves anj Gun 
if a forcing relation is not considered they will be useful i 
the application of forcing. 

Let A be a regular cardinal (this condition is only to 


simplify the "story"), Ба fragment of Logic Ent (with the set 


of axioms and rules of inference Ло) and Ai: А, and T is in 2.1 
and as for C we ómit condition (iii), which in our opinion, in 
the given consideration does not play any special role. We defi- 
ne the relation ||- оп С xSENT(L(A, ЦА. ) ) as in 2.1 with the 
exception that now we put 
pl 3vé(v) if and only if there exists сє Ау such that 

p||— $(c)(the alternative would be the strengthening 0 (#) 
by 

(4°) if o(v) eF and t is a closed term then $(t) eF) 


For relation ||— holds 


> wk 
EA О pI у oy and only if Plis ЛШ 
ormulas: 


Proof. Ву induction on the complexity с 
5, (2) 
LEMMA 2.3. If $ eSENT(F), p eC and (1) Ed с 
P| quis (3) TUp||Zw à and (4) there exists d such 
q2pU{p} then 
(а) (1) = (2); (b) (2) = (3) and (с), (991 77 (4). 


га ( 2 
а we prove (о т 


multaneously) by induction on the complexi 


gard to the reformulation made we shall give only 


necessary correction) of the proof from (1). 

Let AO єр, q 2p and ġe : In view of mg 
туа Оф} is ее: х =а 1 {$} Е py th mu acco” 
вол r|E-$ "f. zt follows р||=мъф” i.e. Р [= 


é 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


1185. 


= 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
A note on forcing and weak ... 341 


БУ 


wk 
el aps 
If р||- (A?) ` but not TUp||/v A% then TUpU {AG} is 


onsistent. Consequently for some $ eó TUpU(^Aó ,16} is con- 


с 
sistent. But for а 2р О {%\лФ,ф} а|!-- ve" is in contradiction 


k 


with p||-¢ VK ang а [|-4 vo wk implies the existence of some r2q 
such that r||- mds and because of it Туг |Z*«$ while ^ф er is a 
contradiction again. 

If Зуф(у) ep then for some с eA, тОр Ц {$ (с) } is con- 
sistent ( it is easy to see that this is true for any constant 
c of A, not appearing in sentences of p). Analogously for any 
q2p there exists c from А, such that r =аЦ {$ (с)} eC. Since 
by the inductive hypothesis r||-6"* (с) (that is r|l-3v 2G) 
pil-aw зуф" i.e. p|L- (avo) "5. 

From p|} G vé (и) ) "К follows the existence of г ЄС and 
ceA, such that r2p and г |6" (o). Assumption Тг |4 %ф (с) 


1 
implies TUr LZ vvw$(v), therefore TUp H mivo (у). 


COROLLARY 2.4. For ф €SENT(F) and pec 
‚ УК 
PIF ¢ 


REMARK. In regard to the supposition that À is a regu- 
ler cardinal the restriction |T| <А is unnecessary. In the op- 


Posite case (when A is singular), we introduce it because of 


tf and only if  TUpLe. 


the application of rule Е». 


The rest of the paper shall be devoted to the proof of 
the so-called weak interpolation theorem which is to replace,in 
Jeneral, the invalid interpolation theorem for infinitary logics 
(see 11, ар. 


THEOREM 2.5. Let Фф, and $. be two sentences of the gi- 
= logie Lj, with equality (and the set of azioms and rules of 
Ee Ло) and let |-6, 795 - Then there exists a sentence $ 
oe D such that roy >> ana -ф +09 ana ?вах (саак S 

nd each funetion and relation symbol with the exception 


+ Which occurs in $, occurs as well in both Фу and 95. 
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The main idea of the proof, which to a great SEN i 
gests technical solutions, is taken on from the proof ot i 
Interpolation Theorem in (classical) Ly io logic where unđer the 
assumption that there is no interpolant between $ апа б, 
being shown the existence of a Hintikka theory containing 4 
and “ф., hence the existence of a model (corresponding non 
cal model) for фу and ^ф„. 

Now in accordance with replacing |= with L we use syn- 


tactical apparatus. For that purpose we shall extend, firstly, 


the language L by a set of (new) constants A of cardinality И 
and then in L(A) define set F6;; i-1,2 аз the set of all for- j 
mulas with the property that each constant and each function 
and relation symbol (different from =) of the language L,wih 
occurs in them occurs in $c and which contain no more constants 
from A than it is permissible to have quantifiers (which should 
enable us to "eliminate", if necessary, these constants from 
the relevant formula). In general Еф, satisfies all but the third 
item of the definition from 2.1. However if $ =Ёф, and |e| «cfi 
then ЛФ e Fó;. Thus, and by analogy with the proof oe craigs 
theorem, we are taking for elements of C all the subsets; 
ding the empty set, P=P, UP, of SENT (FO, UFO.) (we assume that 
Р, < Fo,, il, 2) of the pea айту less Lo cfu and e 
Ree tie union of theories Thm(AP,) ={EeF, = Еф 1 П FO, 


inclu 


i-1,2 15 consistent. The a ions || = c x SENT (LIA) Au sig || 
the 

ned like the relation ||-- in 2.3. This time using 

instead of ||- we emphasize that || is not necess 

relation. 

ral lemmas we EA 

S from 


е а55 


To the proofs of the following seve 


5 wW 
be found in |1| should be added, because it follo 


quA rA th 
sons unmentioned there, the real possibility of 


that sets ^, applied in them, belong to Fo 


(Е. 85 Se 
LEMMA 2.6. If Е,ЄЕф,, i=l,2 and БеЕо then ES Ue d 
is consistent in and Ор if Thm(£, ) UThn (£2 86 


tent. 
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LEMMA 2.7. TOROS eFo,, i=1,2 and Thm (& |) U Thm (Е >) fs 


g~ / inconsistent there exists an interpolant 55 between By ud 


КО е, NR He 5798 5): 


LEMMA 2.8. If Б, €F$,, 1=1,2 and Thm(£,) UThm(£,) ѓе 


consistent then £1 U Thm (£4) U Thm(£,) is consistent too. 


j- 


LEMMA 2.9. тр Е. єЕф,, 1=1,2, 6 eFO, and Thm(£, аф) U 
yn- U Thm (2) is inconsistent then {51} U Thm (=) L-^6 and Thm(E, а 
у, avd) UThm (£ 5) is consistent. 
її \ LEMMA 2.10. If Е, €Fó,, 1=1,2, Me FO, and Тһт(&, а AG JU Тыт „) 
EN is а consistent vis dud PS for some pe% Thm(5, оа 2) 18 
also consistent. 
| LEMMA 2.11. Let Рес and werd, (i e(1,2)). Then 
i (1) + (2) and (2) +(3) where (1) рер ; (2) p|| u" and (3) there 
т exists О in C such that РИ (V) =Q. 
hiri рт O ORNE By induction on the complexity of the for- 
cfi mula $.Since lemmas 2.6 - 2.10 have already been given there 15 


little more left to be done. The case y is 2уф(у) shall serve 


as an example (the other cases, we think ,are easier). 

Let Jvo(v) € Fo, and jvo(v) EP} SP , UP, =P (this is, of | 
course, no restriction at all). 
& $(c)) U Thm(AP,) is consistent for in the opposit 


U 'Thm(AP_) = MO for each c €A (2.9)but if € 
or AP, we would obtain AP, U тїш (АР) 


akes Иш з... of 


Then icm some c EA Thm (^ P4 & 
e case ГА 
is а constant 


not occurring in either ЛР, 
H+ 3v¢(v), contradictory to 2.8 2 6 m 
theory Thm(AP, ) ОТЬт(ЛР,аф(с)) in case gvo(v) € Fg superfluous. 


therefore for all QeC, Q2 P there exists C in im so Ut 


JU. oq Re E vesc because of RI 8% (с) р!| oa 3v 6" К (у) Я 
accordingly р || (3v6(v))" 2 

% Оп condition P ree ov) ) all Ф“ (e) for some 2 =P 

; } 

j апа some сед. when 2 U(y(c)) Е x е С and so RU f ЗФ e e 


Bilger 
forcing relation (| ) 


nowever, wnat else we пееа is a 
$ eroi, (ief 1,23) 


5 
"Ch that а set of conditions is C апа zer 


m 


pu c) р ее if (and only if) ell $ - 
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For with it here is the proof. Namely, according d 
1 


it is sufficient to prove {6 rv, ) 4C. But the assumption p. 

- (0, 765 ) eC leads to a ен peii ОЁ theorem us d 

(and hypothesis |-$, ) P||-^ (Ф, EM K дА тү, according to | 
k wk 

2.11 P|| eT ауф r thus ds P|I- oy УЫ 


In the following we assume that language 1 contains оё 
the nonlogical symbols only those occurring in formulas б, ani 


bo and if it is not already included, the relation symbol 


П 


that is L=L, UL, U {=} where L] and L, are languages,elements 


of which are symbols from Фр апа $5; respectively. 


For a closed term t of the language L(A) we will say 
that it is basic if either t is a constant or t is of the form 
£(e7.- 
are elements of A |5|. 


.,0.) where f is an n-ary function symbol and сү С 
п 


LEMMA 2,12. For each basic term t and each Pec there 
exists CEA and QEC such that Pu{t=c} ео: 


Е 3 Doll 
Pie (9 ©) зво An immediate consequence of lemmas 2.9: 


Ds 


Ее 
Let t be a closed term, P eC and c eA. We define 

lation R|l--t =c іп the following мау: m. 
for t =c єРфу UF$, by : (a) P||p t=c if and oniy 


t Е СЕР; n. vom 
otherwise, inductively (on the complexity of 


nd 
t) and according to (a):if t-£f(t TES ) (a P" 
Е (tyres rth) =E 1) ШЕФ) p||t-ec if and only i ia 
НЕ я с к = A such that p||_t i Sent 


р 
and Р||--Е (<, peus =с. 
Relation P||-c = t is analogously determined: 
From now on we shall not always accent that of (it 
components (P,Q,R,...) of relation || are аса z G 
we shallnot permanently repeat P eC, Q EC, R eC r: rather 
that being most of the proofs of the subsequeh 


а m. 
tedious than difficult we shall usually omit the 
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LEMMA 2.13. If P||lt-c (р||—с=&) and QZP then 
- zt). 
iy Е = (ос 
i LEMMA 2.14. If P|!I_t=c (Р||—с =&) there exists 0,0 ӘР 
i та 91-с =t (01-6 =). 
| LEMMA 2.15. For each closed term t and any P there 


exist О and ce A such that PSQ and gl-t=c (oll-ezt). 


Pero ORE: If all the symbols of t are from L, (L5) 
the assertion follows from the fact that there exists a constant 


СЕА not occurring in the sentences of P. Otherwise we use the 


induction on the complexity of t. 


LEMMA 2.16. Let ty t, be closed terms and c,d eA . 
(a) If P||-t,7c and P|} t -d there exists О such that O PP 
n and Q|lec-4. 
(b) If P| t,=¢ and P|L-c =d there existe О such that ОТР 
and Qal t =а 
GA eee 
and 01-е =c. 
(9) rf P||-t, 7 t5, Ре) =< and P||-t4 =d there exists О 
such that О =P and Q|} c =å. 


and P||=t; =c there exists Q such that O=P 


a Now in the natural way we extend the relation |L with | 


the remark that we shall use the same symbol for extensions. 


DEFINITION 2.17. Let $ = p (tr. rtu (for n=2 p ean 


U be = as ше11) be an atomie sentence (оў the language L(A)) and 
Р ЄС. Relation || «c xAT(L(A)) is given by : 
(a) р||—ф if and only if фер for $ e F9, UFOs, that 18 

ий (b P||-$ af and only tf there exist constants C,r+++1Cp 


; 3 eP (t.e. 
from А such that P |H ti =S; i=1,...,n and о(су›.. ‚с„) 


according to (a) P||—p(c,,-+++C,)) if $ #FO, 002 n 
instead of pll- = T 


(Clearly, requirements P||-c, =t; 


e i - 

лы ®51‚,...‚п would change nothing essentially - 2.14). 

o LEMMA 2.18. If à is m atomic sentence, P||— ò and 
I 


05P then also о. 
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p 


guske For all elosed terms t 
JEO 12 ta» t and eaoh 
Pe C holds: 
(a) There exists Q,Q F and ое; =, ; 
с + А = BET 
(Б) if P |t: =, there exists 0,02P and о, =t) i 


(с) if P||-t; =, and P||-t,-t4 there exists 0,02P and 
ое, 753* 

LEMMA 2.20. Let t; =ty » i71,...,n be closed terms, f 
and о a function that is a relation symbol of the Length n and 
РЕ С p |-t, =ty , i=l ,...,n there exists О such that Qsp 
and о |HE (t4, . otp) 060,555 60) . If still Р ШОО осу) 


1 п 
there exists R,RmP and в |б, eut 


LEMMA 2.21. Let ts => апа с be elosed terms, 0 a 
term obtained by substitution in O (not necessarily all) occu- 
rences of t, by t5 and let РЕС. If P I-t. =t, there exists 


Q such that ОБР and O |I|-o= о“. 


12 за (©) ©) 366 By induction on the complexity of 9 using 
the previous lemmas. 
LEMMA 2.22. Tetit t. be closed terms and g(v) an 
1? 2 Ў hen for each 
atomic formula (with at most one free variable). The m 
P there exists QƏP such that either Р || ti -t, or P || 95 


or Q ||-4(£5)- 


А — determine 
According to 2.18 and 2.22 the relation ||- de 


a forcing relation (which we denote also by | 
holds: 


and) for unici 


he 
Ü 
in regard di 


LEMMA 2.23. Let P be a condition (nov U^ ^ ^. ogg], 
З C сонети | 
accepted terminology ve again call elements of ВОЙ pith 4 
uag 


a elosed term and ó(v) a formula (of the lang ©. 


-iata 
E d let pll 
most one free variable, c an element of A an 


wk 

Then Р||- (6(6)) "8 if and only if р||—(Ф(©)) ` 
To Of 

ТЕУ GE E 

Proof. By induction on the comple" " . , gie" 

atement eu 


If ó(v) is an atomic formula the st ases © 


i ther © 
consequence of the previous three lemmas. О 
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On the basis of what has been said the proof of(the Meak 
Interpolation Theorem) 2.5 follows from 


and Pe C 


THEOREM 2.24. For $ EFO U FO, 
k 


P || eur if and only if р |o” 


Pr oo ft. By induction on the complexity of $. The 
only interesting case we have is when $ is of the form 3v» (v) 
(where y(v) is a formula with at most one free variable). 
) Let Р |- (ave (v) ) “К (i.e. plur 3v)" (y)) and 02P. Then 
) for some R2O and some closed term t ве. By 2.15 there 
exists S(€ C) and c € A such that S РЕ and 51-6 =c. Thus also 
(2.23) sit (с) whence Р || (Зур (фо too. The proof in the op- 


d posite direction is trivial. 
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REZIME 


PRIMEDBA O FORSINGU I SLABOJ INTERPOLACIONOJ 
TEOREMI ZA BESKONACNE LOGIKE 


Naša razmatranja odnose se na rezultate prva tri poq- 
lavlja iz |1|. cilj nam je da bolje osetimo ulogu slabih for- 
паз korigujemo dokaz slabe interpolacione teorere Za besko- 


načne logike. 
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u |1| je već nagovesteno da (direktni) dokazi SM 
nja kao što su: za svako p Р||--^^РС1, siae pravilo izvodjenja 
Е„ Ostaje očuvano, "izgleda da zahtevaju" sledeće svojstvo IM 
pa uslova C: (%) za svako p iz p||l- ^ ^^ф sledi p||-^w 49 Ge 
likacija u suprotnom smeru je uvek tačna). Mi pokazujemo da sy 
ovi iskazi ekvivalentni (dakle i не ekvivalentni) sa: 
za svako p pll-^^é ako i samo ako pl-o (Teorema 1.23.). Do- 
voljan uslov, samo pretpostavljen gu qt |, da ova tvrdjenja i va- 
Ze u slučaju kada posmatramo fragment logike Г), je da svaki 
nerastući niz uslova dužine A £k ima gornje ograničenje (Lema 
l.ll). To, medjutim, nije i potreban uslov (Primer 1.13). Iz 
(+) takodje proizilazi: za svako p p||_+vPC11, što inače nije u 
opštem ispunjeno za beskonačne logike (Primer 1.15). 

Éto se tiče dokaza slabe interpolacione teoreme 2а bes- 
konačne logike (semantičko Е je zamenjeno sintaktičkim pas 
novna zamerka nam je đa relacija (||) koja se u njemu е 
де mora da bude i u slučajevima od stvarnog interesa i ae 
rsing relacija dok se u isto vreme koriste osobine Ko = 
cije (posebno 1.22), Iskrsli problem rešavamo кола i m А 
sing relacije Која sa datom ima presek -"po meri UM uz 
= 2.23, Teorema 2.24). USinjene su i neke druge когексі] 
boljSanja.. 


oljet 


da doprinesu 
Komentari uz pojedine stavove treba 


sagledavanju izložene materije. 
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21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 

Using the curvature tensor of the complex conformal connection, the 
tensor (2.28) is constructed. This tensor generalizes the Bochner curvature 
tensor as well as the complex conharmoniccurvature tensor. 

Using the curvature tensor of thecontact conformal connecticn,the tensor 
(5.6) is constructed. This tensor generalizes the contact Bochner curvature 


tensor as well as the contact conharmonic curvature tensor. 


INTRODUCTION 


Let (M,g,F) be the Kahler manifold, i.e. an n-dimensi- 


onal (n 22m; n > 4) differentiable manifold p. class C covered 


by a system of coordinate nein oe (U,xt) in which there 


are given a tensor field Ез and a Riemannian metric 9. ij satis- 
fy ing 

еч ЕЗЕР = ТРК = 0 
аар a" ji r 

т oE the coveri ani differentiation with 


where U is the operato 
ra formed with q 


respect to the Christoffel symbols tj ij. 
If we put 
E A E 
Ме have 
пн PS Wig 


x analogue of the conformal cha- 


Trying to find a comple 
considered a confo: - 


n 
Se of the Riemannian counection,. K.Yano P 


na р 
i change of the Hermitian metric: 
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ut 20 = ei = HORO 
(1.1) 915 =e Jij” Fj = EL Pig e Fij 


where о is a scalar function, and he looked for an affine 
Con- 


nection Pk such that 


D 


: 0 
kJij " 
where Dk denotes the operator of the covariant differentation 


with respect to Taye and such that the torsion tensor sk ‘lg 
given by 
ck. => me" 7 
Ji Ji 
where kk are the components of a vector field. This complex 
conformal connection is given by 


k k k „К k k k k 
= д = Cine + Fak. ЕЮ ЕКИН 
(1.2) Pha tod } TOZO РЫ ДЫ. 2577 Boss USES 
were 
i ai ja a klik ak 
(1.3) Ga OU ск ОЛО еу Ba CIGIE е Eee о 


In the same paper K.Yano proved the Theorem: 


If, in a real n-dimensional Каһ1ег manifold o und 
onfor- 
there exists a scalar function 9 such that the complex € 


Ра ture 
mal connection (1.2) is of zero curvature,then the Bochner curva 
tensar: 


h h 

hz hy 1 gh -P Tq киа к 

Ве К t как К 

n+4 

h 
һи, phy = „В xD 4 2к*.Е. + 

(1.4.) + Е.К: F,K ji ES Е Е: К fes ot 
n K h йд. + 


(n*2) (n*4) 


h h h 
+ F.F, - SE “Ке 
Fj em Е + 28.) 


where K jį is the curvature tensor of is h ae 
INO Pa ij gan = Kk т 
epee) c cur н.к u 


alogue 
In paper |2| ,K.Yano found the contact an 
above. 
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Namely, let (М,ф,5,п,9) be the Sasakian пара і.е. 
а (2m*1)- -dimensional differentiable manifold of "aL С” cove- 
red by а system of coordinate в (п, х 2} = which 
there are given a tensor field o , a vector field gh , a l-fo- 


and a Riemannian metric 5, satisfying 


rm na 
sieh = sg tgs”, je =O, пуф =0, ngu 
9,459591 7931 пупа, Е 
$44 5939.4 72 өлү 78404 ) 
V n? =ф ‚ voi =- 951 tSn + 


Then K.Yano found a contact conformal connection аз 


follows |2|: 


hoc У Decide n hice TE 
jr. ES ji } + (65 nyn )c, + (6, пп LE 


ji 
Q5) h 
h, .h = 
- - +), (к; 704) + HOLD EDS gn) 
where i Е б : E 
h a C d А = * 
CERO ADU egere eem ion ШЕ a 
This connection satisfies 
h 
20 = 20 = 0, D n = 0 
D, (е 9,3) -2e gy 375 и DUE k 
l.e. 


2 = 
MG ? (944 7414) 


fnere um is the operator of the covariant Е with 
respect to (1.5), апа the function с satisfies о, LE =0. 
Also, K.Yano proved the Theorem 121: 
ТЕ, їп a (2m*1)-dimensional Sasakian man 
Чеге exists ә scalar function o such that the contact conformal 
then the contact Boch ner 


ifold (2m+1 > 3), 


с 

Onnection 41.5) is of zero curvature, 
cu 

tvature tensor: 
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ne h 
КЕ: 
KiS Я 
ME. бшек ee 
К" 242) в(ш+1)(ш+2) 3% зазор 
K, x 
а ВИКИ ОВК gy, + Юа 
Jes 2(m+2) 8(т+1) (m*2) 8 (m1) (m2) Lk 
d 6m+8-K i 10 
m = ak 
-(g., = п.п) ( Mk + m — 6х + =ч 
JE J 2 (m*2) 8 (m+1) (m+2) 8 (m+1) (m+2) k 
h 
(1.6) к. 


3 E 6m+8-K gk = 10m+8+K h 


* "ene E 
SEEK Оше) 8G G2) 2 ЗО 


а к фа 
К, EU _ 6m48-K а: kaĵi _ 6л+8-К Т 
К 2+2) 8(ю+1) (ю+2) J 2 (m+2) 8(me)) (m2) ^ 
Һа K ‚Ва 
а 00) = h 
о ышк gh) — Cat c сг 
РН) вы) (0+2) * К®2(ш+2) ВА 
h 
1 ha, a,h 3m+4 = б | 
coc Е д ЕК аф уе kj 
m+2 Br xy (m+1) (m+2)  20mH) (m2) 
h ne^ = h \ 
+ b+ Phi 26.9; 
vanishes. он ge" 
In the present paper we shall determine E ct Bochner 
a 
neralizing the Bochner curvature tensor and the E u a 
curvature tensor, respectively. Namely, in section т func" 
; ge 
consider the Kahler manifold where there exists 2 
tion о such that 
=й 
B P = = =; а га I 
(1.7) se + Borg 0, a const; и E 
conform e 
Then, using the curvature tensor of the comple* p does Ё sl 
c 0 
nection (1.2) we construct the tensor Hyj; s В reduce 
pend on the function o. In the case а -n +2, "kji 5016 


the Bochner curvature tensor. In sectio 


Жо мл 
n 3 we shall 9 ghall E 
h 


А tion 
theorems conserning the tensor Hy 3i In sec 
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3 me complex conharmonic curvature tensor which is another spe- 
cial case of Ay jit 


In section 5 we consider (2m+1)-dimensional Sasakian 


manifold where there exists a scalar function o satisfying 


2 
2(m^-1) 3 

(1.7) such that а # TOXIN Using the curvature tensor of 
| the contact conformal connection (1.5) we construct the tensor 

Hkji generalizing the contact Bochner curvature tensor as well 
h as the conharmonic curvature tensor. 
1) 

2. GENERALIZATION OF THE BOCHNER CURVATURE TENSOR 
ju! 

We compute the curvature tensor 
Бе D h h tau ph rt 

СА Regi = Эка Зу лы. бю Солу 


of the complex conformal connection (1.2) and we follow the way 


i indicated in |1]. We find 


h heen NET aD RN 
Rega Nga, ул “ши ТЕ: Чу CG Med 


лла а I 
+ Fjqy. PERAJE ЧР дел Сулы сеп сү: 


where 
n + То 04а 
Dag = an = 9193 К 3 25a ij 
(2.2) E > к. - к.с gk Gu gens 
dji T Vak с.к, j?i 2 ji 
ah ah 
ОЕ ла © Ч ысын 
h 
(2.3 T 3 Е o 
о i 
| Consequently 
to (2.4) T a TE RIS 
qu. л ОЕР 
one e 
fi? | (2.5) kj 3 a К A аа 
| Е akj = 2 vio П Е Bkj a 
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The vector о, being the gradient, we have 


Ме rewrite (2.1) in the form: 


ij “Ру, 
= = TELAM ^ Es .. +p, 
Ryjin ^ Ékjih "SknPji 'SjnPki. Pkh%ji "Pang, 
(856) - Fyad4g Рун ki kh"ji * fjhfki 
- - E 
OF in 7 Pin*kj 


In (2.6) we interchange the indices К and i as well as 


j and h and substract from (2.6). Then we have 


- =- 1 : „а. rei. à 
Rejih ^Pinkj ^ kh (537913) +P yn (kitik) 7 F5; Gy Ge! 
(2.7) + Fy (454 13g 5) -Fih (9378,3) БЕ (аһ) 5 


A kh З 
Transvecting with Е’, we obtain 


rs Е 
3 (Re sis Risrj) 
(2.8) Coats = 


dm eo п +2 
Substituting (2.8) into (2.7), we get 


(2.9) ( Ва sedg = М 


-Fin (ax Bag) НЕ Cih fih? kjih 
where 
M nr Сыйы к Pihkj 
rs )F; 
Е = (n ARS k jh 
z— [n - .)Е ( Sr 
(2.10) + m2 С®үзїз Risrj? kh rkis + 
E XE 
= c (n a ki 
+ (R-khs ерк) Еі | rjhs Fnsrj = 
j 2-53 О 
Transvecting (2.9) with ЕЗ and using (2. 
kj $ 
2 a a -Е М. iih 
= =- > EE i 
(2.11) Cin Bin = (Vo + 20,0 ) ih kj 


On the other hand, we find from (2.2): 


a 
= = - I 
Cine cmn Ук MES EO ji 


But (2.8) gives 
= = F (ВЕ 7 Pisrj 
Su 75i gU —2 
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~. 
0, \ Therefore we have 
Å rs 
) 2 а (Prjis 1813) 
B= (м. к, У.к.) Еа То ол таа чш 
Sal Ji 1J JI a ji NET 
If we put 
H^ (Reais sr) 
(2202) Aw, = 
JE muc 2 
we rewrite the preceding relation in the form: 
as 
a 
(2.13) т я 29.520 КОМА 
| Using (2.13), we obtain from (2.11): 
E 2-24, 52 (pP 426 E, 
| (2.14) Bai = 2 (P4 + 20.0 ДЕ Bai А 
where 
rs 
EOR RCRUM) 
(2.18) в, =) —— REN 
jr DN 
Now, in (2.1) we contract with respect to h and k and 
i а _ 
use the skew symmetry of the tensor а... Then putting Rij; = 
= Rous we obtain 
| =k, Опр = es cme 
Rag > Sie Pji ` Pa fji 
а а 
90 а ала Hale ча. Е, +В. Е: - 
(2.16) + Еч dje ИЯ Ба qe а 
On the other hand, taking into account (2.8), (2.12) 
апа (2.2), ме find 
d а ор ОА в 
k daij Pji 2 j 


Substituting this into (2.16), we have 


(2.17 adis = =ga „ёк... Ча. БО ЕВ NE 
› в Rais Ка Вон казаша 


Transvecting (2.17) with FJ, we get 


a igl „21 а 
90555 (RF *AQS 


2) 
S : а 
Ubstituting this into (2.17), we obtain 
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a 1 ab +A ab Е. = 
Rog АЕ а ab? Е): 
(2.18) 3 FUMUS 
- Ку ТОР; Pa аа jai Bia j 


But, taking into account (2.13) and (2.14), we find, 


respectively, 


а АЕ. 
Gea i Ж 28519080 951 Јаз 
2 а а а 
а =, на EB eke 
Ва’ Я 22. *m (Pa Hood 29.1 ia j 


Therefore, (2.18) can be written in the form: 


z = а n+4 a 
(2.19) Roy E = азр Co pi tS nei ud )915 ; 
where we have put | 
R l ғар +a 29) - (АЕА +A, Fe) -в jaf} 
(2.20) ВВ: fn Cab ab? ЭР. (Ваш ше 
Now, we shall use condition (1.7). Then we have 


n-2a a 
p. =V +5 0,0 = 2 © ons 


and (2.19) reduce to 
4) ]e оёд.; П 
= 1 + 1 
“к= = -n) (n-2a) +2 (n g U 
(2.21) Rj; = Kj; (n+4)P_; tzn [(2-n) ( 
from which, transvecting with 922, we get 
— а = a5 3 
e^^R =к + [(n+4)- (n+1) (п-2а] 0.0”, (R7 Bi? 
вер i 
a = Re 
Oo 9g = ————————— 
п+4- (п+1) (n-2a) 


а 
Substituting this into (2.21) and putting 


-2a): 
(2.22) b-(2-n)(n-2a) +2(nt4), c =п+4- (nti) (8 


we find 
Ban en b (e29R - 955" 
(2.23) vedpuq Tut nti ntl + абс 
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UE 


Then, using (2.4) and the fact that, in the Kahler space, 


К P= eee 
ja i ai j ji 
we obtain 
a Rjafi Koga b 202 
(2.24) ауу hcec E t t (е R-K)F,, . 
ji diei at nt4 п+4 2п (п+4)с ji 
Also, taking into account (2.13), we find 
E a 
Emi JT к^: 
ES ja i gjat 1 b 20= 
(2/1525) a =-2 ———-2 — + — (п -—,) (е R-K)F., +A., - 
1+ n+4 n+4 nc an 11 J+ 


Finally, taking into account (2.14), we have 


Rafi KAE 1 b 205 
=- - ===, —À eA = = ..*B 
(2.26) Jya 2 PETI 2 i i (n-2a+4 ng) (e R K)Fji 


ji 


Substituting (2.23),(2.24),(2.25) and (2.26) into (2,1), 


we obtain 
- zh,- zh 
Rei a0 dinde ca xs 
hz a = а E 
E Е. кА ME туну Hd PR ja 


(2.27) 
h he = h dle 5 K ES 
t Ве +В, Ех) Ка п+4 ( jr eH 
„h h h p Пк s- ЕАК -r КЕ + 
= 64K, акк жа үк TES Mei ees 
h h h mu з= dS = Mc 
+ түк} + КР. +2К Ру.) "аан [b аа 
h h h 
Es - E) 
SEEN miden Fk ji 


h 
+ 2n(2n*2-3a)FyjF; d 
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De Ээ 


The tensor on the right hand side of (2.27), being ; 
А n- 
dependent of the function о, isso the tensor of the left hand 


side. Therefore we have. 

THEOREM. If in a real n-dimensional Kühler space 
(n»4) there exists a scalar funetion o such that the conditi- 
Ga (tus is satisfied, the thensor on the left hand side sh) 
(2.27) is invariant with respect to the complex conformal tra- 


nsformation (1.1). 


Let us put 
h h 1 h _ 58 X gh = yh 
FLORENS 
2.28 n ай - п Ke? 4 one Р.) e2kt ) 
| ) + PB, Hp = е КК ШЫ ок тн ilg 


MEI h - h +Е ПЕ -p op.) + 
тти) 180106591 ТОЧ мою 


h 
+ 2n(2n +2 - За) FL GPa 


; tensor. 
This tensor generalizes the Bochner curvature 


2п+2- 
In fact, if а= пж 2, then b = п(п+4), с = (п+2) (n*4), 2n( i 
tur 
-3a) 2-2n(n*4) and (2.28) reduces to the Bochner curva 
sor (1.4). de 


n pz2t 
7 —€— n 
Moreover, we mention the case а = . The 


2 
h 
c=nt4, 2n(2n*2-3a) =n(n+4) and Hy i has the form 
h 
+ 
h in o h h x. P gua É 
= E qoc ги ЧЕ ki J 
Bion Seji Commen ок m 
Fpl 
(2.29) h h h h og F +23 К 
= = * кж + 2KDIt.. 
+ PS Кр Ер Kf, ск кк ТЕПКЕ kj 


h 


Е. 
E 
h h _—ЕЙЕ..) + Dn^kxj 
A - ЕЕЗ 


the 


ptain 
hod too 
In section 4 we shall find another met 


tensor (2.29). 
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_— ee 


P 3 SOME PROPERTIES OF THE TENSOR MET. 
: i 


It is easy to see that the tensor H A. 
kji and Hym 


Je Hai Jah satisfy the following conditions: 
"gjin “Нуку! Bejan Ок” Кү ШЕ 
i Ra НВ te zy 
0.1) Hkjin *Hiikn "Иаков = (п+2-а) (FL Fan *F 54 Fyg + Fax? jn) 


(i.e. the condition 


Hyjin "fjikh Нај ^ 27 
is satisfied only in the case when nee is the Bochner curva- 
ture tensor or when the Kahler space is a space with zero sca- 
lar curvature). 

Now, we prove two theorems concerning the tensor Bc 
when it differs from the Bochner curvature tensor, i.e. when 


а 1+2 and a# IE 


en . THEOREM. The scalar curvature of the Kahler space 


with the parallel tensor Bend is constant. 


135 © © п We find from (2.27) that 


тн, К=з к, жегу { у, Ab M э: gy; T X kh 
kji екй п+4 Кі А ga We кр i j 
(3.2) * AS: ki gi БЫЛЫК iss er M $ 
u v 
d | * 2F, и. +25, т. KA") А [-b (539. E 
y = Ge тору ЕР.) + 2n(2n*2-3a)Fy4 = ke 


the 


С 
ее with respect to t and h and taking into account 
at . 


t 
= „от ук. 
WR. 7 В eee 
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LENS оса 
ау к. = Ук 7 УК и 
ia kj j ki k 3i 
а VK y _к*® = 1 рау к 
Vaf n h^' ac Жай Dek a и 
we have 
Е п 2b-nc 
TD _-v.k..) + (g, = 
У Нк ned (у Куз E кі) "anc(n+4) (931 y* 
a a ‚ 4п+4-ба+с а 
= - .F.V К) B 
GRAVE Маа Ері j'a ) (n+4)c Fresh ives 


Now we assume that 


пыс 
(3.3) о = (0 
Then MADA =0 too, and the above equation reduces to 
Vk Fs -Vjkki = 
= 2209 x ag к-к „Еау К) 
йер Де (SVE gy VK CF. bla PSE 


andaba te pA вау к 
nc kj ia 


т aking 
Transvecting the above equation with кары and t 


into account that 


E i = 
а 235 У Кох Г 


we have 
.nc-2b M Jude Foy K 4g т К) + 
У Koy oe Grae thes К ar: ka kr S 
(3.4) 
ы 4n+4-6atc тк 
пс ks г 


Sk „nd taking into 
At last, transvecting (3.4) with g en 


account (2.22), we obtain 


[4 (22+40-4) - a (n2«2n-8)-16]V,K = 0: 


[n (п^+4п-4) - a (n?42n-8) -18] 7 0 


because of the assumption a #п+2. Therefore 


(3.5) VK = 0. 
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THEOREM. The necessary and sufficient condition that 
a Kahler space be the space with a parallel tensor вр? ia 
that it be a Locally symmetric space. 
p r oo Е. From (3.4) and (3.5) we find 
УК к = 0. 


Consequently, using (3.2) and (3.3), we get Vo 20. Con - 


versely, if the Kahler space is symmetric, the tensor Had 
satisfies (3.3) 


4, COMPLEX CONHARMONIC CONNECTION 


In the paper |3|, Ү. Ishii defined the conharmonic 
transformation as such a comformal transformation Jij =e%g,, 
which changes a harmonic function A defined by 


(4.1) gJ)v,V.A = 0 
1 J 
into a function 
g 
(4.2) A = en 
| satisfying 
-ij- - - = 
я g Voce 0, 
where К is a suitable constant and Vi is the operator of the 
Covariant differentiation with respect to 
h h h h h 
= + 6. 0, + 6,04 - 950 
Sit TE ё vut oe 1 315 
to 


The main purpose of the present section is to find, 
l "Sing the connection (1.2), the complex analogue of Ishii’s 
\ results > 
We assume that condition (4.1) is satisfied and we 


5 Р 
Sek the condition upon c in order that the function (4.2) 
Satisf ies 
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= = 2kc a 
D A EA, =8.А =е (2КАО0, +А,), А, = 3;А. 
Then, taking into account (1.2), we get 
= _2К6гррду 0, + V.A, + 4К(К-1)АС.0, + (2К-1)0.А + 
sep. =ош зщ E ME jra A 
Sot c?A 
+ (2k-1)0;A; + 2KAg.40 ба 913 ^ 


а = а к. +2КАЕ. KOG 
- 2КАЕ са 2КАЕ О ET 


J a 
2 - MP KA 
Fae SR Аа 3 ji ad 
Therefore 
-ij д =e? (kat) Of 139 б. *2k(2k-24n)20,0* 
g 20А; =е [a А; + 2kAg а. ( 4 


a ija 35] 923 
* (4k- 24n)g А - 4kAg 2ғ0 ак; - 2g Fk, 
Consequently, using the conditions (4.1) and (4.3), we find 
ij a z да - 
2kAq 290+ 2k(2k-24n)Ac o^ + (4k-24n) 0, 


= 19,0 С Эк А I 
AkAg Е бак а ра 


ог 
: ij a да = 0 
(4.4) ` 2kag™/V.0, +26 (26+п)Ас 0 + (2k+n) с. р 
because of 
emits) a sa 
gas E 
and 
іу а xk a 
-g -F.0_K. Е бб у 
Jai a i (4.4) redu 
—— op 17 
If we determine the number К by k=" 4 
ces to 
rs асс 
(4.5) 2g Neige +100 0 
Е G о "iz 
(4.5) is the required condition upon condit? 
H ere n^ 
We call an affine connection (1.2) wh co 


nic = 
onharme 
ons (1.3) and (4.5) are satisfied a complex COU aa á 


nection. " tensor of 
The tensor formed with the curvatur 
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mplex conharmonic connection and indepenđent of the function 


с —————— 
the other hand, the condition (1.7) reduces to the condition 


(4.5), if а == . It follows that (2.29) is the complex соп- 


can be called the complex conharmonic curvature tensor. On 


harmonic curvature tensor. In other words, the tensor (2.28 ) 


generalizes the complex conharmonic curvature tensor, too. 


5. GENERALIZATION OF THE CONTACT BOCHNER CURVATURE TENSOR 


Now, we compute the curvature tensor ed of the con- 


tact conformal connection (1.5) , and find |2!: 
R Ша h 
kji ^ Éyji 


h h h а an x T 
= (ôk - nyn р: 5.005 njn ) Pki Pk (Iji п.п) 


h mo в ей 
(5.1.) t Pg (Ski = NN Da Odin 93 а Sk 954 
h h hun Я, 
+ а; бы: с bebu ty 934 
h h 
where 
Е Ы тт) 
Bj: = Y49,4 7 0494 + (К п. апр Ва PRE 
= ) ne саф 
ч уер oj Čajana) о ара оа аи 
= hee ВЕ 
ај = 50185 ткр), By = (205k ie ) 


2 
2 (m -1) 
Using the condition (1.7) where, now, a ^y] ' 


and proceding in а similar manner as in section 2, we find 


р.. =- ji az E + (е2°8 -K)D] 95, 


Een 
ji 2(mt2)  2(m*2) 
(5.2) 


4 205 
= В © R -K)Dlnn, 
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о — 
ы буз КФ; ce 
rf а a'i OF _ у 
а а 
Е iesu 
94i m +2 m+ 2 
(5.4) 2m 20 qc 1 
= = -=)R- 20-4 
[QE + ) +e" (2D -с) (2D 2) aa thy, 
= E a 
B. =- jafi + “ai + В 
Етар m+2 ji 
(5.5) 


m+2-a 20» _ Ша no .m*2-a 
= [(2Е+2 gp )*te K2D- -a0 KOD- е, 


where 2m-1 is the dimension of the considered Sasakian mani- 


fold, and 
.rs 
А ue jis Risr3)? 
a, 2 - 2m 4 
rs 
B ЗА a H cs 19 
ji ga 2m V 


rs 
rs RS SR ‚)?® 
hs Hr Üujns hsr) — 
* баа — xb et 2 - 2m 
a 
(Е__ -A br)? ' 
ср SSL ЫТ але a Б rc eM as E — б 
(Rag can csse Aat Sag 
x a cow zx 
Rag © Paga o Ее Ryt 
C = Ages) «> ES 
2 -1) 
— © [2+2т-тп^+а (m-1)J poss 2:2m-m +a (1-2 * 
Бра (m*2)C zie = —2m(m*2) п 
| ) into : 


NS 
Буйра рү Go, (God), Goo) ad © 
we obtain that the tensor 
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ея А REST 


(st m nj [i Rig Pct 
- (871) узу R Gag 70404) B] + (5 -nyn EE 232) - 
$ h 
= че (к= NX k ЕДЕ: 
- Ry, - ngn4) B] - (933-11) ря) - RC пуп 5] + 


n S 
- = j Beah hy $i 
+ (буу 7 ппу) Саа) - F065 пуп 00] + Ti GE 8% .D)- 


DA R фа R, gn 
esr В Ка 3 $ Mold 5 $ = 
95 Gm)? "Фк ТС ИА 292) 
i! И 
+ RO; PD) -%, Г sty + Reap - "e = А 
d R = 
ef da me -a h 
- 5 [2 2m; + RD- в: 


is independent of the function о satisfying (1.7). In fact 


h h Kir 


- hl hyp Е E: = (poate 
Heya Rega = (бе пп ÉL zm + (Е KD) G5, - (E - x15 KD) nini] 


h 2 
+ пл hyp kh + (E-KD) gy , (E - 7 - KD) пуп; 
K h t L 
2 i 
6.9- (g,s-n ny) [ yrz) + (E-KD) SE — (E - 25 - KD) nn] 
n | 
к. 1 Я 
(gy 7 ny n4) li E (m*2) T (E-KD) 83 - (E eU = кру n | 
= | 
= Kiaji Krad & E (E-KD) 6 1 
б [- sim) + (E-D) 655] + s RS ki 


" Kea 
С pat + (E-KD) бу] ee, L- S ey ] 


4m+4-2a . 


-1 ha a, h 
шо Sia? Фе кл ОКЫ 


T T h 
l (4D - I ына 1] 6 n +60 $317 $3 his 26.394 


1)! 
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If a=2(m+l), then 


(C. = 


4 (m+1) (m+2) , JB) 8 


x 3m+4 NR PT 5т+4 
= A(m+1) m2) ' m+2 ` 4 (m*1) (+2) 


and the tensor ia has the form (1.6), i.e. ior reduces to 
the contact Bochner curvature tensor. Therefore, the tensor 
es generalizes the contact Bochner curvature tensor. It 
generalizes the contact conharmonic curvature tensor, too. 

In fact, we assume that condition (4.1) is satisfied 
and we seek the condition upon c in order that function (4.2) 
Satisfies 


-ij = 
g Walia 0, 


where De is the operator of the covariant differentiation with 
respect to the contact conformal connection (1.5). Proceeding 

A . d 
in a similar manner as in section 4, we find that the require 


condition is: 


2 
a m +т+1 аа 
Gol) We c ушы ur ili 
| ndition 
We shall an affine connection (1.5), where the cO The ten 
(5.7) is satisfied, a contact conharmonic connecte. arno- 
——— со 
sor formed with the curvature tensor of the contact b called 
Р п ре 
nic connection and independent of the function 0 C? 


On the other gen 


the contact conharmonic curvature tensor. 


Ves (loll | 
dition 
the condition (5.7) is the special case of the con ntact 
mlim+l 4g the C? 
Therefore, the tensor (5.6) where а = —q = 
conharmonic curvature tensor. 
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to REZIME 


JEDNO UOPSTENJE BOHNEROVOG I 
KONTAKTNO-BOHNEROVOG TENZORA KRIVINE 


U 82 posmatra se Kéhler-ov prostor koji dopušta takvu 
skalarnu funkciju o da je zadovoljen uslov (1.7). Koristeéi te- 
nzor krivine kompleksne konformne koneksije (1.2), konstruisan 
je tenzor Faye tj. tenzor (2.28), koji ne zavisí od funkcije 
с. U slučaju kad je а =n+2, tenzor Hkji se svodi na ponten 
ov tenzor. U 83 dokazane su neke teoreme о tenzoru Hy ji . U54 
odredjen je tenzor kompleksno konharmonijske krivine koji je 
takodje jedan specijalan sluóaj tenzora Hs A 

U 85 posmatra se (2m*1)-dimenzioni prostor Sasaki-ja 
koji dopušta takvu skalarnu funkciju c da je zadovoljen uslov 


2 
(1.7) uz ograničenje а 20-1 . Koristeći tenzor krivine kon- ў 
taktne konformne transformacije (1.5), 
5.6).Taj tenzor je uopÉtenje i kontaktn 


nijske 


konstruisan je tenzor 


м дд 2: 
"jen tj. tenzor ( emo 


hner-ovog tenzora krivine i tenzora kontaktno-konharmo 


krivine. 
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ON A STRUCTURE DEFINED BY A TENSOR FIELD f OF THE 
TYPE (1,1) SATISFYING #272 +1-#=0 


Jovanka Nikić 
Fakultet tehničkih nauka. Institut za primenjene 
osnovne discipline, 21000 Novi Sad, Veljka Vlahovića 
br. 3, Jugoslavija 


ABSTRACT 


In this paper was chose an adapted frame for f(2k+1, -1)-structure 
and a matrix of tensors g., and ғ) with respect to this adapted frame. Gi- 
1J 
ven is the necessary and еМ condition for an n-dimensional manifold 
н to admit a tensor field f of the type (1,1) and the rank r such that 
2.29 
сна, ско jer 12142), rette 


1. Let us first observe the structure f with satis- 


А + 
fies the condition qs i -f = 0. 


DEFINITION 1. Let MP be a differentiable manifold of 
the class С” and let there be given a tensor field £ #0 of the 
type (1,1) and of the class С” such that 


(1.1) Е2К+1 -е=0, gait -£#0 for <i <k 


where К is a fixed positive tnteger greater than 1. Let rank 


f=r be constant. We call such a structure an (2k+1,-1)-struc— 


ture or an f-structure of rank r and of 2k*1 -degree. 


THEOREM 1.1; For a tensor field te РОО еш 
8.1), the Operators 
(1 2k 2k 
`2) m21-f and Е 
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(denoting the identity operator applied to the tangent в 
; a 
at a point of the mantfold, are complementary Projection А се 
$ pe- 


rators. 


PATTO ОКЕ We have 


2 2 
$tm-1, £$ =%, m =m, mM = m=0 


by virtue of (1.1) which proves the Theorem. 

Let L and M be the complementary distributions corres- 
ponding to the operators % and m, respectively. If the rank 
f =r is eonstaht,then dimL =r and dimM -n-r. 


THEOREM 1.2. For Е satisfying(Vll) and +, m, defined 
by (1.2)ve Have 


LE =f =f, mf-fm-0, f'm-0. 
12) Ge OTOT: Trivial. 


THEOREM 1.3. For £ satisfying (1.1) and m , defined bi 
(1.2) we Rave 


0.3) — (m+£")2 


= 1, fm =шЁ = 0. \ 
№ зс © © о Trivial. 
D 4 pro 
А 3 м aP 
THEOREM 1.4. Suppose that there is 9206" “р Med 
jeetion operator m and that there exists a tensor и 
that(1.3)ts satisfied, then Е satisfies (1.1). "m 
nk xan 
PROPOSITION 1.1. Let an P of E 2024 
the 2К+1 -degree be given on MP, then £ L=}, eue A oM” 
ra 
ек acts оп L as almost a product structure operato 
almost a tangent structure operator. сіе? 
inate 9) 


З rd 

225 We shall now introduce a local са compone?" 
a 
in the manifold and denote by £P, »P, mj the 10° 


intr | 
‚со1а 2 PE 
К : н - ; nifol i 
positive definite Riemannian metric 9 in the ma 12i eet / 
СЕ эса 
(А cz 
з Р (А,В, 

L апа n-r as mutually orthogonal unit vector Ua 


of the tensor f,2,m, respectively. We shall also 


r as mutually orthogonal unit vector uP (a,b 
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eee ia аа 
= 
in M. We have 
n p.i P D р р Шор 
$ Puy b’ 2i u OF muy, 0, miu, Up 
pele a A 
We also have fiu =0. If we denote by (у. Ур the matrix inver- 
ge to (ub, ub, then vi and v are both components of linearly 
independent covariant vectors and satisfy 
aui = 68 veut =0 veut =0 
(Рон) ме, > b' i B ' i"B 
TE 
A i A a р А P&P 
k Ув = $ң/ Vus tv ju, $1 
We can easily prove that 
od 2 
ра = за ра _ р^ = 
(2.2) Li Ур =У;, М9 0, туу 0 
jg s Lm 
шур Vi 
A stays р_а,р 
From mf =0, we find ue =0. From шк =uP, we find 2i -vQus. 
Ар 
by From (2. -1) and(2.2), we also find me -viur 
= уЗуа bye i lobally po- 
If we put а; MENS YEYE , then aij is а 9 у р 
Sitive definite Riemannian metric with respect to which (uP p 
; E that EE ut and vê =a ut. 
} ug) forms an orthogonal frame such a NS аа 3 1j"A 
t Я саа 
= find %.; —V.V. 
If we put а ва, ш шау ‚ ме ji j'i ' 


А А 
Mag SME +m., =а.. 
ji МЕ Consequently м 3i ji 


We can easily verify the following relations: 


tos ts ts z 
Rig = = ша... = M.. 
sj tes cnn en, cog шын ji 


i i 
For any two vectors x,y with components x, y^, let us put 
5. t 
m* (x,y) smo Y, а (х,у) =a tř uror 
2k-1 a 
S(x,y) -l (aGuy) ®( { | (5f yDatmtony - 
2=1 

д Then we have 
2 2 Е 

sake m* (а ‚ш ) =a(uy/u,) =a (fu, fu) =а(# uj, f ма) 


COS E а(#2К ta s2k-1y_) =0, g (uasta? = 0. 


А’ 
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К 


Thus L and M are orthogonal with respect to g. We also h 
ave 


2k 2k 
m* (u, uy) =0, a(f ust up) =a (u uj) 


Hence 
" 2k-1 - z 
glu up) =g (alu up) + ( Ys (f'u,,f'uy)a), 
1 ds z z 
g (fu, ,fuy) =х (a( = (f uf чуу е 
1 2k-1 ? > 
= (а ( 25 (Е uÉ up)? +a (u уч), 
That is 


g(x,y) = g(fx, fy) 
for all vectors х,у in L. 


We assume that f -f 1/L (i« 2k) is not the identity 


operator of L. Then fr, is a linear transformation of L with ni- 
2 
nimal polynominal as -1=0. (We know that Е ^ =] on L). Te 


polynominal (х^-1) (СЕ) =0 has simple roots 


211 з 211 (26-1) 214 2 2ті 4 27i ж 
k 


e е nodon S п З ге [joo 


: are €! 
The Rigen vectors which correspond to these eigenvalues 1 


te by 
ezr. etre ok 17 Cnr еде, respectively. Let us deno r 
ani 
L, the vector space generazed by vectors езе 2а 
Ii the vector space generized by vectors езд" "" "2 ; 
k k 
f --1 on т, f = il Оп! Li 


For x ег, апа у ег, we have 


Hence Гу, І, are orthogonal with respect to 
je assume that ғ) #1 on Ly 4 <k and e 


imal ВО 
min 
- Then f is a linear transformation of L with the нс axes 
с 
nomial х^+1 =0, with the eigenvalue Ио z cini E k nef 
А cx da = a Jo 
the eigen vector ет, езг... €% and 1, =1› +12 : 
7 ei * 
15 are subspaces of L, generized by the vectors "s 
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UA eC 


It is also us linear transformation on Li with the 
minimal polynomial x -1 =0, with the eigenvalue kA, to which 


correspond the eigen vectors e 


кл ро, eo, . Now, Li - 


k+1 k+2 2k k+1 
= Lj mm qh ast Li , where Ii are subspaces of Li gene- 


rized by the vectors е +5 


uem and eee are orthogonal with respect to g only 
If k 228, аем, which is then shown by induction. In the follo- 
wing text k 228, qeN. 
Let x e L,» Then Ё(х) eL. We have. 
+ 
g (x,£x) Рак x) =... Ere шы” 1x) -g(-x,fx) --g(x,fx), 


Hence Ly 7L, e £ (т) and L, and fL, are orthogonal spaces with 
respect toug. 
We assume that dimL, =а, dimfL, =s, then 
dimL, =d+s =2р, dimL, == “dics =1 20. тас лы: 
In |4| the following Theorem is proved: 


THEOREM. If 


then k «p and p is divisible by К, (р -sk). 


In our case, there is such a state in the space Lo: 


(d*s =2р). 


: ЭЗ 
Let u,,...,Uu5 be an orthogonal basis of L, (p=s -2 ), 
and thogonal basis of L,» both 
Чор+1”%2р+2'```'“г-2р ре ап ог g 1 
o Dp. is an orth- 


with respect to g, then u,,--+-/U2prU2p+1 r-2p 


9gonal basis of L such that 


28 1=1,2,:-- 7р 
for: L:£(uj) =u g.f(U;42p- = агау d Petr rd 
i p^ 1+2р 


29 
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) = i ) =- = 
Я 2р+1 dome BE "ops! i 


u 
nra sp = F D 
29 1 29-1 Р 


f (uzgpri) "Ч орача "Е (u, (Ор) EE уа 


Е 0 ооо 


Next, we choose in M an orthogobal basis Ми 
п 


with respect to g. Then with respect to the orthogonal frame 


u 


preety the tensors а апа i have the components 


ture: 


th respect ^ 
Let пу,..-, be another adapted frame WE аде со” 


the 5 e 
which the metric tensor g and the tensor f have ka y nasi 


=1) struc 
We call such a frame an adapted frame of £(2k+1, 1) 


= ; th 
nents as(2.3). We put ч, 230. then we can find 


form 
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= 55 


| [s 
ч (22) 
28 
^ B. 
eS 29-1 
И (2.4) М 
р m : 
> 5 
j2 
(5) 
А B 
р р р 
i -B A 
р р 
095 
№ 01-х 
where S 2 n (=) 4) eee is a matrix of format 2p and has the 
(= ) 
| form 
| sare 
Ау up №: "f i 
= А, А) Аз... Ail 
= EM 
Aae A 1-2 
(2.5) S = 5 
(2р 5 
\ =) = г А 
I ААА 2 
"= = S; 
sake а: 1 


2p yy (2р 
where each matrix Aye t-1,...,i has a format ( P ух ( i n 
i.e. s xs. 
Let 5 2p be the tangent group defined by S (2) ә 
(==) 
d f the tangent bundle of the ma- 


Then we can say that the group О 


nifold can be reduced to 


© © О 
5 х5 Xx...X $ 2 xU x05, * nes 
(2B) (Р (р) 
29 28 
THEOREM 2.1. A necessary and sufficient condition for 


to admit a tensor field Е #0 of 


ап n-dj 7 рота M^ 
mensional manif p2 2T -Е=0, is that 


the type (1,1) and of rank r , such 
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_ M E e 


i) r= (9+1) 2p, ii) p=s-24=s-k and iii) the group of 5 
e 


tangent bundle of the mantfild be reduced to the group 


So xS dg 22 И хо 
р а cen 
8 2 
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REZIME 


О STRUKTURI KOJA JE DEFINISANA TENZORSKIM 


POLJEM f TIPA (1,1) KOJE ISPUNJAVA USLOV 
BOD О 


izabran 


U radu je definisana f(2k*1,-1) struktura; zore 
a ten 


; Р о ice 2 
adaptirani reper za tu strukturu, nadjene su mart 
5 Dat j e potr 


Sm А > na 
J može 5 
voljan uslov da se n-dimenzionalna mnogostrukost "^q, 5 


eban > ud | 


1 =. ч odnosu па taj adaptirani reper. pdeti 


tenzorskim poljem f tipa (1,1) i ranga r da je E 

214140 za 1<1 O8, аем. ads 
stov da 808 2 
oljen 


TEOREMA 2.1. Potreban i dovoljan и kim P 
: im 
zionalna mnogostrukost МП može snabdeti tenzor? 


2-280841 _-=0 je 
tipa (1,1) 1 ranga г, tako da je Е еш © 
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== 


i) г = (9+1)2р 
ii) р = 5-2% = sk 


111) grupa tangentnog bandla mnogostrukostt se reducira 
do E " 
S х5 eon ok © хо хо хО, _ 
q q-1 4 
2 
da Е tangentna grupa definisana sa S 3 čiji je ob- 
ОД тоз eB 
i 


lik dat formulom (2.5). 
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WEYL-OTSUKI SPACES OF THE SECOND KIND 
WITH A SPECIAL TENSOR P 


Nevena Pušić 
Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 


In this paper, we define Weyl-Otsuki spaces of the second kind and 
order n (denoted 50-0 0) with a tensor P in the form pu -S(x)6,, where S(x) 
is a non-zero and non-linear С” (r»3) function. We establish some relations 


between the curvature tensor and the conformal curvature-like tensor in SW- 


0, 8nd analogous objects in an adjoint Riemannian space. 


l. The basic objects of spaces investigated by pis 
m " 


are objects of two affine connections “Г and "T named the con- | 
travariant and covariant part of the regular general connection 
respectively. 

The basic covariant differentiation is defined by the 


f 7 
9llowing formulas 


D = 
У. | = = BIO 
iik ou ik s 
; avi s 
i S 
= : Г 
| Ук Тозак EIU 
gu 


The Covariant differentiation with respect to the general regu 


1 = 
ar connection is defined for an arbitrary tensor in the fol 
Wing way : 
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Connections “Г and "T are mutually dependent 5 
relati 


on 
(1.2) ох = 0 
where Q denotes the inverse of P. 

The Weyl-Otsuki space (W-O,) is defined by A.Moćr (ju, 
|3|). This is an Otsuki space provided with a symmetric positi 
ve metric tensor 923 and a recurrence vector Ук: The W-0, or 


ce satisfied the following conditions: 
a) 915 к =ү к913 (the metric tensor is recurrent), 


joy) EST - "ipe ( the covariant part of a general regu- 


lar connection is symmetric), 


a a 


©) Ud кс за Ча i 


In W-O, spaces, the coefficients of connection "T have the fom 


a.b 

EE a dis ADS арлан ОВ 
se = aig! Sy Ce Q39spO mares ош 

: s > t nu 

where Uy denote the Christoffel symbols with respect о Jij 


i of met- 
M.Prvanović (|4|,|5|) has defined another kind E 
a : Я е 
ric Otsuki space with a recurrent metric tensor; thes = 
the follow 


spaces with a regular general connection satisfy 


conditions : 
ld; 
sor fie 
i svmmetric ten 
a^) Gas ik = Ym Яз}? where mij is a sy 3 ; 
GINE 
b^) the connection T is symmetric (Tiy kj 
a a : 


ср. qp. =9. РР: d 
та jJ ja i ji га cale! 

The coefficients of connections 

lated by the following formulas: Po?) 


Q 05 
nmn IS аор E Ye pk" 8 
" ES 1 E 


(1.3) e у! 
ix ИА 1 st = GE Pot -Yip 
Wan Ti, +59 (7 gg, 080% Укр” J 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Weyl-Otsuki Spaces of the second ... 381 


| mj i 

e ‚ where ME and buie denote the coefficíents of the covariant 
i = A 

and contravariant part of the metric general regular connecti- 


om @ eun Ve Oe These coefficients have the form 

т. Ў o Чао я, Qai Осан 
D MS PQ, -У- ре оаа, VP 9 
Ta 0g) *V[a К) [ажыз Е. 

|2| 

У (1.4) m, i а i О dit ОБ аў 

iz ={, +V, P: - Үр P e = ОЁ КОТ 

iti- E Е, (k 3) ба Wa к]? OcP4, V 29 um 

Spa- 

The Weyl-Otsuki space of the second kind is defined as 


a metric Otsuki space, which satisfies the conditions алу; Бе) 


and c^) for mij = 


ju- 2. In this paper we define the Weyl-Otsuki spaces of 

the second kind as metric Otsuki spaces inilen satisfy the con- 

ditions a^), b^) апа c) and m,. =P,,=P,_ P 1 ...pÜn-l, Such 
j ij ia, а, j 

an Otsuki space is a Weyl-Otsuki space of the second kind and 

the order n. In particular, if Tag P537 it is a Weyl-Otsuki 

Space of the second kind and order 1. Now, we put 


fom 


(2.1) P = S008 


^j , "here S(x) is a real СЇ (г 23) non-zero function: at least one 


et- [95 the second partial derivatives of function S(x) is different 
ui | from o. 


wind Taking into account (1.2), we can obtain 
(2.2) apis тЫ о... 
eld; jk jk SES) k m 


Ге denote а Weyl-Otsuki space of the second kind and order n 
en 
“th tensor P in the form (2.1) with SW-O,. 


It is easy to see that connections 'T and "I in 50-01 


al | ha 
2 | "Ve the same curvature tensor, named "the curvature tensor of 


“51-0 ч 
n` 


3. If the general regular connection in SW-O, is me- 
' We cán get, using (1.4), 


| tric 
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m : А 
" i = 1 4 1 gt E HE 
eT AN 5 (Sjö kS 9.) 
(3.1) m А 1 3 
ае каларын ае = (5.5 те 
ОИ ik SESTRE 


To calculate the curvature tensor of 51-0 with the metric 
ч qe- 


neral regular connection, we put 


SSL 1: L 
' = {2} + BÍ 
СЕЛЕ ОЛ, + Ha 

с 


НСТ. 1 “i i 
where Hj, is “jók TÀ Tjk and X, stands for == . ие орга шига 


the well-known formula for the coefficients of the covariant с 


rvature tensor in 50-0 
m m m 


u ka = R d 
irkj > "urkg ^ акк) = 
(3.2) 


- = E Батош =. à 
Kirkj tg kYji азі 91j"kr Six jr 

о 

Ук k 


denotes the corresponding component of the Riema 


ae Yki denotes 
Е ща 
Christoffel curvature tensor, with respect to Christoffel sy 
bols. 


» S . stands for 
л л {А + 1/2^ AsSik and Ai 


a 


nn- 


Hence, we can 


We can see that all Vki are symmetric. Ый 
а 


urv 
easily get the next relations for components of the € 
tensor in 51-0 
m m m m 

R ge k ‚= у К ji 
(3-3) irkj 77 Pirkj rijk ^ — Cixkj Pkjir 
Transvecting (3.2) by a), we obtain 

m 


= $; л) 
(5:4) RK = Kn 2) Vir +90319 
7 on” 
m m An ondind c 
19 is the corresP ‚| 
where Rok denotes Eg and Kk is 018° | 


i) ese” 
: istoffe by 
ponent of the Ricci tensor with respect to бл» 3.4) 


J- ve transve? 


Now, we have to calculate 0519 


qu. and get 


= E 21 
R= K+2(n DYE 
m 
Í ji RK 
П = 
i (3.5) 9519 2(n-1) 
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m кй гин A rk 
where В denotes R „J and К is К ,g ^. Substituting (3.5) in 


(3.4) ‚ we get 


n 
In 
R-K 
E + (n-2)J buses 
Rk 7 ER E ad шс orn; 
KRSTE = 
9:6) eo 
. kr 2-n 2(1-n) (2=n) 


Taking into account (3.6), we can express (3.2) as follows 


m m In I m 


1 
+ 21 (9 pes 


n CIE Rom (RIVE Е 
Rirkj {үзг 9:85 Trj ik “Irk ij 


(3.7) m 
R = 
+ ay та) СЕКА 


LM га д = DAE Кот) h 
Kirkj * 2-n OTET SE Jrj ik “rk ij 
- - 7) 
+ Gan) med) (9:39, 91953 
For every SV- space, there exists a unicuely determi- 


ned Riemannian space itn the same metric tensor. Ve call such 

a Riemannian space an adjoint Riemannian space for the space 

SW-O.. ; 
п 


So, we have proved the following. 


THEOREM 1. In the SW-O, space vith the metric regular | 
general connection, the tensor on the Left-hand side of (3. 7) 


S x г the adjoint Rte- 
is equal to the conformal curvature tensor of the aagar 


mannian space. 


fS 
COROLLARY 1. If the adjoint Riemannian space 0] У 


Н па side 
On ts conformally Fuelidean, the tensor on the left-ha | 


of (3.7) is equal to 0. 


= sv-O0, is of 
К Tf Yk is different from zero and if E 


the order t, we obtain, using (1.3) 


а at. 9 ЕЕ ото 
TS Е асаа 
“би m t2 20 ab 
«pe er qs +2. Q8 кёз 5580 
j 
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The connection "I is semi-symmetric, but “Т ds 


: Symme~ 
tric and these two connections have the same curvature tenso 
r, 


Thus, we have 


i m i 
5 =й СТЕНЕ 
Шр jk jk 
i 1 ED i 
E PRESTAO AS 
Hik X day k j Jk 
t-2 
Ае a NN 


It is easy to prove this relation for the curvature tensor 
duo з=}, ab ames i yS gi -p5 ні. 
BS PE uH. ue rj sk rk sj 


m 
where V denotes the classical covariant differentiation vith 


respect to the coefficients of connection ^T . The metric ten- 


sor is recurrent respect to V  (V,g,.,-]1lg,,; where n. stands 

25 kij k"ij 
for Scr Je 

For the covariant components of the curvature tensor, 
we get 
т m 
= - РА Se \ 
Rirkj Rirkj Irj Ou EA. CA) + 


m A m 
ES РП. VT 
Menor оа Е 


(4.2) m 


In m 
- = = X) © 
Fig A Ag EVA) -Iir (Weds "АК 


s 
PA A Зе 


Ў *R 1 е 
For the sum Rirkj :3к’ We can easily g di 
m m ‚ 299 | 
+ = - 0 ког) г 
irkj ri jk irk 3 y, U; s- 
(453) R R R +В. +g 81] 913 rk 


where 
In s 
ij i J i j j 1 i 


sati 
do not 

If Yk #0, the components of the curvature tensor 

sfy the relations analogous to (3.3). 


i3 obtain 
Then, we transvect (4.3) by g'J and we 
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m "En 
= + = = 1j 
(414) Ay AQ OG ис 
m NE m 
ai 
where Мк, Ак ЕЕ CERE TE ORI J and (R 


m 


irkj * 


ij A 
)g J ‚ respectively. Next, we transvect (4.4) by gus 


+ Rijk 
and we get 

= rk 
(4.5) В =e ве 2(n-1)8 9 


m m 
rk rk 
where B, B stand for A kI + AL. , respectively. Hence, from 


(4.5) we obtain 


m 
ze B-B 


39) OKI 2 (1-n) 


and, substituting (4.6) in (4.4), 


m m 
ВАА 
= Coe aee B-B 
geaz) Prk © 72-5 * 200-1) (0227 Irk ' 


Substituting (4.7) into (4.3) , we obtain 


1 
Ais = Ec 
Rirkj "ВЗК * don (91) се Ыт) бак ek 


SR EB НБА - 
= + аст) (а=2) GijSkr Sikri) 
m m 1 m m Е 2 j 
Е TE c AL. = КАКИЕ н 
Rirkj *Reigk *2-n 913^xk Sik^rj 913 ik "$kr"ij 
т 


) 


B = i 
+ (n-1)(n-2) 9139kr ^ Jik?rj - 


Taking into account (3.3), we obtain the following relations 
m m m 


REM А 


m m 
= : B 
Rirkj rijk ! "rk 


m 
- 2R ү, = 2R . 

We can see that the tensor on the right-hand side of (4.8) is 
“qual to 2c. . where C, k3 denotes the corresponding compo- 
“аша су: Weyl's а. tensor of the adjoint Rie- 
mannian Space. 


We have proved 
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S a 


THEOREM 2. In SW-O, with ү, #0, 


the tensor on t 
left-hand side of (4.8) is equal to 2С ne 


irkj' 


COROLLARY 2. If the adjoint Riemannian рава 
i 
conformally Euclidean, the tensor on the left-hand side F 
(4.8) in SW-O, is equal to O. 
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REZIME 


WEYL-OTSUKI-JEVI PROSTORI DRUGE VRSTE SA 
SPECIJALNIM  TENZOROM F 


n ru 

| U ovom radu, definisani su Weyl- -Otsuki-Jjevt е, 

| зе vrste reda n (u oznaci SW-O,) sa specijalnim =. ovo № | 
D =S(x)67 gde je S(x) С^ funkcija (nenula i gari а 0:50 

ргуі S open uopÉtenja od Rimanovih prostora ka metri* em uspo 
jevim prostorima sa regularnom opštom koneksijom. й privi 
tavljene veze izmedju tenzora krivine i teni а = 


u pridruženom Rimanovom prostoru i odgovarajuć 


aoc 
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O ОДНОМ НЛАССЕ НОНЕЧНЫХ к-ПОЛУСЕТЕЙ 
Янез Ушан 


Природно-математични фанултет. Институт за математину 


21000 Нови Сад, ул. др Илије Ђуричића 4, Југославија 


260) РЭЗЮМЕ 


к-Полусети |1| являются одним обобщением н-сетей!4- 5|. В настоящей 
Sci, работе рассматривается один нласс нонечных н- полусетй и получается связь 
конечных аффиных пространств Спернера и K- полусетей принадленающих одно- 
му подклассу рассматриваемого класса к-полусетей. 


18012! 
к-Полусети, описанные автором в | 1|, являются одним обобщением 
nik к-сетей 14-5|. Как известно [ДЕБ каждой н-свати соответствует 
190,5 ортогональная система нвазигрупп, и наоборот. B 11] получена 
ar); харантеризация к-полусетей через oproroHanbHbe системы частичньх 
квазигрупп (OCHH), принадлежающих одному подклассу класса OC4H. 
Конечные аффинные плоскости харантеризованны через н-сети спе- 
| Циального рода. Аффинные пространства Спернера (АПС) описанны 
Спернером в 12| 03 |, стр. 298-294). В настоящей работе рассма- 
тривается один класс н-полусетей и получается Свя зе нонечных 
аффинғых пространств Спернера и к-полусетей принадленающих og- 
Ному поднлассу рассматриваемого класса к-полусетей 
йг 
„ш | ОПРЕДЕЛЕНИЕ 1. |1| Пусть Т непустое множество и пусть 
p Henycroe множество L множество некоторых подмножеств множества 
x T. Мномества г... 510, к ENN {1,2}, пусть разбивают множества 
05° | L. Элементы а L называются точками, Элемент MHOKEC 
Г. те L прямыми. Множества Ly „++, ц, называются нлассами прямых : 
je оте ) называется к-полусетю тогда и только OG ROSES 


да шү CO следующие условия. 


М1. Пересечение каждых двух прямых принадлежающих р. 37 


^ичным является однозлементні м 


классам L, .L;, ij ей ні 
1 J 
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множеством или пустим множеством 


3 


M2. Каждая точна из Т находится в одной и то 
: Льң 
одной прямой каждого класса Lj, i А 0 в | 
ПРИМЕЧАНИЕ 1. 15465 Учитывая М2, 


получаем Что npa- 
мые принадлежающие одному и тому же классу Li, 1е{1, 4) 

оң), 
не пересекаютея, т.е. что их пересечение является пустым Aue 


жеством. 


1.2. Учитывая K ENN {1,2} и М2, находим, что [TI 53 
bogib akte 


В настоящей работе рассматриваются только нонечные H- 


полусети, т.е. к-полусети UD Tasse o 1) B ноторых T является 


конечным множеством. 


Max{|2||2 eL} называется Т-порядон, a Max, [21| ie 


€ (1,...,K) т -порядон к-полусети Ст, ау, о) | ПЗ =1| 


W ооо UL. Справедливо: 


ЛЕММА 1. | 1] Т-порядон < L-nopAgox. 


Если в определении 1 вместо 1 берется 


5 их 
М1. Пересечение каждых двух прямых принадлёнающ 
2 E 04H03/8^ 
различным классам L; ,L., i,j e(1,...,H), является A 


J 
ментньм множеством 


то (T, n... DO станет н-сетью. 


тей 
v -nonyc8 
В настоящей работе рассматриваетея класо k 


удовлетворяющих следу ющему условию: 


M3. (và е1) 121 = meN 
находи" 
ПРИМЕЧАНИЕ 2. Учитывая нє NN (1,2) 4 а, то q 2 
ч 
что me N\ {1}. Отсюда, учитывая nemmy 1, находим» | 
порядок EN\{1l1} О. 
o 
УТВЕРЖДЕНИЕ 2. Пусть T непустое множео т MD 
am 1 
пустое множество [ множество некоторых подмножест ножест® 
ap М 
Множества 5..1 > КЕМ\ {1,2}, пусть разбываю 
conan To" 


хо 


е 
1) Удобнее: две прямые различных классов ase та 
больше чем в одной точне. пврвс8”® 
2) Удобнее: две прямые различных классов 
ОДНОЙ И только в одной точке. 
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‚ Как в определении 1, пусть, элементы множества Т называются то- 


чками, элементы множества L прямыми, а мномества Dyess Ly Knac- 
сами прямых. Тогда имеет место: 


o 
| 1 Если система (T, Lisee es Lg) удовлетворяет условями 


и М3, то (Ти...) Удовлетворяет и следующему условию: 
М4. 2; | = |251 = аем {1} дла любых i,je(1,...,K}; 


О 
[Б 2 Существует система (T, Lys...) удовлетворяющая 


условиям М2 и МЗ и He удовлетворяюща условию M1; 


T B Сущецтвует н-полусеть Бри...) удовлетвор - 
яющая М4 и не удовлетворяющая МЗ; 


ge Если н-полусеть (T,Ly),+++,L,) удовлетворявт M3, To 
1 m<q; и 


о 


5 Если к-полусеть (Т, Ly) удовлетворяет усло- 


p 
виям МЗ Hm =q, TO (T,La ) являетса н-сетью. 


ДОНАЗАТЕЛЬСТВО. Учитывая М2 и M3, находим, что имеет 


4 место следующие равенства 


ANA любых і,ує{1,...,н}. Следовательно, имеет место MA. 


F Учитывая систему у.) на Рис. 1 (тан не на 
Рис. 


о 1 
2, где м 26105 находим, что имеет место 2a | 
- F 
Учитывая 3-nonyceTb на Рис. 3, находим, что имеет мес ; 

| 


TO 39. 


Puc. 1 Рис. 2 
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3 
3) e В силу леммы 1 и 40 т 
» та 
1 m =Т-порядон и q-L А кан 
Порядок 
находим, 


"TD имеет мест 


о 40 
Учитывая М1, : 


М? и Фант чт 


71 
i EN, находим, ЧТО Имеет 


о 
место 


D 
Рис. 3 
Примеры к-полусетей удовлетворяющие M3 изображены на 
рисунках 4-8. 4-Полусеть на рисунке 4 является 4-сею . Ha 
рисунках 54 H 52 изображена одна и та же 3-nonyceTb . 


Puc. 4 


Рис. 5 
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Рис. 8 Рис. 9 
ПРИМЕЧАНИЕ 3. 3-Полусеть на рисунке 8 принадлежит 
Классу рассматривармых к-полусетей с параметрами ш=2иа= 4. 
Одна из соответствующих частичных  нвазигрупп C111) изо- 


брамена на рисунке 9.. Tak нан упомянутая честичная нвазигруппа 


He монет быть погружена в нвазигруппы ({1,2,3,4},А), то имеет 


обладающая 
быть 


Me 

STO следующее положение: существует З-полусеть, 
Q м 

Вайством M3, имеющая Г-парядон =q EN таная что не монет 


no 
Гружена в 3-свть порядка а. 
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TEOPEMA 3. Пусть (Ту. eol) к-полусеть 


› имеющая 
ь-порядок =q и Т-порядок =m. Тогда, если в (Т,ү, ,,, I 
выполняется МЗ, то имеет место отношение k 
q- 1) 
k«m q-1 +1 
ENS 


ДОНАЗАТЕЛЬСТВО. Учитывая 1° из утврждения 2 и Примечание 


2, находим, что для рассматриваемой н-полусети имеет место; 


а) В каждой прямой одно и TO же число точен MEN) {1}; 


6) В нашдом классе ү, i €{1,...,H}, одно и то же чис- 


ло прямых а ЄМ М {1}. 

Neuss IG ТВ L{€EL;" Пусть, далее, ‚р, ELN Ml 
Учитывая M2, находим, что каждая из точен множества 80...00 
в одной и только в одной из прямых Ert itia Ввиду a) и 6), 


следователь но, имеет место равенство 


(1) |550... Ug - m(q-1). 
3 , o 
Если н число всех прямых, sa иснючением прямой > № 
eH" 
ходящих через rouHy T, TO, на основании M2, имеет место ре 
ство 
(2) к= К +1. 
2 = = иснлюч 
Каждая из к ynoMaHHy тых :прямых AA T E EI 
нием точки T, содржит m-1 точку. Так кан 241" Nha 
учитывая M1, находим, что имеет место равенство 
(3) | @,U---U2-)\{T}| = К(ш-1). 
1 К | = 
Wg 


Б = и... 
Так как £40 hyn - П -CD (M1) то. находи" 
= р (M2) и X4U...UR, = T(N2), то учитьвая (1) " 


что имеет место следующее отношение : 


(4) k(m-1) < м (9-1) 


1) Если "e TO k« 1 превращается в k<d +1 id 
ние, Gola нев RACEK Каран Sbllepti6r, мадра 


SO a 
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Следовательно, учитывая a) и (2), находим, что теорема 


показана. 


7-Полусеть, изображена на Рис. 6, является примером H- 


полусетей, в которой выполняются M3, m <q и равенство Ham Е 
z m-1 H 


(Множества Тру» в том же проядке, являютса: 

PR Те» 1 и 2. 
A B,C DA ВОС ра АВ ) со, ‚В,С р}, (AC,BD,A^ C’,B“D‘}, 
{AA ,BB^,CC^,DD^], {АР,ВС,А ОЮ ВАСА) {AC NICE BDB DIE 


) (AB^,A B,CD^,C'D), (AD^,A"D,CB^,C^B) ; на Рис.б, A,B,C,D,A^, 
а B/,C^,D^ являются вершинами HyÓa). 
ПРИМЕЧАНИЕ 4. Только что рассматриваемая 7-полусеть 


построена, нак уже упомянуто, на множестве Т точек, являющихся 
q вершинами нуба (Рис. 8). Для построения этой 7-полусети испо- 
льзована 3-сеть парядна 2, которую "полагали" в стороны M ди- 


агональные NNOCHOCTH нуба. 


ТЕОРЕМА 4. В к-полусети (ул, eo I, удовлетвор - 
K =m ESI +1 , тогда M тольно 


яющей МЗ, имеет место равенство 


тогда когда любые две точки коллинеарны. 


cu 
ДОКАЗАТЕЛЬСТВО. 1) zm». (справедливой Hm a) 
Пусть А и B , AB, любые точни из T . B н-полусетях 


(нан и в н-сетях), вообще говоря, He всакие две точни коллине- 


арны. Существует не больше чем один классе Ly такой что через А 


4B, А <В, проходит одна прямая из n, (m1). Пусть L, не является 


Таким классом. (Ввиду К ем\ {1,2}, такой нласс существует.) 
а № 
1 1122 а 


Пусть, далее Ає?л ещ, Belz eL; и $1182} 
при- 


он m(q-1) является числом точен, 
1 и №). Учитывая M3, M1 


из утверждения 2). 


Надлежающих прямаиым R25 ttr a (Прим. 
^ Факт что Ажо... ‚ находим, что в прямых, проходящих через 
а 


ЕЕЕ 
1) (x,v) обозначаетс через XY. 
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е 


точку А, за исключением прямой 2, (B H-1 прямах) 


Находится 


л. E 
ЯВЛЯЮТСЯ Ноллинеарныи 
M 


(u-1)(m-1) точен, принадлежащих сразу прямым 
сюда, предполагая что А и В, АЯВ, не 
следует что 

(К-1) (m-1) < m(q-1) 


т.е. что 
-1 
k < m = +1. 
Следовательно, любые две точки ноллинеарны. 


2) <= (справедливо: любые две точки ноллинеарны) 


Пусть А любая точка из T . Пусть, далее, Ace, ег, 
(ввиду М2, любая точка из T в некоторой прямой). Отсюда, учит- 


o 
ывая примечание 2, 1 из утверждения 2 и примечание 1, находим, 


что существует в точности а-1 є М прямых Хе таких 
что ОУ 6 

Из М2 следует, что £4 022 Ш Uta = T. Учитывая При” 
мечание 1 и ng из утверждения 2, находим, Na [25 U UZ all = 


= (q-1)m,. 
An 
Через точну А проходит н-1 прямых, за исключением В 


U a отличаз 
мой #1. В каждой из этих прямых находится m-1 точек, 


ia 
ся B TO 
ющихся от A(M3). Takum образом, B этих прямых находит 


то- 
ных © 
ности (H-1)(m-1) точек, отличающихся от А и коллинеар 


3 ой #4/ 
чкой А. Кроме этых точек, за исключением точен прямой ^1 


го 
- | а № 
линеарных с точкой А не существует; ввиду M1, ТОЧНИ ан ка 
í 9 a, T 
множества He являются сразу точками прямой £4- Отсюд Se 
ам 97°" 


A коллинеарна c любой из точен принадлежающих пря“ 


находим, что имеет место: 


л((К-1) (m-1) < m(q-1)) 


(К-1) (m-1) > m(q-1) 
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\ Отсюда, учитывая Теорему 3, находим, что 


В к-сетях не пересекаются только прямые, принадлежащие 
одному и тому же классу (М1). Прямые P4 И Po, принадлежающие 
одному и тому же классу, называются паралельными. Это отноше- 
нив является РСТ отношением на множестве L = 11 Ша UL. . B 
к-полусетях, не являющихся н-сетями, существуют прямые P4 4 Bo, 


P4 #Р2, He принадлежающие одному и тому же классу, такие что 


Puan Р2=9 . В к-полусетях, не являющихся к-сетями, не является 
справедливым положение: 2 

равед bl нение: для любых 14:1 2,93 L=L U... UL из 
140 12 =@ и Lah 23 =9 следует 1402429 (см., на пример, 


Рис. 6). Но, если речь идет о прямых 12923» принадлежащих 
одному и тому же нлассу, TO, тольно что упомянутое, положение 
справедливо, нан и у к-сетях . Таким образом, вообще говоря, 
в н-полусетях, нроме отношения "паралельности прямых”, можеть 


быть непустым и отношение "скрещивания прямых” на L=L, и... 


DUI 


ОПРЕДЕЛЕНИЕ 21. Пусть (Турро 


Реги рє L, скажем, паралельние тогда и тольно тогда когда 


Ly) любая н-полусеть . 


являются рий одного и того же класс L,, ie{1,...,H} 


(P4]| р. е. , P2614. 


ОПРЕДЕЛЕНИЕ 22. Пусть (Т.у) любая к-полусеть. 


Ре и P2 E€ L, скажем, в отношении скрещивания тогда M тольно 


ET 
| "гда когда P4fl P570 и PIM р). 


ЛЕММА 5. Пусть (T,L,,---,,) к-полусеть, удовлетвор- 
Moyan условиям МЗ и кеца +1 . Тогда имеет место: 


а) Если А и B, А # В, любые точки из Т, то существует 


0 
Ана и тольно одна прямая p такая что Aep и Вер; 


б) Все прямые имеют одно и TO He число точен; 


в) Отношение паралельности является РСТ отношением на 
| “нонестве L=L, U оой Пу 
г) (УА eT) (ур e L) (a!p’ eL) (p|!pAA ep") 
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a e ig 


a) Пусть AeT, pe Lu Agp. Тогда существует в A 
H 


n- +1) при мых, проходящих через точну A, ч 


являющихся в Отноце 
нии снрецивания с р 


ДОКАЗАТЕЛЬСТВО а) Учитывая Теорему 4, Находим 
» 8] 
любые А,В єТ, АРВ, являются коллинеарными. Отсюда, ввиду he 


получаем; что имеет место а). 


6) Положение б) является условием M3. 
в) Множество р} является разбиением множес - 
тва [ = обо ul, (Определение 1). Отсюда, на основании Onpe- | 


деления 24> находим, что имеет место B). 


г) Пусть ge La Ввиду M2, через каждую точну А npo- 
ходит одна и только одна g^ ег, . Отсюда, учитывия определение 


2,» получаем. что имеет место (Fla 


д) Пусть g ЕЁ n Ady (см. примечание 2). Через А npo 

ходит н и тольно н прямых (из каждого нласса B точности одна” 
-M2). На основании г), одна из этих прямых паралельна С he 
Ha основаним Теоремы 4, m прямых пересенаетоя C прямой #. 


Следовательно, положение д) имеет место. 


о M3 # 
к-Полусети (T, Lyste oL) в ноторых имеет мест 


- 7 y aan С 
равенство k-m SEX en » находятся в самой близкой CB 
m-1 TO речь 
y on 


аў” 


финными пространствами Спернера (АПС). (Если м =9, | 
А =qt , 


идет о к-сетях, B HOTODBX имеет место равенство, К [4-51 


[8] ИЯ 25 
характеризуют аффинные плосноси ; 59 из Утвержден 


2 онеч 
ОПРЕДЕЛЕНИЕ 3. "2 Пусть T непустое a 
жество, а непустое множество [ пусть множество 


зы 
множеств множества T . Элементи множества Т на 


тся а 
а элементи множества [ прямыми. (7,1) называе 


gora 
странством Спернера (АПС), тогда и только тогда 


ливо : 


D 


si. Если А и В, АВ, любые точки из 


дери В op 
одна и только одна прямая р такая что 


o 
1) Если m=q, TO (T,L,,...,L ) н-сеть (5 
справедливо K-q-l' , и тогда H-(mr1)=0 - 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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РРР 


32. Все прямые имеют одно и TO He число точен; 

53. Отношение паралельности (||) является PCT отноше- 
нием на множестве L ; и 

54. (¥AeT) (Vp e L) (S!p^ eL) (p^]| p AA ep?) 1) 


Учитывая a) - г) из леммы 5 и определение 3, находим, 

чн что имвет место: 

ТЕОРЕМА 6. Наждой н-полусети (T,L,,...,L,), в которой 
имеет место МЗ и равенство k=m iu +1, соответствует аффинное 
пространство Спернера (T,L) где L -LU.... UL. 

= | Пусть T непустое множество. Система (Т,{Т}) удовлетвор- 
ser условиям 51 -S4. Такая система обладает только одной прямай. 
Удобно ее назвать тривиалым АПС. 
"i Число точен в прямых y нетривиальных АПС болыше двух или 
us равно двум (ш > 2). Предположение что справедливо противоположное 
(т = 1), nce. ввиду S1, влечет B нонтрадинцию C S3. 
р Паралельные прямые в АПС или совпадают или имеют пустое 
дна" пресечение (S3 - P, 54). Отсюда ввиду m > 2, получаем, что у нег 
о тривиальных АПС сущецтвуют по меньшей мере три попарно непара- 
0 лельные прямые. 
Отсюда, далее, получаем, что | 1/| | | > 3. Положим: 
W | VI =(y,... bbe кем (1,2). 
ag” В связи с кандым нетривиальным АПС (T,L), именно, мон- 
b HO рассматривать систему GL, ee oy где (4, o E) = L/|! 
DE "keNN(1,2). ; | 
p На основании 51, получаем, что B только что построенной 
07 Системе (T, Lj». -L справедливо M1. Из S1, именно, следует 
5 anui trm 
gs ЧТо является эквивалентным с 
£u Py # ро =?” руп Р2| во 
gf Далее, на основании S4, получаем, что B (ТБ, «e eo Eg) 
А. 2 то, Ha осковании 54, 


Справедливо М2. Именно: 1^ если Аєре1,, 


10 
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p является однозначно определенной прямой, паралельну 
OH с 


и 29 если А d p €L,, TO, на основании 54, существует одна ; 
алеко одна ре. такая что р” [|p и Aep B 
M3 совпадает c S2. 
Из 51 следует, что каждая пара точек в т. р 
является коллинеарной . 


Отсюда, Учитывая Теорему 4, находим, что имеет ме 
сто; 


ТЕОРЕМА 7. Наждому конечному нетривиальному ANC (Т) 


соответствует к-полусеть (T, Diote ., I), {Ly,...,L,} = Ир 
которой имеет место МЗ и равенство К = т gel. 
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O JEDNOJ KLASI KONAČNIH k-POLUREÉÍETAKA 


n k^ 

o uopštenje 
Ра | 
onalni 2 е^ 
g jure ) 


Ie 

k-PolureSetke (|1]) predstavljaju jedn 
Éetaka (|4-5|). Svakoj k-reSetki odgovara oria Pie n 
a svakoj jja! 
gularnih 


rakteri?" айй, 
kvazigrupa, i obrnuto. Specijalne к-геќеёке Ка ga КО" 


ra jedn? 


kvazigrupa, i obrnuto. U |1| je pokazano d 
ki odgovara reqularno ortogonalni sistem re 


afine ravni |4-5|. U ovom radu se razmat 


5 А jene Р 
k-polureSetaka i nalazi veza izmedju jedne 2j 


nih prostora Spernera. 
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ON BISYMMETRIC [n,m]-GROUPOIDS 
Zoran Stojaković 
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ABSTRACT 

In this paper bisymmetric [n,m]-groupoids (defined in 16]) are co- 
nsidered. It is shown that every bisymmetric [n,m|-groupoid Q(f) is commu- 
tative, if the range of at least one of its component operations is Q. A 
corollary of the preceding proposition is that there do not exist proper bisy- 
metric [n,m]-quasigroups (which was proved in 16]). It is also shown that 
from the commutativity and mutual mediality of the component operations fo- 
llows the bisymmetry of an [n,m]-groupoid. A characterization of the compo- 
nents which are n-quasigroups of a bisymmetric [n,m]-groupoid is given. 
Mecessary and sufficient conditions for an [n,m]-groupoid to be bisymmetric 
with n-quasigroup components are obtained. 

First we shall give some basic definitions. The notio- 


ns from the general theory of n-quasigroups can be found in !1|. 


,x, we shall write {жуу ог 


Instead of X5 Xp41' D 
xi. If р>, then ха will be considered empty. 


An n-groupoid O(f) is called commutative iff the fol- 


lowing identity holds 


n $ (n) 
(Бей = £ (x5 (3j! ‚ 


for every permutation ф of the set М, = (1,..-,n). 


An n-groupoid Q(f) is totally symmetric iff 


f(x) = жо implies CHI for all x, €Q ; 
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са 


і=1,...,п+1 and every permutation V of Nol" 


Two n-groupoids Q(f) and Q(g) are mutually Med) 
a iff 


in n nj n 
s Qe Eee OPI PC OEC dn MN m 


holds for all Xij ЕО, i,j =1,---,n. A n-groupoid which i 
dial to itself is called medial. 


An n-groupoid Q(f) is bisymmetric iff 


ju 


iei) 


£({£ (xy) 
is invariant for every permutation of elements Xi 5 60, i pij els 
o pitts 
Let О be a nonempty set, n and т positive integers 
and Ғ:07 +0". Then Q(£) is called an [n,m]-groupoid. The n-ary 
operations fir оос г defined by 


a en de - } = n 

£ (х1) = (у) ==, (vie м) Y £j) 
are called the component operations of # and this is denoted 
Exo fec nec 


| r 

An [n,m]-groupoid Q(f) is called an[n,m]-quasigroup (0 
multiquasigroup) (|2|,|3|) iff for every injection $:N, MT 

nm) c gru such that 


ef An [n,m]-groupoid is proper iff nm, ol 2 


1 
\ 


and. every (ay ) eQ? there exists a unique (b 


D nim 22 i=l.. 
£ (bi) (br) and 5$ (i) ajr i U 


An [n,m]-groupoid Q(f) is commutative iff 


D $ (n) 
£ (х1) - £ (хо (1) ) 


on 
holds for all x, eQ, i=1,...,n and every permutati 
= compo” 
11 its 


ф of Ny 


Obviously, an [n,m]-groupoid is commutative ae а 


nent operations are commutative n-groupoids. £ 
B 
Let Q(f) be an [n,m]-groupoid, f-(f,:--^''m ue 
then апл 
угы" 


z= ba .] is an nxp array of elements from Qr 3 
ce) = [y] is defined by y,; =f, (X их al, o 0907 
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IfX = [х{-1 is ап r xn array of elements from О, then an r xm 


i 
array RgO =f (x p) ї=1,...,г, бет, 


= [2:5] is defined by 215 
an [n,m]-groupoid Q(f) is said to be bisymmetric (16]) iff for 
all nxn arrays X= [x 4] of elements from Q and every permuta- 


tion $ of М XN, 
= ф 
СВЕ ек 
where x? = [хь (4,3) * holds. 


It is obvious that the components of a bisymmetric 
[n,m] -groupoid are bisymmetric. But from the bisymmetry of the 
components the bisymmetry of an [n,m] -groupoid does not follow 
(|6]). In |6] it is also shown that there are bisymmetric [n,m]- 
groupoids which are not commutative. But this does not hold for 
a class of bisymmetric [n,m]-groupoids which are described in 


the following proposition. 


If Q(f) is an n-groupoid, by ВЕ we shall denote the 
range of f. 
THEOREM 1. Let Q(f) be a bieymmetric [n,m] -groupotd, 


Е = С , Such that there is a component operation f. 


for which Rf, =Q. Then each of the component operations Ё 


i=1,...,m,ts commutative. 


i? 


О(#) is a bisymmetric [n,m] -groupoid, so 
of Na ХМ, the fol- 


Pro o Е. 
for every every $ eN, and any permutation 6 


lowing identity holds 
in, jn с: Фуа 
ехо осо а 
If a,, і =1,...,п are arbitrary elements from Q, then,since 


Rf, =Q, there exist elements bij ео, 1,5 SLren such that 


PS )= aye t= M 
If $ is an arbitrary permutation of the set М, and ф a permuta 


tion of Na XN. such that (p,q) = (Ф (p),q) for all p,q ё; nen 
; ,. 6 (n) 
nan me, (ce у E DM 


Hence, f, is а commutative n-groupoid for all Зем, - 
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COROLLARY 1.1. Every btsymmetric [n,m] -groupoid 


Q(£),£ = (уне) 5 auch that тее ts а component Operati- 
on fy for which Rfy-Q, is a commutative [n,m] -groupoid 


COROLLARY 1.2. In |6| peie proved that every-bisyn- 

metric multiquasigroup ts commutative (which implies that ther 
“re 

are no proper bisymmetric multiquasigroups because in I7] зї 
proved that there are no proper commutative ти ltiquasigrpups) 
This: is a consequence of Theorem 1 since all components of an 
[n,m]-quastgroup Q(f), f = (fi,...,;f,) > are n-quasigroups, 
hence Rf, -Q for all Кем, 


THEOREM 2. Let Q(f) be an [n,m]-groupoid, Е = (Е... 
ef) . If.all component operations £,, i=1,...,m are com- 
mutative and every two component operations are mutually me- 


dial, then Q(f) is a bisymmetric |n,m]-groupoid. 


iD ie @) ©) S25 If f. and f. are two commutative n-group- 
oids which are mutually medial, then it can be proved (by a 51- 
" milar argument as it is done in |5], where the special cese 


fs =f. was considered) that 


jm eem 2 $ (i,n) n ) 
£k (££, (051) 31, 07 £y (££, Ge (37 1j? } em 
i of 
holds for all Xij GO, т, а andi any, permutation $ 


№ XN. Hence, Q(f) is a bisymmetric [n,m] -aroupoid. 


; = poupotds 
THEOREM 3. Let Q(f) be а bisymmetrie pom s exist an 
e 
£=(£,,---,£,). If £ is an n- quasigroup, then и 
Abelian group Q(*) and an element a eQ such that 
n 
n 
where a ts an automorphism of the group +. тай 
е t folto 2 
P r oo f. Since Q(f) is bisymmetric p. ана = 
A ^ n 
f, is a bisymmetric n-quasigroup. This means tha ке g(t) z 


dial n-quasigroup, hence there exist an abelian 9 
an element a е0 such that 
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n 
n 
f (x) = eusss ta 
к-т ilii 
t- where jr i-1,...,n are automorphismsof the group + (а 
From Theorem 1 it follows that f, is commutative. If in 


n- £, (4) = gu E we put Xj =%X4 (2) =x and 0 otherwise (where 


0 ig the neutral element of the group +), we get 
J; a,x +050 +... +00 +а =010 ta,x+0,0 +... Ha 0 +a, 


s thus a,x =0,х for all х є0. By a similar argument it can be 


shown that и =... =. 


THEOREM 4. Let Q(£) be ап [n,m]-groupotd, f-(f,,... 
ufu ). Q(£) ts a bzsymmetric [n,m|-groupotd the components 
of uu аре n-quasigroups iff there exist an Abeltan group 


0(+), elements а, 0 і=1,... т and automorphisms ау, =, А 


..,m of the group + such that 


n 
= с. ), x. ta,, i71,...1m. 
si- eren Е i' r 
Р г (e ОЕ; Let Q(f) be a bisymmetric [n,m] -groupoid 


and let all component operations f,, i=1,...,m be n-quasigro- 


ups. Then by Theorem 3 it follows that there exist Abelian gro- 


ups Q( poen i-21,...,m, and elements a, €Q, iz1,...,m such 


taht 


fi Gd) = a, (xy +.. Ех) Фа, тад 


where а, is ап automorphism of the group е = Тр. me 


Let k,j be arbitrary elements from N.. The identity 


(in) 
SC: pin) у уе t£ (£506 70 )} P 


Xil i- 
Where à is а Me es of NL XN. ези be eee inis 


form 


: ; j j k 
5 s j k k J J 1 + = 
ay ( (а; (xi,*.- da #85): 5 +, езт = а) ay 
ЗЭК 1 
taj) t.t laj (© (n, 1) E 


j 
APO сех а 0) 


о ( (а; Сх (1,1) 
j j s 
Oo ne X о ак s 
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i ; x 


Let es be the neutral element of the group + 


ГА iz1, 

оооу; If 
in the preceding EY we put ху) ce =х, x» "us 7 
zu bc -] 1l) d 

= = (82 - = . = R 

da Os) (а= can Xi = е, i=2, 
cl 
jn 


x 
өп; 


a U SS Score 


х = ole and 
$(n,n-1) j ^k X. ош 


x = 
oe ib Sty? 


= е; otherwise, then we get 


j Kx k k o KT k k 
(CPS HORS IRE OOO = (ax) tla y) Fe, +... te, +(e te, ) 


thus 


j k k j 
ох + Cay = (hee) + (а У) + (e. t e) 


So, for all x,y eQ 
j k k 
QU Е ЧЕ, 


j 
where f =e) te, which yields the identity 


k k 
Ж (х=) = a; (ху Роос x) + а. 


where а. -nf +a. . 


j a 
The converse part of the theorem can be proved by 
straightforward computation. 


siti- 
The preceding theorem is a generalization ОЁ Propo 


5 are 
on 3.1. from |6|. In fact, in |6| a WTSB [n;m]-groupo s" T 
defined (as a generalization of ctl _systems introduced 
$ : 1 

An [n,m]-groupoid is WTSB iff it is bisymmetric and 2 


n S. 
mponent operations are totally symmetric n-quas igrouP 


at 
А lows 
is a WTSB [n,m]-groupoid, then from Theorem 4 it fo 
A n 
f.(x.) =a, ) x. +a., i=l,..-,/M- 
Лора i j=1 3 i EA 20! 


ws £i (х1) =y, then putting in the last equality XxX,” 
because of the total symmetry of f,, ме get 
ШЕЕ 
s - ‚у ta; 1 
1X +а,у ta, 0, and а;У i. 
which implies a,x, =- x, for all x, еб. 
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REZIME 


O ВІЅІМЕТВІФМІМ [n,m]-GRUPOIDIMA 


U ovom radu razmatrani su bisimetriéni [n,m]-grupoidi. 
Pokazano je da je svaki bisimetričan [n,ml-grupoid Q(f) koji 
ima bar jednu komponentnu operaciju čiji je kodomen 0, komuta- 
tivan. Posledica ovog tvrdjenja je da ne postoji prava bisi- 
netrična, [n,m]-kvazigrupa (što je dokazano u !6|). Takodje је 
dokazano da iz komutativnosti i uzajamne medijalnosti komponen- 
tnih operacija sledi bisimetriénost [n,m]-grupoida. Data je je- 
да karakterizacija komponenata bisimetriénoa [n,m] -grupoida ko- 
Je su n-kvazigrupe. Navedeni su potrebni i dovoljni uslovi da 


nom] -grupoid bude bisimetri&an sa komponentama koje su n-kva- 
2lgrupe 
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CYCLIC n-QUASIGROUPS 


Zoran Stojaković 
Prirodno-matematički fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuričića br. 4, Jugoslavija 


ABSTRACT 


In this paper cyclic n-groupoids (Definition 1), i.e. cyclic n-qua- 
sigroups (because every cyclic n-groupoid is necessarily a cyclic n-quasi- 
group) are considered. Different equivalent definitions of a cyclic n-gro- 
upoid are given. Examples of cyclic n-quas igroups;aré listed. Circular pa- 
rastrophes of an n-quasigroup,which are suitable for'the study of cyclic 
n-quasigroups, are defined. It is determi ned which parastrophes of a cyclic 
n-quasigroup are cyclic. It is shown that an n-quasigroup which 1$ isoto- 
pic to a cyclic n-quasigroup must be isotopic to all its circular parast- 
rophes and conditions under which its parastrophes are isotopic to acyclic 
n-quasigroup are given. Some consequences which follow from the assum- 
Ption that an n-quasigroup is isotopic to one of its parastrophes are ob- 
and suf- 


n-quas i - 


tained. Using these consequences a theorem which gives necessary 
ficient conditions for an n-quasigroup to be isotopic to a cyclic 
group is proved. 


First we give some basic definitions and notations. Ot- 


her notions from the theory of n-ary quasigroups can ре кош 


in [11 
or 


n 
The sequence х (хо 417-7 * Xn we denote by ix en 


= If m»n, then xn will be considered empty. The sequence 


n 
Х,х,...,х (n times) will be denoted by X . 
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An n-groupoid (Q,A) is called an n- 
1 


ques igroup iff the 


n А 
,X,8,;,,) =b has a unique solution 
itl X for every 


equation A (ay 


а,Ь ЕО and every i eN ={1,...,n}. 


An n-quasigroup (Q,A) is isotopic to n-quasigroup (o 
7B) 


А : 3 ntl 
iff there exists a sequence T — (a, ) of permutations SE Qs 


ch that the following identity 


rune i n 
B к ПУ 
holds. T is called an isotopism, and by es =B we denote that 
A is isotopic to B by T. Tl 13 defined by Tis (Фа 1911 


i ^il Ne 
If (Q,A) is an n-quasigroup and o € S541 where Sul is 


the symmetric group of degree п+1, then the n-quasigroup Аб de- 


fined by 
Gh, CY 
A (x51 ) = х 


п 
<=> = 
А (ху) 


c (n*1) хш 


is Called a co-parastrophe (or simply parastrophe) of A. If 


сут е5 +] then af) T = АО" and 
Ат = Xo(nt1) <~ 7 at (хот Gy PE Хот (п+1) 
ТЕ T= (а) is an isotopy of A, then (aT)9 = a, where 
та анау: 
£f for eV 


Ап n-quasigroup (Q,A) is called idempotent i 
ry xe ОА) =x. 


je iff 
An n-quasigroup (Q,A) is called totally symetrie 
A coincides with all its parastrophes. 
cite 
DEFINITION 1. An n-groupoid (Q,A) ts eee m 
iff the folloving identity holds 
MCE), eo) = sa. 
1 1 n " sy 
i ed sem 
A binary groupoid or quasigroup (Q,:) 15 call E 
: С O 1 n [o i 
mmetric iff it satisfies the identity (xy)x -Y- zs rA gems” 
groupoids defined in Definition 1 are a generalizati? ga" 


+ е5 
. saa р à e inv 
symmetric groupoids.Semi-symmetric quasigroups wee 
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М: 


| 

| in various directions. Some results on semi-symmetric quasi- 

j groups (mostly obtained by A. Sade) are used in the enumerati- 
on and classification of latin squares and some classes of se- 
mi-symmetric quasigroups are related to geometry of plane cur- 

ves. There is also a connection between indempotent semi-sym- 
metric quasigroups and balanced incomplete block designs (131) 
and some other combinatorial designs « 


The definition of a cyclic n-groupoid can be also gi- 
ven in another form. The next definition is equivalent to De- 
finition 1. 


alt х1 eo 


c 
DENYS aera 


n 
А (х1) = х mel EL a 


n+l = eo: 
Using the preceding implication it is easy to obtain 
the following definition equivalent to the preceding ones. 


DEFINITION 1". An n-groupotd (Q,A) is eyelie iff for 


ntl 


9 | DEFINITION 17. Ап n-groupotd (Q,A) is сусїїс iff for 
le- 
ер i 

егу i E Na and all х1 eQ 


A (x7) =x <=> A(x, 


ТЕ (Q,A) is a cyclic n-groupoid, then for all Тем, 
(e and all alc апт ЕО, the equation 


(1) i-1 n a 
А (ат х,аз) antl 


ЕЁ 
із by Definition l'equivalent to 


ntl alcol 
(ап Gy Y 
This means that the equation (1) has a unique solution for x, 


hence the following proposition is valid. 


PROPOSITION 1. Every cyclic n-groupotd is an n-qua- 
Stgroup. 


We now give some examples of cyclic n-quasigroups. 


1. Let (Q,+) be an arbitrary Abelian group (binary), 


n> Р” 
-2, а an arbitrary element from О, and ф an automorphism of 
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the group (Q,*) such that фа =-а, and if n is even then for 


all x €0, $'x--x, and if n is odd then QU m. 
mapping. Then by ч 
(2) А (х?) = OX) -д°х„ +o°x, =... F (i) lg +a 
a cyclic n-quasigroup (Q,A) is defined. Among cyclic n-quasi- 
groups defined by (2) there are n-quasigroups which are neit- 
her totally symmetric nor idempotent and which are not n-gro- 
ups. 

An automorphism of an arbitrary Abelian group, which 
satisfies the given conditions is given by ф:х»-х, and the 
cyclic n-quasigroup obtained that way for n even need not be 


idempotent nor n-group, but it is always totally symmetric. If 


n is odd, $ the identity mapping and a =0, a cyclic n-quasigro- 
up which is not totally symmetric can be obtained. 
In an arbitrary ring with unity (В,+,.) е ma- 


pping ф :x»bx, where b is an invertible element, is an auto- 


morphism of the edditive group (В, +). If b is such that for n 


+ 
So Ni na ronin odai b? 50 02) 
quasigroup (R,A) is defined. 


a cyclic ^ 


for 
If В is the ring Z of integers modulo q, then, £ 


а Cy 
example, for q=15, b -4 and an arbitrary odd at 
clic n-quasigroup of order 15 is obtained, for d e e 
b =3, n-4'a cyclic 4-quasigroup of order d is obtaine 

orph- 


в an autom 


Do Let (Q,:) Бе an arbitrary group, a a an 
„а 


n+l is the identity mapP 


ism of this group such that a _, Then 
element of the center of the given group such that 42% 
by 
A (x1) - ax; 'a^x;! 2 ox a 
a cyclic n-quasigroup is defined. which at 
Now we shall define one kind of parastrophe" 
suitable for the study of cyclic n-quasigrouP*: y (0) 


j€ 

рой 

DEFINITION 2. If (Q,A) is an поил тё 
і ies oni» 

then each of the n+l parastrophes A шал po O°” he 

pas $20? 


by ола ati (mod(nt1)] ts called circular P^ 


n-quasigroup (Q,A). 
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From the definitions 17, 1" and 2 the following propo- 


sitions can be obtained. 


THEOREM 1. An n-quagigroup (Q,A) ts oyelice iff А eo- 
teides with its parastrophe A t, where 9; ts a circular para- 


strophe such that i is relatively prime to n+l. 


THEOREM 2. Ап n-quastgroup (Q,A) ts сусїїс iff tt 


coincides with all its circular parastrophes. 


In the binary case ([ 4]) all parastrophes of a cyclic 
quasigroup are cyclic. But, for an n-guasigroup, п> 2, this is 


not the case. Let (Q,A) be a cyclic n-quasigroup and A" its pa- 
ntl 


rastrophe. For all Xi ЕО and every i EN, we have 
i oil 
-1 © Сарп 
О E = ef cm = <=> А (х m ) = 
А (x,) =x <=> A em) eae -1 
1 n+l c o lan) с dn 
(nsi) 
=x <= >A(x -1 ) =х Я <=> 
“Ra c (1*i) c (п+1+1) 
о с, (n+l) 
i 
+1 
Er gs (n) NEN — 


1 (а (1) +1) o^! (c (п+1) +i) 


where all indices are reduced modulo п+1. Hence, if c is such 


that for an i eN and all t ORE 


c t (o(t)+i) = t+1 (mod(ntl)) , 


(3) o(t#1) = c(t) +i (mod (n*1)) ; 


then the parastrophe А is cyclic. So we have proved 


THEOREM 3. Let (Q,A) be a сусїїс в сый апа 
AS its Danae {рр such that с satisfies (3). Then A" is a cy- 
clie n-quasigroup. 

Of course, the circular parastrophes always satisfy (51, 
but there are other noncircular parastrophes which satisfy (3). 
Other parastrophes of a cyclic n-quasigroup which do not sati- 
Sty the condition (3) need not be cyclic. If n-2 then (3) is 


Satisfied for all permutations 9 €S,- 
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We shall now consiđer isotopes of cyclic h-quasd = 
groups, 
THEOREM 4. If an n-quasigroup A is tsotopte to 
s : : а oy. 
celie n-quasigroup B, then А is isotopie to each of its cu И 
е 


Oi ulan 


parastrophes A Then all parastrophes of A whieh satisfy (3) 


are isotopes of cyclte n-quastgroups. 


i) 32 -(e). 10) Tf: Since B is a cyclic n-quasigroup, it coin- 
cides with all its circular parastrophes Corresponding Parastro 
phes of isotopic n-quasigroups are isotopic, hence, the circu- 
lar parastrophes of A are isotopic to the corresponding para- 
strophes of B, which means that all circular parastrophes of 
A are isotopic to B. Since the isotopism is transitive, it fo- 
llows that A is isotopic to each of its circular parastrophes. 
The parastrophes of the cyclic n-quasigroup B which sa- 


tisfy (3) are cyclic n-quasigroups, hence, the corresponding 


parastrophes of A are isotopes of cyclic n-quäsigroups. 


THEOREM 5. Let (Q,A) be an n-quasigroup isotopic to 
ntl 
T = 
сезү ts an arbitrary cycle of length п+1. Then there ew 


. 5 З m (oj 
its parastrophe АС by an isotopism Т = (0 |), A =A; where 


a permutation 0 € 50 and an n-quasigroup (Q,B) which is isoto- 
pte to А, such that B їз isotopic to BÓ by the isotoprem (goon 


aA ) 
1,8 %n+1%g (nt1) 777 9 5 0). 
o" (п+1) s 
ы ps: 
Pe (у (су Е Let B be an arbitrary isotope of А, 
+ У 
$ = (87 DE Since АТ =a’, it follows 
-1 =i 
«О as, a 
g 1 s с { hence: 
For every n-quasigroup (Q,C) we have (C yr = (С ) 
о ст 
т 
((в° JS y" EB ; 
апа 
-l. в 
p? MOT = BI < iso" 
sigrouP 


which means that every isotope B of the n-qua 
topic its parastrophe Bee gu 

Now we show that there exists an isotoPe дез 
h has the 


ntl ) 
Viel ; 


that there is an isotopism of B to ВО whic 
= -1 А 
cribed іп the theorem. Since S 125° = ({B, a, Bos 
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-1 п+1 
(Bi 0,854341 ) 
B = В If we put 
l ZI 
81 а Во b oo (Bn «боп = 1, 
then 
CIBO d a Bio а 


If we take Үү to be an arbitrary permutation from 0, 
then from the i-th of the preceding equations, where i=0 (п+1), 


we get Bi: then from the j-th equation, where ео mou ED 


we get В. and so on, at the end we get -n - Since о is a 
J gc (ml) 


cycle of length п+1 we have obtained all permutations Ву - -- Ва: 


i = Ch _ В 
(а) cna) clu) ПТ, 
: бш =a _ 9. =0 бй 
vc? (п)  ce?(nd) o 2 (nt1) о 2 (n#1) о me) 
B =@ Cr te LINE a 
с P? (n+1) o P? (n41) g* E (п+1) (oj 1 (п+1) uc 


Then the (n+1)-th component of the isotopism 5-1759 has the 
form: 


CLP "a naf, SEN 
5 ваба ау аана) 2 
БАРЕ Bain nt ona on м. пет 
Е вто ао (15 2 nan) es aD geen) oe р 
So, we have obtained that for an arbitrary 


ntl 
a = whe- 
ВА €S, the isotope B of A by the isotopism S = (8, ), 


S = 
= Bi; i-1,...,n are given by (4), B-A , is ann quas igroup 


Which is isotopic to its parastrophe в by the isotopism ( 1, 


В ...а Bde 
o r"n*19n41*96 (0+1) c? (1+1) net 
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REMARK. A special case of this.theorem, when n=) 
5/5 sis 
Pondi- 


oe 
(4 83. 


THEOREM 6. An n-quastgroup (Q,A) is isotopic toa 
Cy~ 


clie n-quasigroup iff there exists a circulan parastrophe ді 
3 


a generalization of a theorem from [3], where the corres 


ng proposition is proved for only one parastrophe a? 


where i is relatively prime to n+l, such that A is ieotopiegyl 


ni where a 


by an isotopism T = (a, n41?c, (п+1) 7779 


SAGE) 

i9 $e (оу © fi If there is a parastrophe ai which sati- 
sfies the conditions given in the theorem, then by the prece- 
ding theorem A is ос an n-quasigroup B which coinci- 
des with its parastrophe B т. If B coincides with Boe 
Theorem 1 B is cyclic, hence, А is isotopic to a cyclic n-qua- 
sigroup. 

Conversely, let A be isotopic to a cyclic n-quasigroup 


В, Ао =p, з= 


с. 
). Let A * be a circular parastrophe such 
that i is relatively prime to п+1. Then о, is a cycle of len- 


gigi 5: Oa А5 =в 
ght n+l and (A ')" = B ‘Since B is cyclic В =В . From 
91 Svi 
(A) = В, it follows 
g. 
aba с; 
д5 (5 ) = дт 5 


с; MG о. this 
so, S(S ^) 1 is an isotopism of A to A леме депо 


с; Neat ei 
isotopism by Т=5(5 Lj) | = (CP Tov ме ват вау M 
== (Просор р 1.е. 
Bila в = lp кт +1 
k REG je = So ооо 
а n the proof 


From these equalities,analogously as it is done * 
of the preceding theorem, we get 


=й 
n+1"n+1%o, (п+1) 


1, 


u 


В а В 
o? (п+1) nid 


a a NOG! = 1. 
п+1 o, (0+1) c? (n+1) 
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REZIME 


CIKLICKE n-KVAZIGRUPE 


U ovom radu razmotreni su ciklički n-grupoidi (defini- 
cija 1), odnosno n-kvazigrupe (jer je svaki ciklički n-grupoid 
n-kvazigrupa). Date su različite ekvivalentne definicije cikli- 
ékih n-kvazigrupa. Navedeni su primeri ciklickih n-kvazigruna, 
medju njima i primeri n-kvazigrupa koje nisu idempotentne, ni 
totalno simetrične. Definisani su kružni parastrofi koji su po- 
godni za izučavanje cikliékih n-kvazigrupa. Utvrdjeno je koji 
parastrofi cikliéke n-kvazigrupe moraju biti ciklički. Pokaza- 
по je da je n-kvazigrupa koja je izotopna cikličkoj n-kvazigru- 
Pi izotopna svim svojim kruZnim parastrofima i navedeni su us- 
lovi pod kojima su njeni parastrofi izotopni cikličkim n-kva- 
zigrupama. Iz pretpostavke da je n-kvazigrupa izotopna svom 


Parastrofu odredjenog tipa izvedene su razne posledice. Na os- 


novu tih posledica dokazana je teorema koja daje potrebne i 


dovoljne uslove pod kojima je n-kvazigrupa izotopna ciklickoj 


N-kvazigrupi. 
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POWER REGULAR SEMIGROUPS 
Stojan Bogdanovic 
Prirodno-matematički fakultet. Institut za matematiku 
21000 Novi Sađ,ul. dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


In the present paper power intra-regular and power (left, right) 
regular semigroups are considered and in this way the theory of R.Croisot, 


7| is generalized. 
g 


R.Croisot consiđered in |7| the semigroups which are 
unions of simple semigroups (so called intra-regular semigroups) 
i.e. semigroups with the property that each element is in a sim- 
ple subsemigroup. He also consiđered left regular, right regular 
and regular semigroups. 

Let P be one of the following properties defined below: 
power intra-regular, power left regular, power regular, power 
inverse or power orthodox. In this paper we shall consiđer the 
Semigroups with the property P. 

For undefined notions and notations we refer to 16], 
[10| and [ШӘ . 


1. POWER INTRA-REGULAR SEMIGROUPS 


DEFINITION 1.1. A semigroup S is power intra-regular 
Я т 
tf fon every a ES there exists m EN such that а еба 5. 


LEMMA 1.1. S £s power intra-regular tf and only if 


m 
for every a eS there exists m eN such that a Ja . 


Ее 
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M 


THEOREM 1.1. S is a power intra-regulap Sem 
group i, 


and only if some power of each element of S lies па 
пре 


subsemigroup. 


РИТ ©) ©) 385 Let S Бе a power intra-regular Semigro 
up. 
Then for an arbitrary a eS there exists m eN such that J (a 


= salis and it is clear that 


(1) sas = sa's, (Lemma 1.1.) 


(2) 
Assume that b,c EJ- Then cJa" and c qaem SO by (1) we have 
that ait. Similarly, bibs. From this it follows that 


(2) J(c) = scs, J(b) = sb*s 


for some k,r EN. Since 


se“ssc*s csc*s 


Sc*s - Ss, (ск) 5,8, for some рЕМ and 51,5 е5 


= ss s (cP ) Ma BUG =sc"ssc"s 
= SS 183 (cKP) ahs (C Ps S = sc*ssc*s 
it follows that 
(3) J(e) = 57 (<). 
Similarly 
(4) J(b) = J*(b) . 
From (3) and (4) we have 
(5) J(c) = J(c)J(c) = T(c)T(b) = sc'ssb's д 


) 

; Кай 
(since с? ). = we 2 3 y n2hg) s =s(e gob)” | 
From S(c SSb *)^sc 5с 'ssb's =S(S(c 55 | 


we have 

(6) S(cFssb*j?s = sc"ssb"s . 

By (5) and (6) it follows that 

(T) se“ssp*s = S (c*ssb") (cFssb* )5= sble"s 


(72) 9 п {sa J-class of element a". 
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k 
BE a Sb”c“s SS (B=) ба ...&Sc*ssb*s . 


Hence, by (7) and (8) we have 


(9) Sc'ssb's = gy сүв. 
up, 
es Now by (5) and (9) we have J(c) -J(c)J(b) =sb™cXse sbes EJ (bc) 
and since J(bc) &J(b]J(c) we have J(bc) =J(c). Hence, J_ isa 
т 
а 
subsemigroup of S. We shall show that J m iS simple. If b,d eJ m ' 
a a 
ten b, bd*beg £ and 
ve a 3 
b = xbd'by . 
From this it follows that b =х2ьаЗьуьаЗу. Put u-xbd. Then b= 
2 
- xud' by . Hence bJu. Similarly we have thatdb y =vJb. Therefo- 
ге, b = (xbd)d (dby), (xbd,dby eJm ‚ i.e. J mis a simple subse- 
migroup of S. $ 
5 Conversely, i£ for an arbitrary а е 5 there exists meN 


such that d" is in a simple subsemigroup POf S, then a" e pa^" p c sa Is. 


A semigroup S is intra-regular if a e Sa?s for every a eS 
\6|. 


COROLLARY 1.1. (|6|,|7|). 5 £s intra-regular if and 


{ Only if S is a union of the simple subsemigroups of S . 


THEOREM 1.2. Every principal left ideal of S is a вїт- 
pie subsemtgroup of S if and only if а eSabSa for every a,b е5. 


PIC (е) (ө) Ye, If every principal left ideal of S is sim- 
Ple and L(a) is an arbitrary principal left ideal of S, then 
1, | L(a) =L(a) xL(a) for every x eL(a). For b eS we have that 
71| PaeL(a) and L(a) =L(a)baL(a) c L(a)bL(a) &L(a), i.e. L(a) 
= L(a)bL(a) for every b eS. Hence, a =аБа or а e Saba or а eabSa 
or aeSabSa for every b eS. From this if follows that a e SabSa 


for every а,Ь єз. 
Conversely, if х,у eL(a), then 


Х=а , у= а => X = ааава 6L(a)yL(a) 

X= ја , уза-ь x = а(2а)аВ (га) eL(a)yL(a) 
= ар у = ua — x = aa(ua)ga eL(a)yL(a) 

Х = a (za) (ua) (za) e L(a)yL(a)- 


c Ар y = ча => х = 
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Hence, L(a) is a simple subsemigroup of S. 


PROBLEM 1.1. Do the following formulas 


1 


(ха e S) (3m eN) (ae eae Sr (Va e S) (Am e N) (a е Sag) 


define the same class of semigroups? 


PROBLEM 1.2. Describe the class of semigroups with the 
property that each proper left ideal is a power intra-regula 
(intra-regular, simple) semigroup. 


REMARK. Semigroups in which every proper left ideal 


is a completely simple semigroup are described in |4|. 


2. POWER LEFT REGULAR SEMIGROUPS 


DEFINITION 2.1. А semigroup S is power мрн ы 
т 
tf for every а eS there exists m EN such that a Esa 


А igroup. 
Analoqously we define a power right regular semigr 


P ;yaleni i 
THEOREM 2.1. The following conditions are еди? 


on а semigroup S : 


+1 


(1) S ts power left regular 7 qug 
p ha 
(ii) For every a €S there exists тем e teft ST 
. ; а | 
(iii) Some power of each element of S 1128 B | 


ple subsemigroup of S ; 


yl 
teft 109 
7 er | 
(iv) Every principal left ideal of S *8 ро | 


vs Qu 

Proof. (i)<=> (ii) <=> (iv) ап 5 d 

follow immediately. (i) => (iii). Let S be а power 2g there = 
semigroup. Then by (i) апа (11) we have that for ?, (since НАР 

ste шем such that аша теь,сег ев Г э а] m т 
а right congruence) and from cLa it follows E. n gr? A 
с?1а®. Hence sllle. Therefore, bcLc, i.e- Lom 22 NO ; 


ome 
| = or 5 
| of S. If b,d eL m , then b,bd eL., so b =xbd f 
a 
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k 
this we have b а for every КЕМ. Let us put c=xb. It i$ 


sufficient to show that c eL. Since S is power left regular 


k k+1 
we have that x =yx for some y €S and b = Ва = 


= yx * lb - yxx bà =yxb =ус. 
Hence, b=yc, c=xb, i.e. c eL. Th = 
‚ ус, 7 Lp erefore, Lim Ly is 


a left simple subsemigroup of S. 


Theorem 2.1. is a generalization of Theorem 4.2. |6|. 


COROLLARY 2.1. Every proper subsemigroup of S їв po- 


wer Left regular if and only if S is periodic. 


LEMMA 2.1. |5| Every proper Left ideal of L is mi- 
nimal (left simple) if and only if L contains exactly one mi- 
nimal left ideal or S sontains exactly two minimal left ideals 


L and Lo, and ‚© =L уг. 


The following lemma is known. 


LEMMA 2.2. The union of all minimal left ideals of 


Sis a(twostded) ideal of S , and is a kernel of 5 . 


LEMMA 2.3. |5|. Zeti be а left (tuosided) ideal of 
S. If К is a left simple (simple)subsemtgroup of S and KR 179, 
then KETI. 


LEMMA 2.4. |5|. Let I be a proper tvosided ideal of 


S which is not contained as a proper subset in a left ideal 


L£S. Then S NI is a left simple semigroup от SNI-ía)a ет. 


THEOREM 2.2. Every proper left ideal of a semigroup 
S is minimal if and only if one of the following conditione 
holds: 
1? S has a kernel К which 


Of S and 5` к is a left simple subsemigroup of S 5 3 
ple semigroup an: 


is a left simple subsemigroup 


2° g has a kernel K which is a Left sim 
S\K = (a) ,, a^ ек; 
3? 5 contains exactly two mi 
and $ = 
Li U L5. 


nimal left ideals Ьу and 1, 
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12) 58° (ө) КОШЕ If all proper left ideals GENS 


are mini- 
Assume that S has 
mma 2.2, K is a 
twosided ideal of S and it is the kernel of S. By Lemma 


mal, then by Lemma 2.1. we have two cases. 
exactly one minimal left ideal K. Then by re 


2.4, 


SNK = 
= {a}, a €K. If S contains exactly = minimal left ideals, 


we have that SNK is a left simple subsemigroup of S or 
then by Lemma 2.1. we have the case 3° 

Conversely, suppose that 19 horse Let К be a kernel 
of S and let K be left simple. If L is a proper left ideal of 
S, then KNL #9 , so KSL. If K £L, then І П ($ к) 4 d ana 
by Lemma 2.3. we have that S\ K&L. Hence, S=KU (SNK) SL, 
which is not possible. Therefore, K=L, i.e. К is the unique 
proper left ideal od S. The case 2°. If L is a proper left 


ideal of S and L#K, then from KcL it follows that L =KU {а} + 
which is not possible. 


A subsemigroup B ОЁ S is a bi-ideal of S if BSB SB, 
161. 


COROLLARY 2.2. ‘Every proper bi-ideal of S їв minimal 
tf and only if one the following condition holds: 


19 S has a kernel G which is a group and SNG 38а A 
EG; 
22 S has a kernel G which is a group and SwG = {а),а 
: ; ro- 
3" S ts а left group IxG (|1|=2) or S 18а right 8 


up GxgJ ({d| 22). 


REMARK. The semigroups described in Mic | | 
are, in fact, the F-semigroups considered by Schwarz; 171. 

A semigroup S is a band Y of left (right) ideals ^ 
(1 eY) if 


$ = U Li шлі; =, C129), [Sl © 
теу 


ro pand 


ze 
PROPOSITION 2.1. |3]. S ts a left (right) оп 

of semigroups from the class К if and only if Ө 49 © 

right (left) ideals from К. 
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ТНЕОВЕМ 2.3. The following conditions are equivalent 


semigroup of S ; 
(ii) 5 is a right zero band of left simple semigroups ;. 
(iii) aeSba for every a,b eS. 


Proof. (i) => (ii). If all principal left ideals 
of S are left simple, then the principal left ideals are mini- 
mal, so the principal left ideals are disjoint. From this and 
Proposition 2.1. it follows that S is a right zero band of left 
simple semigroups. 

(ii) => (iii). If S is a right zero band Y of left si- 


mple semigroups Sy (а ey), then for a € Sa’ bes we have 


В 
ba € 565, = Sga Ss, „ SO ae S,ybac Sba . 
(iii) => (i). Let condition (iii) hold. Assume a €S 


5 

оп a semigroup S 

(i) Every principal left ideal of S is a Left simple sub- 
and x,y eL(a). Then we have: 


| (а) х = а, ү =a. Then x = aeSaacL(a)y. Hence, 
(*) L(a) = L(a)y for every у eL(a) 
up; | (b) X = za, y = а. Then х -zaezSaacL(a)y, i.e. 


а 6$ (ап) а= L(a)uac L(a)y 


(С) RSA, 39 c та Чая ух 


i.e. (*) holds. 
(d) X = za, у = ua. Then x = za € zS(au)ac L(a)ua = L(a)y 
i.e. (+) holds. By (a),(b),(c) and (d) we have that L(a) is 


en Condition (*) holds. 
left simple. 


3. POWER REGULAR SEMIGROUPS 
DEFINITION 3.1. S is power regular tf for every a е5 
th 5 m. m 
I) lere exists m EN such that а Єа Sa . 
PROPOSITION 3.1. An element a € S is pouer regular 


i 2 
| 7 апа only if there exists m €N and an idempotent e eS euch 
| that j 
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РТ @) ©) f- If aeS is power regular, then Qn 


Кт соле m eN and x eS and e —a"x is an idempotent SURI 
ea" =a". Therefore, (1) holds. that 

Conversely, if (1) holds, then ача for ОИ 
so ea" es =ех =a" and e =aly for some y eS. It follows : ' 
this that a" =ea™ -a ya", Hence, a is power regular, A 


A semigroup S is regular if а €aSa for every aeg [є] 


COROLLARY 3.1. |6|. Anelement a eS їз regular if 
and only if there exists an idempotent e €S such that aş! =е5, 


DEFINITION 3.2. S ts power completely regular if for 
every а ES there exists m EN and x ES such that аш арха 


т т 
ax-xa. 
PROPOSITION 3.2. The following conditions are equi- 
valent on a semigroup S 
(i) S is power completely regular ; 
(ii) For every a ES there exists meN such that 


2 m т+1 m 
al e 4g tl. (Equivalently a ва Sa ) 


(iii) Every left ideal of S ts power regular. 


Proof. (i) => (ii). This implication follows № 
mediately. (ii) => (i). If for every a €S there ex men 
and x €S such that a" -al"xa"*l, then a" esa nec eu of 
This and "Theorem 4.3. |6| imply that a" lies in a subor 
S. Therefore, S is a power completely regular semigrouP; 
(ii) => (iii). This implication follows immediate! m ij 
(iii) => (ii). For any a es we have that a" ea L(a 8 

a"sa^" . Hence, condition (ii) holds. 

Following Drazin |8| we say that ап Sie 
migroup S is pseudo-invertible in S iff there *8 


xes such that 


(1) хх = хх 
(ii) qo xem for some n €N = 
(111) х = х2. o be P 


MC 
Following Munn |12| an element a Qe ab 
: a s 
udo-invertible iff some power of a lies in ? 
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at а 
р By Proposition 3.2.,Theorem 2.1. and its dual and Бу 
it the results of Munn we have the following: 
1 THEOREM 3.1. The following conditions are equivalent 
à on a semigroup S 
(i) S te power completely regular; 
lei (11) For every aeS there exists meN such that ae aMga™tl 
(iii) Every left tdeal of S ts power regular; 
j (iv) Every element of S is pseudo-invertible; 
eS, (v) Some power of each element of S lies in a subgroup of 
S. 
for 
) REMARK. Power completely regular semigroups are tre- 
ated also іп ]|11,14,16] . 
it- COROLLARY. 3.2. |I|. Every proper subsemigroup of S 
is regular if and only if S їз a monogenic semigroup of the in- 
dex 2 or S ts a union of periodic groups. 
COROLLARY 3.3. The following conditions are equiva- 
lent on a  semigroup S 
(i) S ts a union of groups; 
r (ii) Every left ideal of S 18 regular; 
je (iii) Every principal Left ideal of © is regular. 
©. | 4. POWER INVERSE SEMIGROUPS 
of 
A semigroup S in inverse if for every ae S there ex- 
ists a unique x eS such that a = аха, х = хах, 16|. 
iJ 
| DEFINITION kat.  [2[ 4 some da ок 20066 
sæ | Г for every a eS there eriste m EN and a unique X eS such that 
t а= mo x = хах . 
| THEOREM 4.1. The following conditions ате equiva- 
) lent om а semigroup S : ) 2 
(i) S is pouer regular and for every RA I e 
and Е from S there exists n EN such that (ef) 0588 E. 
р (ii) ғор every а е5 there exisis meN such that Sa ап 


1 3 ; P; 
а S" contain a unique idempotent generator; 
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(iii) S ts power inverse. 
se 6) О Е (i) —» (ii). ву Proposition 3.) | 


there е 

X- 
| ES If there exists an 
idempotent f eS such that a S =fS, then eg = fS 


ists an idempotent e such that ас 1 =е$5. 


Е п п ' SO efe =f 
and fe =e. Since (ef) = (fe) , for some пем we have that 
a 


esf, 
S is power regular 
We have to prove the uniquenessof the inverse element оғ a" : 


(ii) — (111). By Proposition 3.1. 


Let b and c be the inverses of a". then ahs = ас = айс m 
m [ а= 


5 x. m 2 : А : 
= Sa = Sca and since the idempotent is unique we have ap - 
- ас, ba" = са", so b = Ба = Бас = calle = с. 

(iii) = (i). This implication follows Бу Theorem 4.6, 
191. 

DEFINITION 4.2. S ts а strongly power inverse seni- 
group if S ts power regular and the idempotent elements commu- 
te. 

THEOREM 4.2. S is a strongly power inverse semigro- 


up if and only if S is pover inverse and the product of any 


two idempotents of S is an idempotent. 


Р се © ©) по By Theorem 4.1. 


5. POWER ORTHODOX SEMIGROUPS 


if S 
i 
DEFINITION 5.1. A semigroup S is power onthodos й 
. ; u ; 
18 а power regular in which idempotents form а euhe a 
о 
The following theorem analogous to the meo 
11у and Scheiblich, |15| (see also |10|). = 
t 
‘grou 
THEOREM 5.1. If S is a power regular гл 


the following statements are equivalent: 
(i) S 28 power orthodox: ES suc 
(ii) If for any a,beS there exist m,n EN 2 м " 

аа х -xa x, p" -bPyb^, y =yb y then УХ ** 


that a 
erse of алъ". 


P995. O (у, un EE Cr 


е 1 
Theorem IV 1.1. |10|. (11) => (i). If e and f ?* 
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a LENE Л 


of S, then each is an erue of itself and by (ii) 
that ef -effeef - (e£)? 


we have 


COROLLARY 5, 1. If S ts power orthodox, then every 


inverse of an idempotent is an idempotent. 


РЕ оо. Let e be an idempotent and x its inverse, 
i.e. e = exe, x = хех. Then xe and ex are idempotents and зо 


each is an inverse itself. By Theorem 5.1. we have that xex is 
2 


Я 2 
an inverse of ех e. Hence, х = CER: = хех хех = x 


PROBLEM 5.1. Describe the power regular semigroups 
in which the inverse element of each idempotents is also idem- 
potent. 

PROBLEM 5.2. A more general approach than that of po- 
wer orthodox semigroups is as follows: Let S have nonempty 
set В of regular elements. S is called an R-semigroup if В is 
a (regular) subsemigroup of S. 

Examples are provided by: (1) A semigroup in which the 
identity  axabyb - abzab holds is a power regular R-semigroup; 


(2) A commutative power regular semigroup is an R-semigroup. 


The power regular R-semigroups remain to be described in the 


general case. 
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REZIME 
STEPENO REGULARNE POLUGRUPE 


U ovom radu razmatraju se polugrupe gi 
re > ^ 
stepeno intra-regularna, stepeno levo (desno) ortodo 


= eno 
stepeno regularna, stepeno inverzna, step 
ksna. 
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emi- Prirodno-matematički fakultet. Institut za matematiku 


180), 21000 Novi Sad, ul. dr Ilije Djuricica 4, Jugoslavija 


ze 


ABSTRACT 


1961) In the present paper some new characterizations of semigroups with 
a completely simple kernel by bi-ideals and left ideals are given. Also, in 
this paper we consider semigroups in which every proper left ideal (bi-ide- 
al) is a completely simple semigroup and the isomorphism theorem of this 


semigroup is given. 
INTRODUCTION 


Semigroups which contain minimal ideals are considered by A.H. 
Clifford, |6|. If a semigroup contains at least one minimal 1е- 
ft and at least one minimal right ideal, then it contains a co- 


mpletely simple kernel,or equivalently, it contains a quasi - 


121. 


ideal which is a group (see Theorem 3.3. |6| and Theorem 5.14. 
18|). The structural theorem for this class of semigroups is 


: 1.1.116). 
is given by A.H.Clifford, |7! (see also Theorem 2.1.1131 and Theorem 


The description of this class of semigroups by bi-ideals and АВ- 
ideals is given by S.Bogdanovió, |1|. 

Semigroups in which every proper subsemigroup is a SD 
are considered by G.Pollák and L.Rédei, |15|. 5.Schwarz, 117! 
worked on semigroups in which every proper left ideal is Sa 
Чр. The same class of semigroups was studied by R.Hrmová, 11, 
6. баропа, |8| considered first а semigroup 5 in which every Su ~- 
Set Sx 75 is a group, later, semigroups in which some left idc 
This result is a special case of the resul 
Clearly, this class of semigroups is 


)" 


al is а group, |9 
Jiven by a.ciifford, |7|. 
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is more extensive that the one considered by Schwarz 


The result of С. Óupona was an impulse for S -Milić ang 


vić, 


which some ideal is a completely simple semigroup, i. e. 
group with 
ОЕ a Rees matrix semigroup over a group in their paper. 
also, |7| by A.H.Clifford). 


give the description of an extension of 


and Ноу 
V.Pavlo. 
Ups in 


[13|, to give a structural description оғ semigro 


а Semi. 
It is given an extension 


(See , 
P.Protié and S. -Bogdanovi¢ 


completely simple kernel. 


In !16| 


Rees matrix Semigro- 


up over a monoid. 


gropus with 
ideals (Theorem 2.1.). 


Here vill be given some new characterizations Of semi- 
completely simple kernel by bi-ideals and left 


Also, in this paper we shall consider 


semigroups in which every proper left ideal (bi-ideal) is a co- 


mpletely simple semigroup 


(Theorem 2.1. and Theorem 6.1.), 


and next, semigroups in which every proper left ideal is aright gro- 


up. 


In section 8. 


some isomorphism theorems will be given. Se- 


migropus in which every left ideal is a left groupare described 


by Bogdanović, |2|. 
Pollák-Rédei, |15| are given in |3! and |4]. 
lts, the description of semigroups 


semigroup is simple is given in |4| 


2. SEMIGROUPS WITH COMPLETELY SIMPLE KERNEL 
semi- 
Here will be given some new characterizations of T 
С; t 
groups with completely simple kernel. Let ús denote MA 
a Rees matrix semigroup over a group G. 
em igo? 
THEOREM 2.1. The following conditions on а 8 
S are equivalent: ? geni gro 
о e 
1" Some left ideal of S is a completely amp emig ros 
5 
29 Some bi-ideal of S is a completely simple 
39 Some Left ideal of S is a left groups 
4° S has a completely simple kernel. 
5 
о © ft ideal 
7 30 ©) © Е. ВА. Tet Бе апе = 


which is a completely simple subsemigrour 
= M(G;I,J;P), so the group Hy 


Various generalizations of the results of 
Among other resu- 
in which every proper sub- 


(Theorem 2.1.). 


ga 00208 
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— TIT a ees 
di is a bi-ideal of L. It follows that 
lo. 
Ln 
H .SH,.. —H..8H..H..ccH o Об ЕНЕ SEHT 
ON 1j ij ij ij 43 49 ЕЕЕ 
Sion Therefore, His is a bi-ideal of S. 
10 о О Е 
Р 2" => 4 Let a bi-ideal B of S be а completely sim- 
‘oe ple semigroup. Then a maximal subgroup G of B is a bi-ideal of 
B, so it is a bi-ideal of S. Consequently, by Theorem 1. |1|, 
nie S has a completely simple kernel. 
"s Oras [e] ; r, 

g SS 74: If a left ideal L of S is a left group , 
then L contains a right ideal G which is a group; G is a bi - 
So ideal of S, so by Theorem 1. |1|, S has a completely simple ke- 

р rnel. 
gro- 
a 49 => 39. ТЕ S contains a completely simple kernel K, 
ed then we can put К -M(G;I,J;P), thus г. ={(g;i,j) :g eG) тет , 
у jeJ is a left ideal of К . Semigroup L, is a left group, so 
а 1 
ў 28 2 = 
L, = . = SL{ S SKL, SKL, SL.. There 
ix j Lj, jeJ. It follows that SL; 4 = КР. SL) 
fore, S has a left ideal which is a left group. 
4° => 1°, It follows immediately. 
Also, let us consider the following conditions: 
ү, 50 бопе bi-ideal of S is a group; 
up e? Some quasi-ideal of S is a group; 
7° S has at least one minimal left and at least one mini 
jp | cel right ideal. 
| According to Theorem 1. |1|, Theorem 3.2. [6] and The- 
pups Orem 2.1. we get the following result. 
NG THEOREM 2.2. Conditions 19-7? are equivalent on а 
Semigroup S 
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3. SEMIGROUPS IN WHICH EVERY PROPER LEFT IDEAL A COMPLE 
я 
SIMPLE SEMIGROUP d 


LEMMA 3.1. lll Let I be a (left) two sided 
of a semigroup S, and let К be a (left) stmple Subsemi 
g 
of S such that КЇ Iz, then KSI. 


idea] 


Toup 


LWMMA 3.2. [2] Let I be a proper two-sided ideal of 
S which is not a proper subset of any proper left ideal of S, 
Then 
a) SNE ts a Left simple semigroup 
or 
b) Seen (aly: a^ eT. 


LEMMA 3.3. A Left ideal L of a completely simple se- 


migroup S ts a completely simple subsemigroup of S. 


iD 3e (ej (о) Gr It is known that S is the union of dor 


= -1 
so for each a e L there exists a и €S such that a-aa а, aa 


zara. ge =а laa! za S eSL EL Thus L is the union of 
groups and because of the fact that each idempotentof S is 4 DE 
mitive idempotent, we have that L is a completely simple semi 


group, (|10|, IV Theorem 2.4.). 


. S 
LEMMA 3.4. Every proper left ideal of 4 eemigrotb al 
5 5 kern 
is a completely simple semigroup if and only if S has © 
K and one of the following condition hold: 
о 
1 S =K =M (G;I,J;P) ; u of 
o : ubsenigro"? 
2" KsM(G;I,JiP), SNK is a Left simple 8 


S and for each a€S\K, каэк; 


2? 
з? ке А Left group, SNK = {a} апа a EK. 


: Е 5 
Proof. Let every proper left ideal 9 


mpletely simple semigroup. Then by Theorem 2.1. 
K which is a completely simple semigroup- 
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E m с\з CONC 3 
о. 


Assume that К #5. If Lis а Proper left ideal of S, then 
py hypothesis it is a completely simple semigroup. Obviously 
KNL #9 and by lemma 3.1. LSK. Thus, К is the unique maximal 
left ideal of S. According tolemma 3.2. SNK is a left simple 
subsemigroup of S or SNK = {а}, a? ек. 


The case: SXK=T is a left simple semigroup. Iet us 
take a € T, then the left ideal [a] т. generated by a is 


[a] ; = aUSa = aU (KUT)a = aUKaUTa = TUKa 


(because T is a left simple semigroup). If [а]; isaproper left 
ideal of S, then it is a completely simple semigroup and since 
к п[а]т,. 7 @, by lemma 3.1. we have that fa], SK, i.e. тск, 
which is impossible. Therefore [a], - S. It follows from this 
that TUKa =T UK and since KNT = d we have that K&Ka for 
each ает. 

The case: 5УК = {а}, а? є К. Let us assume that К 15 
not a left group. Then there exists a proper left ideal L; of 
K which is a left group ага a? є г. The left ideal generated 
by a is 


2 
[а] = aUSa = aU (КЦ {а})а = aUa Uka . 


Then [a]? = а? Ua? Ua Ка, thus from fal, = fa]? it follows 
that ae [a]? JE К, which is impossible. Therefore Га] 25 fal , 
So [a]; is not a completely simple semigroup, and а, = 5, 
i.e. айа UKa = KUa. о it follows that a? U Ka эк, 
thus а? U ка?5 Ka, and Kea’ U a? U Ka? iram ї.е. К EL) . This 
means that К is a left group. Contradiction. So we have proved 
that S =к Ц {а}, a? ЕК and K is a left group. 

Conversely, if 1° holds then the proposition follows 
by Lemma 3.3. If 3° holds, let us take the proper left ideal 


L of S. Then КПІ Ф ў, thus K SL. IfKÉL , then асы dia 
S . The case 2 . If 


L 


= L, but this is impossible. Hence, К= 1 
is a proper left ideal of S and L = к, then the assertion 
follows by Lemma 3.3. If L ФК, then L ПТ +0 , so by lemma 
зл. we have that TC 1 . For a eT is КЄ Кас KLcL. Hence, 
STN = i i.e. S= L , which is not possible. 


(4 
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REMARK. Lemma 3.4. can be given in the foll 


А owi 
way: Every proper left ideal of a semigroup S is WE ng 


А plet 
simple semigroup if and only if S has a kernel к= M(G;I s 
г 5 : ;P 
and SNK = @ ог K is the unique maximal left ideal = а n 
O is 


can be seen easy from the proof of Lemma 31:45). 


EXAMPLE. The semigroup S given by 


ПЗ Баб 


has a kernel К = {1,2,3,4} which is a rectangular band, S\K={al, 
а? = 1 єК. But S has another maximal left ideal. It is {1,3,a} 


and it is not a completely simple semigroup. 


Let K-M(G;I,J;P) be a Rees matrix semigroup and let 
T be a left simple semigroup such that КПТ = f. 

Let € :p р be а mapping of T into the зело us 
of all mappings of I into itself, and n : p *ny the mapping © 


for 
T into the semigroup of all sirjections of J onto J, and 
p,qeT let 
(i) = ‚ = 
бра  бабр Прав "ра 
Let 
$ : TxI-^G and yw: T xJ 7G 
be a mappings with 
(ii) $(pq,i) = Ф(р,1&)ф(ч,1) 
(iii) №(ра,3) = V (p, 3) у (a, ny) 
(iv) Pjiz $ (p,i) = Vp: j) Pin i 
p p 
p with 


а Чета a multiplication on хес хохо 


(1) (a;i,j) (b;k,2) = (ар bri, 1) 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Semigroups with completely simple kernel 
— ———M—— 2 


(2) (a;i,j)p = (ар (p,3) 11 ,n,) 
(3) p(a;i,j) = ( (prt) ade 73) 
(4) pq = reT => pq = гЕЙ 
for all i,ke I; ј,? eJ; p,qeT and a,beG. 


Then, 2 with a miltiplication defined above is a semi- 
group. We shall denote it by М, (G;I,J7;P;T,Ó UE n) 


LEMMA 3.5. A semigroup S has a kernel К which te a 
completely simple semigroup, SNK їз a left simple semigroup 
and for each pe SNK, K2 Kp tf and only tf S їз isomorphic with 
some M,(G;I,J;P;T,Ó WE JE 


р О ОЕ; Let К be a completely simple kernel of $, 
K-sM(G;I,J;P), let SNK =T be a left simple semigroup and 
К©Кр for each p eT. Then by Theorem 1.1. |16| (see also Theo- 
rem 1.1. |13| ) there exist functions ф,0,5 апа n with proper- 
ties (i)-(iii) and a multiplication on S can be defined Бу 
(1)-(4). It remains to prove that the mapping n, is a sirjec- 
tion for each peT. For an arbitrary jeJ we have that (a;i,j)€ 
eK, i.e. there exists (b;k,2) eK such that 


(a;i,j) = (b;k,2)p = (by(p,2);k, £ ny) = 


So j-2£n for some $ eJ. Thus, n is a sirjection of J onto J. 


Conversely, let Пр (peT) be a mapping of J onto it 


Self. Then for (a;i,j) eK, j =%пр for some eJ, SO 


(aj1,3) = (afp (р, 20] "+i 2p e Ep- 


quum, кеки Гор О The other conditions follow from 


the construction. 

Let K-IxG be a left group, 
аЕк, Е :а-&.’ Ea ETD and Eea сова: 
multiplication on X = I xG U {a} by: 

a(i,x) = (18, ,bx) 


b a fixed element of С, 
Let us define а 


(1,х) (j,y) = (i,xy) 
(i,x)a = (i,xb) aa = (i£ E, rb?) 
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Е 


for each i,j ЕТ; х,у ЕС. Then, 2 with a miltiplication q 


efi 

in this way is a semigroup, to be denoted by М. (С;т;аь : = | 
4 1D, FUE 
LEMMA 3.6. |2| . А semigroup S contains a e + 


Е 2 
which is a left group, SNK = {a} апа a^ ек if and onty тү: 
ts tsomorphte with some M, (G; I;a,b,ġ_). 


By Lemmas 3.4, 3.5 and 3.6. we have 


THEOREM 3.1. Every proper left ideal of a semigroup ' 
S ts a completely simple semigroup tf and only if one of the 
following conditions hold: 


19 S 2 M(G;I,J;P) 
22 S € M(G;I,7;P;T, 0, U,E sn) 
3° ве 


M4(G;I;a,b,E.) . | 


lh. SEMIGROUPS IN WHICH SOME LEFT IDEAL IS А GROUP 


THEOREM 4.1. The following conditions on a semi 


S are equivalent: 


(i) Some left ideal of S is a right groups 
(ii) Some Left ideal of S is a groups 
(iii) S has a kernel which is a right group: 
Proof. (1) => (ii). Eet a left ideal T E. 
semigroup S be a right group. Then L contains а left i6 quM 
which is a group, so SG = SGG cS LG c L Gc G. Thus © is a 
ideal of S. 
(ii) => (iii). See Corollary 2. 111: 
(iii) => (i) Follows immediately. 
left jde 
REMARK. Semigroups in which every prope oups 2 
is a group are described by $.Schwarz, |17]- Seni а 


А ру 5: 
which some left ideal is а group аге described PY 
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? 5. SEMIGROUPS IN WHICH EVERY PROPER LEFT IDEAL IS A RIGHT 
RIGHT GROUP 
К LEMMA 5.1. Every proper left ideal of a semigroup S 
S is а right group tf and only if one the following conditions 
hold: 
"e m Guys um kernel К which їв a right group and Sf K= or 


S\K=T cs а Left simple semigroup and КЕ Ka for each ает 
up ` o 
he 

a? eK. 


3 


5 has a kernel K which is a group and SNK = {a} 5 


РБ O ОБЕ If every proper left ideal of S is a ri- 
ght group, then by Lemma 3.4. there are three cases. Let the 
kernel K of S bea left group, 5\К=(а}, a?^eK. K has to be a 
right group also. Thus K is a group. The other cases and the 
converse follow immediately. 

Let К =С хо be a right group and T a left simple se- 
migroup such that KNT =ø. Let m: t+n, be a mapping of T 
into the semigroup of all epimorphisms of J onto itself and 


оир i 
let ф : T «G be a homomorphism. Iet us define a multiplication 
on Z=GXJUT by 

(х,1) (y, 3) = (xy,3) t(x,i) = (6(t)x,4) 
(x,i)t = (хф (Е) ,in,) ts-reT, then ts =reZz 

" for each i,j eJ; x,y еб; t,s eT. Then X , with a multiplication 

G defined in this way, is a semigroup to be denoted by M4(G;J;T, 
$, . 

ft n) 

LEMMA 5.2. A semigroup S contains a kernel K whteh 
ts a right group, SNK=T £s а left simple semigroup and KE Ка 
for each ae Tif and only if S ts isomorphic with some M3(6;J; 

al T,0,n) 5 


INE te) @) Е > Similar to the proof of Lemma 3.4. 


Let K be a group, b a fixed element of K and a ÉK. 
Let us define a multiplication * on Z=KUfa} by 
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for each i,j ет; x,y EG. Then, XL with a miltiplication defined | 


; G . . 
in this way is а semigroup, to be denoted by М, ( 23099729) 


LEMMA 3.6. | 2| . А semigroup S contains a kernel К 
š 2 J ў 
which is а left group, 5—К = (а) and a EK if and only if S 


is tsomorphie with some M,(G;I;a,b,E.)- | 
By Lemmas 3.4, 3.5 and 3.6. we have 


THEOREM 3.1. Every proper left ideal of a semigroup ‘ 


S ts a completely simple semigroup tf and only tf one of the 


following conditions hold: 


1° S =M(G;1,J;P) 
2° S = M(G;I,J;P;T, 0 V, E m) 
3° Se 


M,(G;I;a,b,E.) 5 


4. SEMIGROUPS IN WHICH SOME LEFT IDEAL IS A GROUP 


THEOREM 4.1. The following conditions on a semigroup 
S are equivalent: 


(i) Some Left ideal of S is a right group; 
(ii) Some Left ideal of S is a group; 
(iii) S has a kernel which is a right group. 


P r o o f. (1) => (ii). Ret a left ideal L of the 
semigroup S be a right group. Then L contains a left ideal G | 
which is a group, so SG -SGGcS LGc LGcG. Thus G is а left | 
ideal of S. 


(ii) => (iii). See Corollary 2. |1|. 


(iii) => (i) Follows immediately. 


REMARK. Semigroups in which every proper left ideal 
is a group are described by $.Schwarz, 117]. Semigroups in 


which some left ideal is a group are described by &. баропа, |91: 
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| 5. SEMIGROUPS IN WHICH EVERY PROPER LEFT IDEAL 15 A RIGHT 
| RIGHT GROUP 


LEMMA 5.1. Every proper Left ideal of a semigroup S 
is a right group if and only if one the following conditions 
hold: 


1 S has a kernel К which is a right group and SfK-9 or 
S\K=T ts а Left simple semigroup and К© Ka for each ает & 


2 S has a kernel К which is a group and SNK = {а} 5 


PET O ОРЕ: If every proper left ideal of S is a ri- 
ght group, then by Lemma 3.4. there are three cases. Let the 
kernel K o£ S bea left group, SNK = {a}, a? €K. K has to be a 
right group also. Thus К is a group. The other cases and the 
converse follow immediately. 

Let K-G xJ be a right group and T a left simple se- 
| migroup such that Kf)T =. Let п: tony be a mapping of T 
| into the semigroup of all epimorphisms of J onto itself and 
let ¢6:T+G be a homomorphism. let us define a multiplication 
on -GxJUT by 


(x,i)(y,j) = (ху t(x,i) = ($(t)x,i) 
(x,i)t - (хф (€) ,in,) ts =reéT, then ts-r€JX 


for each i,j eJ; x,y ЕС; t,s ЕТ. Then X , with a multiplication 


defined in this way, is a semigroup to be denoted by M4(G;J;T, 
9$,n). 


LEMMA 5.2. А semigroup S contains a kernel K uhich 
78 а right group, S~K=T is а left simple semigroup and KEKa 


for each ae Tif and only if S ts isomorphie with some M4(G;J; 
{ T,ó,n) 


РОО оо f. Similar to the proof of Lemma 3.4. 


Let К be a group, b a fixed element of К and а ÉK. 
L : 
СЕ us define а multiplication * on Z=KU{a} by 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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Й x*y - Xy, x,y€K; 
* = 
x*a = xb, хек; аги 


Then, X with this multiplication is a semigroup, to be denoteq 
; 1 
ру M,(K;a,b) ` Е | 
It is easy to prove the following | 
LEMMA 5.3. A semigroup S has a kernel K which is a | 
group and ск = (а}, Be eK tf and only tf S ts isomorphie with | 


some M,(Kya,b) - | 


ТНЕОВЕМА 5.1. Every proper left ideal of a semtgroup | 
S is a right group if and only if one of the following conditi- 
on hold : 
12 = M4 (G;J; T, 0 ,n) А ( T сап be empty) 
2% = M,(K;a,b). 
1) се ©) © 220 Lemmas 5.1, 5.2. and 5.3. imply the as- 
sertion. 
REMARK. Semigroups in which every proper left ideal 


is a left group are described by S.Bogdanovié, |2|. 


6. SEMIGROUPS IN WHICH EVERY PROPER BI-IDEAL IS A 
COMPLETELY SIMPLE SEMIGROUP 


d let 


Let K-M(G;I,J;P) be a Rees matrix semigroup ап 
T be a group such that KNT =0. 

Let Е: р>ё, be a mapping of T into the semigroup 0 
all sirjection of І onto itself, and let n :p ^n, be a mapping of 
T into the semigroup of all sirjections of J onto itself, 2? 


hold: 
ons 
(4). 
et 


let the conditions (i), from construction of Lemma 3.5./ 
Iet mappings 6$: Tx I >G and y: TxJ+G fulfil the conditi 
(ii)-(iv). We can define a multiplication on х =K UT БУ ur 
Then Z with such a defined multiplication is а semigrouP: 
us denote it by М; (G;I,J;P;T,$,U,E,n). 
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LEMMA 6.1. А semigroup S has a kernel К which is а 
completely simple semigroup, SNK їз a group and for each 
a€SNK, Ке Ка Пак if and only tf S ts tsomorphic with some 
М5 (6: 1,2; P;T, 6, V, £n). 


THEOREM 6.1. Every proper bi-ideal of a semigroup S 
is a completely simple semigroup if and only if one of the fol- 


lowing conditions hold: 


1 = M(G;I,J;P) 
о = 
2 = М; (6;1,7;Р;Т,ф,ф,Ё,п) 
3°" 3s E MUT ae] 
0 22 © (е) с Let every proper bi-ideal of S be a com- 


pletely simple semigroup. Then Lemma 3.4. S has a kernel K 
which is a completely simple semigroup and S^.K is a left sim- 
ple semigroup and KcKa for each ae SK. By Lemma which is đu- 
al to the Lemma 3.4. SNK is, also, right simple and К=аК 

for each ae SK. Thus SNK is a group and Ке aK "Ka for each 
aeSxK. If К is a left group, SNK = {а}, a? €K, then K has 
to be a right group and so K is a group and the assertion fol- 
lows by Lemmas 6.1. and 5.3. 


The converse follows immediatelv. 


COROLLARY 6.1. Every proper bi-ideal of S їз a group 
if and only tf one of the folloving conditions hold: 


M(G;I,d;P) and |I|=2, |I| =1 or = 9 952227 


GUT, с Пт =9, С and T are groups and the multiplica- 


I 


№ 


tion *on СИТ їз defined by using а homomorphism $ :T >G in the 


folloving way 
g*t = go(t) , geG, teT 


Бка = (0097 | te 966 
x*y = xy їп other cases, 


39 s = M,(K;a,b) 
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REMARK. Ву Theorem 1. |17| and Corollary 6.1. we ha- | 
ve that every proper bi-ideal of S is a group if and only if | 
S is an F-semigroup, |17| ‚ i.e. semigroup in which every pro- 
per left and right subideal of S is a group. 


7. SEMIGROUPS IN WHICH ALL PROPER 
SUBSEMIGROUPS ARE SIMPLE | 


The following theorem is given in |4!. Let M(2,r) de- 


note a monogenic semigroup with the index 2 and period r. 


THEOREM 7.1. Every proper subsemigroup of a semigro- 
up S ts simple if and only if one of the following conditions 
hold: 

1° Sis M(2,r) ; 
lel = 29 


S is a completely simple periodie semigroup. 


N 
o 


12) 38 (©) ©) во Let every proper subsemigroup of S be si- 
mple, then S is a GE-semigroup (Theorem 2.3. |3|), also S is 
an M(2,r) or S is the union of periodic groups. ( 

Let S be the union of periodic groups апа |s| >2. | 

If 5 is simple, then S is a completely simple periodic 
semigroup. 

If S is not simple, then S has a completely simple ker- 
nel К, so (by Lemma 3.2) S\K=P is a left simple subsemigroUP 


of S. Take idempotents, e eK and ғер. They generated a semi - 
group T, 


T = «e,f» = {e,f} U <ef> U <ғе> U «efe» U «fef? · 


ТЕ TFS, then T is simple, thus 


T = «ef» U «fe» U «efe» U «£ef» cK. } 


i.e. f eK. Contradiction. If T = S, then 


T = «ef» Ц <Ее> U <еғе> U«£ef» cK. 
Contradiction. 
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SS EJ 
Conversely, take case 3°, i.e. let S be a completely 

a subsemigroup of S. Then $= 

= M(G;I,J;P), б is a periodic group. Let DUE = {(9;1,3): gec}. 

Changing the index, if necessary, we can get S^ and Hii to have a 

nonempty interesection. G^ = {g €G:(g:1,1) eS") is a subsemigro- 

up of the periodic group G, thus, it is a subgroup of G. 

diately we can prove that Sn Н) + # implies 50 н; 


simple periodic semigroup and S^ 


Imme- 
1 0 

In that case S NH,, ={(9;1,1):де G^) and 50 Ho 
= {(g;i,j):g eG} are provable. Also, if S^ His 7 Ü then the ide- 
mpotent (05922,9) is in S^ and Pji is in G^. Finally say І“ = 
- (ie Т:5 NH;, #9} and J^-(je J:S" йн, #9} and therefore S'- 
= МСС ТУ р) 

Cases 10 апа 2° follow immediately. 


REMARK. Theorem 7.1. was given in |4|, but the proof 
was not completely correct. This is the reason wy it is given 
again with its complete proof. This theorem is a generalizati- 
on of Proposition 1.1. |12| and the second part of the proof 
of the Theorem 7.1. is the same as the proof of Proposition 
Kote Is 


COROLLARY 7.1. |15| . Every proper subsemigroup оў 
Sts a group tf and only if one of the following conditions 
hold: 


я wm BUS B 
Sl 2 2 ; 


39 S is a periodie group. 


8. SOME ISOMORPHISM THEOREMS 


THEOREM 8.1. Two semtgroups S aM, (Gy Lisi Bel MEM 
and S* -M,(G*;I*,J*;P*;T*,Q* ,U* ,E* ,n* ) are Зволаы ар Pf 
and only if there is an isomorphism w :G +G*, a mapping ieu 
of I into G*, a mapping JU of J into G*, bijections h :I>I* 


and К :J +0* and an isomorphism Q:T+T* such that 


= * k = kn* 
D рузә = V3Pjkin's РЕ ра, 

= = 4) 6(p,i)o =u, o*(p@,ih)u, 
2) кый БЕ Бү А "= 
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: zi | 
5) ф(р,})® = м. | 


COROLLARY 8.1. Two semigroups M4(G;J;T,Ó,n) and 
M4 (G* ;J*;T*,0*,n*) are isomorphic tf and only Lu hee БЕЙЛЕ; 
an isomorphism w :G>G*, a bijection k:J +J* and an <8 omorph- 

c= * 

ism 2:T7T* such that dw =Я$ф* and Dok cup 

THEOREM 8.2. Two semigroups M, (G;I;a,b,E.) and | 
M, (G*;I*;a*,b*,t „) are tsomorphic tf and only if there is an 
isomorphism w :G *G* and a bijection h : I>I* such that bw =b* 


j and EaP =hEž+x 


COROLLARY 8.2. Two semigroups M,(G;a,b) and 
M, (G*;a*,b*) are isomorphic if and only if there is an isomor- 


phism w:G+G* such that w(b) =b* 


We have given some isomorphism theorems but we shall 
only prove Theorem 8.1. because the other proofs are similar 
to this one. 


Proof of Theorem 8.1. Let f :S>S* be an isomo- 
rphism GxIxJ is a kernel in S and G* xI* xJ* is a kernel in 
S} therefore GXIXJ = G* xI* xJ*. Now, by Theorem 2.8. [10| ' 
there exists an isomorphism w :G —G*, bijections h:I ZI 
k tJ + J%+ and elements Uva ЕС (ieI, jeJ) such that conditi- 
on 1) is satisfied. For p €T and (a;i,j) eG x IxJ we have 


(p(a;i,j))£ = (6 (p,i)a;i&.,3)f = 
= SE (Ф(р,1)а)шу„;1& h,jk ] €G* x I* xJ* 


and 


(p£) (lazi j) £) = pafa; (au у iin, jk] = 

= [ф:* (pQ,ih)u, (an) У.Е, jk | 

— 1 3 
so AM ‚ i.e. condition 2) holds. The proof of ee 
similar. Further, 
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uig (Ф(р,1)а)шу, = 9* (рї, th) a, (ашуу, 
therefore 


- =] 
ф(р,і)ш = u. ф* (pO, ih)u, 
іё T 
р 
Hence, condition 4) is satisfied. The proof of 5) is similar. 
Conversely, let us define a mapping £:S+S* by 


fu; (au) v; ;ih, 3k] ‚ XEGxIxJd 
ХЕ = 


xQ 5 23 Е 


f is an isomorphism. For X,y eGXIXxJ Е is an isomorphism by 


Theorem 2.8. |10|. 9 is an isomorphism of T onto T* . It rema- 


ins to prove that f is an isomorphism for peT and (a;i,j) є 
€ GXIXxJ. Indeed, 


(p(a;i,j))£ = (Ф (pj1)a;15,,3)f 


= Dag вла ras 1 


u 


[yg P (prisa Е 
e cut : WIEN = 
= [yg t S (ра, in)u, (au) v; 1hER , jk] 


[$* (pe, ih)u, (au) v s$hE* o, к] 


and 
(РЕ) ((a;i,3)f) = po [u, (au) v; iih, jk] = 
= [Ф* (p@, ih) о, (aw) v; sáh£* o, јк | : 
Thus (p(a;i,j))f = (pf)((a;i,j)f). The proof of ((a;i,j)p)f = 


= ((a;i,j)£) (pf) is similar. Thus, f is as isomorphism. 


REMARK. If T and T* are partial semigroups, then a £i- 
milar Theorem to Theorem 8.1. can be given. In that case 115% аа 
ОЕ the isomorphism 9 :T+T* we have a partial isomorphism. Suca 
а theorem (without restriction for пр) is given without а procf 
in |16]. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


cdigitiedlycmer emis cundatighiGhednpbard &Gsngem = 


444 5 


REFERENCES 


|1| Bogdanovié,S., Semigroups in which some bi-ideal is a group, Zbornik 
padova РМР Novi Sad, Vol. 11(1981), 261-266. 

[2|] Bogdanovié,S., Semigroups in which every proper Left ideal is a left 
group, Notes on Semigroups VIII,  K.Marx University, 
Budapest. 

13] Bogdanovié,S., Sur Les demi-groupes dans lesquels tous les sousdemi- | 
groupes propres sont idempotents, Math. Seminar Wotes, | 
9(1981), 17-24, Kobe Univ. 

|4| Bogdanović, S., Sur les demi-groupes dans lesquels tous les sousdemi- | 
groupes sont idempotents II, Mat. Vesnik 5(18) (88) ‚1981, | 
289-248. 

|5] Clifford,A.H. and G.B.Preston The algebraic theory of semigroups, 
Amer. Math. Soc. 1961. 

[6] Clifford,A.H. , Semigroups containing minimal ideals, Amer. J. Math. 
70(1948), 521-526. 

]7| Clifford,A.H. , Extensions of semigroups, Trans.Amer.Math.Soc. 68(1950), 
165-173. 


18] Tupona,G., On semigroups S in which each proper subset Sx is a group, 
Glasntk Mat. Fiz. - Astr. 18(1963). | 

19] биропа,б., Semigroups in which some left ideal is a groups, God. Zbor- 
nik PMF-a, Skopje, T.14 (1963), 15-17. 

[10] Howie,J. , 4n Introduction to Semigroup Theory, Acad.Press 1976. 

|11] Hmová,R., Polugrupy v ktorých кахаў lývý vlastný idedl je groupu, Mat. 
Fiz. базор. 1961, 11, No 1, 75-80. 


|12| Lal lement,G., On ideal extension of completely simple: semigroups, Semi- 
group Forum Vol. 24(1982), 223-230. 

|13] Milié,S. and V.Pavlovié, Semigroups in which some ideal is a completely 
simple semigroup, Publ.Inst.Math. 30(44), 1982, | 
123-130. | 

[| 


Petrich,M., Introduction to Semigroups, Merill Publ.Comp. 1975. 


[15| Pollák,G. and L.Rédei , рте Halbgruppen, deren alle echten Teilhalb- | 
gruppen Gruppen Sind, Publ. Math. Debrecen 6(1959), í 
125-131. 


|16| Protié,P. and 5.Bogdanovié, On a class of semigroups, Algebraic confe- 


rence 1981, Novi.Sad, 113-119. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


` 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Semigroups with completely simnle kernel 445 
М а 


[17| Ѕсһмаг2,5., Semigroups in which every proper subideal is a group, 
Acta Set. Math. Szeged, 21(1960), 125-131. 

|18] Steinfeld,0., Quast-ideals in rings and semigroups, Akadémiai Kiadó, 
1978. 


Received by the eđitors January 20,1983. 


REZIME 


POLUGRUPE SA FOTPUNO PROSTIM JEZGROM 


U ovom radu daju se neke nove karakterizacije pomoću 
bi-ideala i levih ideala za polugrupe sa potpuno prostim jez- 
grom  Takodje, u ovom radu razmatraju se polugrupe u kojima 
svaki pravi levi ideal (bi-ideal) jeste potpuno prosta polu- 


grupa i teoreme o izomorfizmu ovakvih polugrupa su date. 
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FUZZY CONGRUENCE RELATIONS AND CONSTRU 
OF ALGEBRAS 


CTIONS 


Branimir Šešelja 
Prirodno-matematički fakultet.Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 


The Boolean extension of an algebra (|1|) is here given as a colle- 
ction of fuzzy sets. It is shown that fuzzy relations, especially fuzzy 
congruence relations (12|,[3!) are closely related to those structures. So- 


me applications of fuzzy relations in constructing new algebras and exten- 
sions are given. 


1. A fuzzy binary relation р on the set A, is a fuzzy subset of 
durae ATP 
AxA, with the membership function ИС : AxA>B, where B= «B, 


A,V,^,0,1» is a Boolean algebra. 


2. А fuzzy equivalence relation p on А is a fuzzy binary re- 
lation on A, which satisfies: 


а) (ҹа eA) (u, (a,a) = 1) (р is reflexive); 
b) (Va,beA) (u (a,b) - u, (b;,a)) ( p is symmetric); 
с) u, (arb) EV (u (arc) Au,(c,b)), for all a,beA. 


cee (p is transitive). 


3. If A = <A,Q> is an algebra then a fuzzy binary relation 

8 on A is a fuzzy congruence relation оп A , iff it is a fuzzy 

equivalence relation on A, satisfying the substitution property: 
Tf ug (а; „5; ) ре tla by sp (р, €B), then for every 

n-ary operation f e0 , 


i 


n 
(е (а|,...,а),#(®уү,...,5))> А Pg (121). 
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DEFINITION 1.121 Let А =<А,0> be an algebra, and В the | 
complete Boolean algebra. The collection A(B) of fuzzy sets x 
on A is said to be a Boolean extension of A iff for every 
X € A (B) 
1. аль, a,beA, implies: ux(a) A Hy (b) 0 and 


2. И jie (=) = Мс 
аєА х 


A(B) = «A(B),0» 15 a new algebra, with the operations defined 


in the following way: 


Е (Ху, Хән.) where, for aéA, 


п. (а) = ү (c ал (а) „апа dus 
E f(a,,...,ay)-a zm L Xn n | 


supremum runs over all n-tuples (арг... а), such that Е (а, 
ар) =а. 
It is easy to check that the operations are well defi- 


ned, i.e. that Y is also a fuzzy set satisfying 1) and 2). The su- 


premum used in defining the operations explains why В has to be 
complete (provided that A is not finite). | 
REMARK 

If B *P(I) (as the Boolean algebra), then A(B) is iso- 
morphic to the direct power Al 4p. 


In the following we shall consider some special fuzzy 
relations on A(B). 


PROPOSITION 1. Let A be an algebra, and B the comple- 
te Boolean algebra. Let 0 be an (ordinary) congruence relation 


A. Then the fuzzy relation Ө, given by 


ма (X,Y) = ү (ша O) X 
8 RD EON E uy (b)) ;Y eA(B), 


is a fuzzy congruence relation on A(B). 


P roo f. Ө is a fuzzy equivalence relation on A (B): 
It is obvious that 6 is reflexive and symmetric in the sense E 


a) and b) in 2. We shall here prove that it is transitive: 
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ug (X,Z) A ug (2,Y) = 


zo (uy (a) Лр (су)) A ү 


(a,c) € (cy дев (uz (65) Au, (Ь)) = 


у (uy (а) Ли 2091) Ару (с) Au y (5); (a,c,) ев r(c,,b) е6 ) = 


У их (а) Ли ze) Au, (b); (a,c) €8, (c,b) €8) < 


ү и (а) Au, (Ь)) = т. (Х,У), 
(а; Бев: = Е & 


by 1), Definition 1., and since 0 is transitive.Now let ug (Х,У) = 


alae i-l,...,n,and forann-ary operation £ ug (E(X, re X (У, У) -r.Then, 
n n y 
Асо А У E 
М Ib) 
i-1 ^ 1-1 (a,b)eo Xi Yo 
n 
V(A ( ` д y 
А, Ux, Muy, 0,5 (a,b) ев, чет БОД 
n 
УС (а.) A 3 
m "x. ai) о ед) = 
ү п 
ОМ C (ale) sees = 
(EE jag ox ed (а|,...,а н) а) A 
п 
MGEN I (09 9) aie (09) 7 Sa 
рТ (bj... ub) b) mug (Е UZ «e HX уу а 


which proves the substitution property. 


If 0 is the equality on A, then the corresponding fuzzy 
congruence relation on А(В can be given as follows: 


COROLLARY 2. Fuzzy relation о on A(B), given by tts 
membership function 
их) = лш (а) Au y(a)), 
= аеА 


ts a fuzzy congruence relation оп А (B). 
х ж x 


In the following propositions we shall describe the use 
of fuzzy congruence relations in some constructions of algebras, 
based on Boolean extensions. 


DEFINITION 2. Let A(B) be the Boolean extension оў 
А, c the fuzzy congruence relation on A(B) (defined in Corollary 2.) 
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os ат 


and F any filter їп В. The reduced extension А (8). оў А із ап 


algebra їп which 


А(в)ь = (0(X,) ; XeA(B)} , and 


g(X)p = {Y;Y e A(B) and u (X,Y) eF iz 


The operations on these collections of fuzzy sets are defined 
in the natural way: 


def 
Е (о (Ху) gr. eer с (X4) р) = o (£ (Xj re. 1X уы Т 


and it is easy to show that the resulting element does not de- 
pend on the representatives, the fuzzy sets Xp ree KX 
Clearly, the following lemma holds. 


LEMMA 3, If F ts a prinetpal ultrafilter in B , 


then 


IH 


A(B), =A. | 
1) Te © © 280 The isomorphism is given by the mapping 
h :A>A(B),, where h(a) =0 (X) p and их (а) =1. 


Let p апа а be two arbitrary elements of а Boolean al- 
черга B . Denote the Boolean expression (py q^) A (p Va) by р 
роя. 


PROPOSITION 4, Let A =<{a,b},0> be а two-element | 
algebra, and B an arbitrary Boolean algebra. Then there ts а | 
1-1 map of B into MB) (p «n y) such that if c is a fuzzy con- 


gruence relation defined in Corollary 2, then for all p,q EB, 
X ,X = б 
Но (Хр’Ха) = p eq 


iP eof m KECA Gen их (а ) =р implies их (5) 7 | 


= p^. Hence, every p eB uniquely determines one X, and if p d' 
NR UA X5 fX. Now, Hg X "Ха ) = (uy (a) Aug (а))у 
u ake (b)) 


= q 


Now let р“ = { P' if k 


z о D GB, k 61071) 
Р, ЗЕК 


Ш 


A converse of the preceeding Proposition can be formulated а5 


follows. 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Fuzzy congruence relations сс 


—— o nM 


PROPOSITION b, Let A =<A,o> 


be an algebra, B any Bo- 
olean algebra, 


and suppose that there is and 1—1 map x of B 
р 


onto А , and a fuzzy congruence relation с on A, with 
Ug (Хр Ха) =p Og - Also let f(x ,..., x csse 90 
uhere І Pn E 

ii i 
(a) а = V(p, A Ap.” ; f(x х 

O5 Б ^ PESON - -X 
T n rii siu p) 
А = 
ie = <{Xp, хь. },0> 


Е 


апа хь ts a class to which Xj (leB) belongs. 


Then there ts a two element algebra A, › 8uch that 


A1(8) =A 


РЕФЕ ПС ОКЕ Let А, =A} / and denote the elements of 
A, (B) by хь, if их (хь) = p. The map h of А. (В) onto А: 
Бр) = хь, is an isomorphism. Really, it is 1-1 by defini- 


tion. Also, 


In (Ue (GE pow oy = Р : 
(£t P, pz h (X) where 
ux (Хр) = V (y (Xpi) A... Apy (Xj); 
P, 1 Ё i pin 
1) 
= = 1 DEM 
f(X i; ,...,X 5 ) = Xp) ү А... AP A 


fX ХЕ 
p” Fon 

b : -x -f 

Y (a) h (Ха) x Св 


) = Хр, and thus, 


NA dace 
We shall describe now some fuzzy properties of induced 
notions, and thenwe shall use them in describing one construc- 
tion of algebras. First, we repeat some definitions from |3|. 
i) A fuzzy function from A to A 
from A to A, such that 
- for every а EA, there is exactly one X EA), such that 
Uu g(a,X) = ip 


1 is a fuzzy relation f 


1) с. is a regular binary relation: (a,b)e с. iff и (a,b) ЕЕ (see !%|). 
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и 


- every рев, р #0, appears once at most as a value of 


ug(aiX), X eA, 
F ii) A fuzzy function h from the algebra Ai = <A, ,0> to the 


d to be a fuzzy homomorphism from 


algebra A, =<A,,0> is sai 


А, to А, if from 
a ип, ZE Lollowsmt 
up (24 754) =р,, а, eA, rb, €A,, i 1, n, i o ws that 
= п 
^A ig ЕО 
up (£ (a5 7 rap) £(b}++++b,)) е Ti A р;)*, 


LEMMA 6. Let X €A(B), РЕВ, and g the fuzzy econ- 
gruence relation defined in Corollary 2. Then there is 


Y €A(B) such that ug GC Y) = р. | 


P roo f. let a and b be two arbitrary elements 
- = i € A(B) 
from algebra A, and let uy (а) Pa! их (b) р. Define Y ( 
as follows: 


u (a) = (p Ар)у uU р Ар), (x €A), uy (5) = 


= х#а = | 


= (р A py) V(p* Лр.) , and | 
Hy GO - PAP. ках: 
Now it is easy to show that Үе A(B), and that 


kg (X,Y) = p. 
Now, starting with А(В), we can construct a new al- 
gebra А , by means of the fuzzy congruence relation О (ge- 


| 
| 

| 

| 

| 

| 

| 

neralizing the notion of a quotient algebra). Let | 
| 

| 

| 


A = U А(В) о 


The operations are defined as іп |3|: 


х) [р) is a principal filter in B, generated by р. 
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f = a 
(o (a) p p) c oor S (апуу) - ota) 


a-f(a,,...,ay), fed. 


The fact that p runs over all elements of B, is 
the consequence of Lemma 6. 


PROPOSITION 7. Algebra KG ts a homomorphie image 


of A(B). y 
P r O ОКЕ The fuzzy relation h from A(B) to Ас, 
defined as 5- 


[ У(р,, ар у =X), if хех 
di 


uj Go X) = 
= orr otherwise, 


i 


\ 
is the required fuzzy homomorphism, as in |3|, and by Lemma 
6. 
If A(B) is the extension of a two-element algebra 
A, then by Lemma 6, and by Proposition 4, every p eB appe- 


ars exactly ones as a value u (a,x), for an а €A(B). Con- 


с 
.sider now the fuzzy relation g from А to A(B): 


Hoo = Ng prx) , where P €A(B), and кра) =e 


PROPOSITION 8. A fuzzy relation g i8 a fuzzy homo- 


morphism from a two-element algebra A to A(B). 


PED (б) © £- By construction g is a fuzzy function. 


It satisfies the supstitution property: 


Clearly, ig Eo) =u; (а) - Thus, 


Ето рая 


= а.) 
ug (a5 4) b RE 


po (EC) ree ery) EGG ЕЕ. = ug (E (ауле 1606 


* 
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Z = Е (Хул... ). Now, since 2 is from A(B), 
2 = ĉn 2 


= 45% b g i 
ug (£ (ауе. - ery) = Mo A S 5): for all 


b .,b, such that £(a,,. rap) = f(b,...;b), and this 


mes 


obviously is not less than Deo Л ооо а 
We finally give one example of the fuzzy mappings 
from the Propositions 7. and 8., using an arbitrary Boole- 


an algebra B: 


A = esp m e f) neipel-pooo ot | 


\ 
*|а b б u | 
= а 9х — а i a = | 

ala b xeu atip uv re) xX if 5 52 
5 || е M ыл b "m | 
P P Ч =p © gq (p © a)” | 
| 
Ce E EE 
а | 0 1 p^ qq | 


1 0 
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REZIME 


RASPLINUTE KONGRUENCIJE I KONSTRUKCIJE 
ALGEBRI 


U radu se pokazuje da se koncept rasplinutih skupova 
može proširiti i na Bulove ekstenzije algebri i da se na nji- 
ma mogu posmatrati rasplinute relacije. Opisana je jedna kla- 
Sa rasplinutih relacija, kongruencija na tim algebrama i poka- 
zano je da se one mogu koristiti za konstruisanje i opisivanje 


nekih konstrukcija algebri. 
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